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Abstract

In this paper, we propose an algorithm for decoding for m® Reed-Muller codes. Thus,
we present first the notion of m® spectrum of Reed-Muller codes as in [2]; and we define
secondly the notion of m® extension of Reed-Muller codes.
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1. Introduction

Modal O -valent codes, modal ® -valent linear codes and modal
© -valent cyclic codes are defined in [6, 9, 11]. These codes are an
enrichment of classical codes on a logical and set level. So error becomes a
dynamic notion, so we speak of partial or complete errors.

The m® spectrum RM, (r,m) ofaclassical Reed-Muller code RM(r,m)
is defined in [2]. If RM(r,m) is a classical Reed-Muller code of length 2"
on the alphabet F,, thenits m® spectrum RM(r,m) isa m® or a pseudo
m® code of length 4" on the m® alphabet (F,,,F,). When RM_(r,m) is
a mO® code, its sub-set of invariant elements C(RM (r,m),F) = RM(r,2m)
is the classical Reed-Muller code of length 2*".
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However, The m® extension (CO,F:‘CQ) of the classical Reed-Muller

code RM(r,m) isa m® code of length 2" whose the sub-set of invariant
elements C(C®,F)=RM(r,m). The pseudo m® extension (C:Z,F" ) of

alc,
RM(r,m) is a non linear m® codes of length 2" such that its sub-set of
invariant elements C(C, F) = RM(r,m).

In this paper, we intend to present a decoding process of m® Reed-
Muller codes.

Section 2 recalls the m® spectrum of Reed-Muller codes as defined
in [2]. Section 3 presents the m® extensions of the classical Reed-Muller
codes. Section 4 is devoted to a decoding process of m® or pseudo m®
extensions of the classical Reed-Muller codes.

2. The m® spectrum of Reed-Muller codes [2]
2.1 The definition of a m® spectrum of a Reed-Muller code

The first notion we will need to define m® Reed-Muller codes is that
of a m® Boolean function.
We fix m>1.

Definition 1: (m® spectra of a boolean function)

One m® extends a Boolean function f:F,' > F,, to f°:F,, —>F,, if
(B}, ,F") and (F,,,F,) arethe m® set,suchthat Va €I, f®oF" =F of°.
A m® Boolean functionisa function f° : F,, — F,, such that the following
diagram be commutative.

Fp—L R,

SPQCQZl lsy&er:zz

b7 e Foz

Thus by definition, Vx €,

o, | f(X) if x el
frw= {122 f(s(x)) if not

Where Vx e, x=spec,,(s(x)) and s(x) is the support of x, the
frame of x in F,".
We say that )} =spec, )" and s(F,)=1I".

2272 Z
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Remark 1 : The total number of all m® Boolean functions on F), is
|]Fzz |HF2"’Z\= 44”’.

Because m® boolean functions take values in F,, ={0,1,1,,,3,,}
which isa m® field, m® Boolean functions can be added and multiplied
point wise: if f, ¢:F);, — F,, are m® Boolean functions, then one has the
m® functions

f+®g/ f'®g:Fz"%_>Fzz;

o (f+Q) = f(x)+g(x) if x eF)"
S {SPECZZ((f +g)(s(x)))  if not
(f-)(x) = f(x)-g(x) ifx eE)

(f-8) ()= {speczz((f'g)(s(x))) if not

Also, there are m® constant functions 3,, and 1,, and constant
functions 0 and 1. The m® Boolean function 1,, is called the m®
tautological truth.

We conclude that the set of m® Boolean functions denoted

(B(F}, F,,),+°,), isa m® commutative ring.

Definition 2 : The set of m® Boolean functions is called the m® Boolean
algebra on (F,,,F)).

Because the m® Boolean algebra on Fj. has 4" elements, it is of
m® dimension 4" over F,,.

We will now introduce two special kinds of elements of the m®
Boolean algebra: m® coordinate functions and, more generally, m®
monomial functions.

Definition 3 : (m® coordinate function, m® monomial)

1. The m® Boolean function f°:F), —»F,  defined by
( fie(xl,xz,---,xm) = x, is called the ith m® coordinate function.
2. To each subset {i,i,,,i}c{l,--,m} there corresponds the m®
monomial function ff, flzo, -+, f2, of degreer.
Where a m® monomial function is an element f® eF,[X,,X,,
-,X ] of the form f° =7X;°Xlr1 <. Xm1 with reN and y €F,,.

m-1 "7

Lemma 1: m® monomials are a basis of the m® Boolean algebra.
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Proof1: 2]

Definition 4 : (m® spectrum of a Reed-Muller code)

The rth order m® spectrum of a Reed-Muller code on [F,,, denoted
RM, (r,m), is the subspace of the m® Boolean algebra on F,, spanned by
m® monomials of degree at most 7.

(Here 0 <r <m).

Generally, order all words of F,, and of lengthm as y,,-- Yo | € F.

Let f°:F). > F,, be a m® Boolean function. To f® we associate
the value vector of £, whichis f° =(f°(y,), =, f°(Y,._,)), of length 4"

We can say that RM (r,m) is spanned by the value vectors of all m®
monomials of degree at most r in the m® Boolean algebra on [F); .

Thus
FZZ[XUXz"”'Xm] = F:; :

Assume that we are given a m® vector space (IF;Z ,F;m ). Then we

consider the m® ring F,,[X ,X,,--,X ] We will see shortly that there
existsa m® bijection y ® between elements of F,, [X,,X,,,X, ] and JF;;.

Let y abijection between F,[X ,X,,---,X ] and IFZZ
One spec,, m® extends y :F,[X ,X,, -, X [—> IFZZ’", to
v (F,[X,,X,,,X,1F") @, F")
is such that
spec,, oy =y ° ospec,,
Thus by definition, Vp €F, [X,,X, -, X ]

O/ v(p) if peF[X, ,X,, X ]
v (p)_{Speczz(l//(s(p))) if not

2.2 The parameters of m® spectrum of Reed-Muller codes

Lemma 2: RM(r,m) has length 4", dimension (Z}+(T}++{T}
Proof 2 : [2]

To find the m® minimum distance of RM,(r,m), we need the
following auxiliary construction.
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Definition 5:

1. Alinear code of dimension k and of length n on (F,,,F,) is a vector

subspace of dimension k of (I, ,F").

2. A mO linear code of m® dimension k and of length 1 on (F,

a m® vector subspace of m® dimension k of (I, ,F").

Z,1-‘(2) is

3. A pseudo m® linear code of m® dimension k and of length n on
(F,,,F,) is a pseudo m® vector subspace of m® dimension k of
(F;, ,E").

Theorem 1: The m® spectrum Reed-Muller code RM (r,m) is a [4’”,k,a)H®]

-mO® code, where

(m) (m) (m)
k={o) 1)y ) nd @n, @)=y, O

27

Where o, and d,, are respectively the m® weight and the m® Hamming
distance.

Proof 3 : [2]

Example 1 : We know that:
*  spec,,(RM(0,0))=RM,(0,0)={0,1,1,,,3,,} = F.

27"

* Vael F!RM,(0,1)=RM(0,2) and spec,,(RM(0,1))= RM,(0,1) =
((0,0,0,0:(1,1,1,1):(1,,,1,, 1,1, );3,,,3,0,3,,,3,. )

* Vael F°RM,(0,2)=RM(0,4) and spec,,(RM(0,2))= RM,(0,2) =
1(0,0,0,0,0,0,0,0); (1,1,1,1,1,1,1,1);1, 1. A 11 1,1

2277227 277 2L 2L 2L 2L
122);(322’322’322’322’322’322’322’322)}'

e In general, Va el, ¥ RM,(0,m)=RM(0,2m). Thus spec,,(RM(0,
m)) = RM (0,2m).

The first order m® Reed-Muller codes RM, (1,m) are the subspace
of the m® Boolean algebra on F); spanned by m® monomials of degree
at most 1.

RM,(1,1)=1{(0,0,0,0),(0,1,1,,,3,,),(0,1,,,1,,,3,,).(0,3,,,3,,,3,,)}

Thus, spec,,(RM(1,1)) = RM, (1,1)

For m=>1, RM,(1,m+1)={(u,uu+1,, ,u+l, ) ueRM,(1,m)} or
RMy(1,m+1)={(u,u,u+3,, u+3,,)lu eRM,(1,m)}.

Thus,
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RM,(1,2) = {(u,u,u+v,u+v)|lu e RM,(1,1);v € RM_(0,1)}
Generally, RM (r,m) = spec,,(RM(r,m)) is a pseudo m® set.

2.3 The m® matrix

Let (F,,,F ) bea mO® field.

Z 7
Definition 6 : Every matrix M with coefficients in F,, is said a m® matrix.

Proposition 1 : Let M be the set of m® matrixes of order mxn with
coefficients in (F,,,F ).

Va el,, we define F] on M, as follows:

For every M = [ml.].]mgm 1<j<n element of M, we have:

F'M=[F, mi].]

1<i<met 1<j<n
Then (M ,F!) isa mO set.
Proof 4 : [9]

Definition 7 : Let (F,,,F ) be the m® field with 4 elements. A matrix
M=[m is said m® on (F,,,F ) when Vi, j:m, €F,,.

ij]lsiSm et1<j<n z’

Remark 2 : The algebra of m® matrixes is defined the same way as the
algebra of classical matrixes. But operations or laws on coefficients are
m® laws of F,,.

Definition 8 : A m® generator matrix of a m® linear code (C,F,) on
(F,,,F,) is a m® matrix on (F,,,F ) whose lines form a m® basis of

(CE).

77

Notation 1: Let G, be a m® generator matrix of the m® linear code C of

m® dimension k and of length n on (IF,, ,F ).

Theorem 2 : The m® matrix G (r,m) has dimension k xn where:

-3

n=4"

The m® dimension of the m® code is hence k.
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Proof 5 : The rows of the m® matrix may be partitioned by the degree
of the m® monomial they represent; for the m® code RM,(r,m), there

are [@ rows corresponding to m® monomials of degree 0 (0), {’3 rows

(m

corresponding to m® monomials of degree 1 (X, X -+, X, ), Lz) TOws

corresponding to m® monomials of degree 2, (X X, X X,

”’Xm—ZXm—l)’
etc ...
Hence, there are:
(m\+fm\+m+(m\ _Z’:(m\
Lo) L) 7 ) =400

Such rows, and thus, the m® dimension of the m® code is k.
It is simple to see that the number of columns is 4".

3. The m® extensions of Classical Reed-Muller codes

Let F, be a finite field and RM(r,m) a Reed-Muller code of alphabet
of length n, of dimension k and of encoder f. Let G(r,m) be a
F)) be the finite m@® field such

F.

27

generator matrix of RM(r,m). Let (I,
that C(F,,,F )=T,.

77

Proposition 2 : Let RM(r,m) be a classical Reed-Muller code of alphabet
IF,, of length 1, of dimension k and G(r,m) its generator matrix.

Let f be an encoder of RM(r,m). Let (F,,,F ) be the finite m® set
such that C(F,,,F )=TF, . Let

77
77

O :F, > F. x> xG(r,m)
1. f®is m® If only if r=0.
2. If f® is m@ then, f° is an injective and linear map.

Proof 6 :

1. Let suppose that r=0 and let show that f° is m® ie
Va el ,Flof®=f%F.

Let a €I, and x €F,,
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Eo f°(x) = F;(xG(0,m))

F;(x X e x)

(F,(x) E(x) - F,(x)
F(1 1 - 1)
F,(x)(G(0,m))

fO(F, (%))

Conversely, let suppose that r#0 and let show that 3¢, €I, such
that F o f # foF,
Let x=(1,,, 0, 0,+-,1) eF},

27,7
Firstly,
E o f°(x) = F (xG(r,m))
= an (1zz /0,0, '122 +1)
= (Fz(lzz )/Fz (0)’1:2 (0)’ h ’FZ(IZZ + 1))
= (010/0/' o IO)
On the other hand

f® °F2k(122,0,0,"',1) = fe(Fz(lzz/FZ(O)IFZ(O)r"'rFZ(l))
= f@(0,0,0,---,l)
= (0,0,0,---,l)G(r,m)
= (010101”'11)

As (0,0,0,---,0)#(0,0,0,---,1), thus P:U o f® s f° oF;‘O.

2. ¢ Letusshow that f° isamap. Let x,y inF,, and « €I,
Let us suppose that x =y and let us show that f°(x)= f°(y)
x=y=Vael F(x)=F(y)
= Va el f°(F(x))= f°(Ei(y)) (fu(;" =f)
2

= Va el ,F'(f°(x))=F!'(f°(y)) because f°ism®
= ()=

e Let us show that f° is injective. Let x,y €F}, such that

o) = f2(y).
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fex)=f°(y) = Ve el ,E/(f°(x))=F(f°(y))
= Vael, f(F(x) = f*(F;(y)
= Va el Fi(x)=F(y) becausef”(;k =f

=>XxX=Y

e Letusshow that f° islinear. Let x,y €F,, and y €F,,.
We have f°(x+yy)=(x+yy)G(0,m)=xG(0,m)+yyG(0,m)=
fe@+7 f2(y)
Proposition 3: Let f®:F,, > F, ;

oy X > xG(0,m)

Let us set C® = Im(f°®).
(C°,F",) is a m® code of alphabet (F,

alc®

C(C®, F\ o) = RM(0,m).

F)) such that

77

Proof7: f° is m® because r =0, thus f° isinjective and linear (according
Proposition 1). So (CG,F;W@) isa m® code.
As Im( fu(; )=Im(f) where f is the encoder of RM(0,m). Then

C(C®, F" ) = RM(0,m).

alc®
Definition 9: (C°, F:‘Cg) is called a m® extension of RM(0,m).
Example 2 : Let G(0,1) a generator matrix of RM(0,1)={00;11}.
G(0,1)=[11] and f® the m® encoder defined by:
f®:F, > F. x> xG(0,1)
f°® isa m® linear map from (F,
Indeed, let g €I, and a €F,,,
fooF,@) = F,@GO,1)
(F, (@) F, (a))
Fj(aa)
Fyo f°(a)

Fﬂ) into ((IFZZ)Z,F;) :

77’

Then, according to the proposition 2., f° is injective and linear.
Thus, C° = Im(f°)=1{00;11,1,,1,,3,,3,,} and C(C°,F;)=RM(0,1).

227227227 2Z
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Observation

If r#0, then f® :IE‘ZI‘Z —F),; x> xG(0,m) is not a mO® map, thus

Im(f®) is not a m@® set. So the classical Reed-Muller code RM(r,m)

can not be m® extensible as above, but can be pseudo m® extensible as

follows:

Proposition 4 : Let r =0, the encoder ¢° is defined such that:

g% F, > L x> (FY(x)G(r,m))

acel
.
is an injective m® map that is not linear.

Proof 8 : Let x,y €F,, such that x=1y.
x=y = Va el ,Fi(x)=F(y)
= Va el F'(x)G=F(y)G
= §°(0)=8"()

Let us show that ¢ is injective.

Let x,y eF}, such that g°(x)=g°(y).

8°(0)=8°(y) = VYa el F()G=E(y)G
= Va el,, f(Ff(x))= f(F*(y)) because F!(x),F(y) eF}
= Va el,,Ff(x)=F(y) because f isinjective

=>x=Y

Let us show that ¢° is not linear.
Let RM(1,1) a Reed-Muller code whose the generator matrix

oan-{, )

§°((10)+(13,,)) = 8°(03,,) = ((00)G(1,1); (01)G(1,1)) = ((00); (01)) = (03,,)

2°(10) = (10)G(L1); (10)G(1,1)=((A1); (1) =(11) and g°(13,,)=
((10)G(1,1); (11)G(1,1)) =((11); (10)) =(11,,).
Thus,

¢°(10)+¢°(13,,) = (00) = g°((10)+(13,,)) = (03,,)

Finally, let us show that ¢° isa m® map. Let a €1,;
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F!og®%(x)

E! o (X (x)G(r,m)
(E! o E ()G (r,m))
(E(0)G(r,m)), .

8 (EE (1) = g% o F*(v)

ael
*

a El*

Proposition 5: Let g° defined as above. Let us set C;) = Im(g°). (C},F" )

s/ o
s’ a \Cps

F,) thatisnotlinear such that C(C,F" ) = RM(r,m).

s/ ©
ps 7 alC

isa m® codeon (F,,,

Proof 9: ¢° isa m® map that is not linear, then (o F”CQ) isa m®s and

ps’ al

therefore a non linear m® code. Let fbe an encoder of RM(r,m), we have

gEk =f, so Im(f)= Imgl‘;k and therefore RM(r,m)=C(C°,F" ).

s/ o)
ps’ a \Cps

Definition 10: (C°,F" ) is called a pseudo m® extension of RM(r,m).

s’ alcy)
Example Let us build a pseudo m® extension of RM(1,1).

A generator matrix G(1,1) = {(1) 3 and the m® encoder ¢° is defined
by:

g F2, 5T, x> (FA(x)G(,1))

acel
*

Let x=(1,,3,,) be an information to transmit. When we code this
word by the encoder ¢°, we obtain the codeword: ¢°(x)=(E’*(x)G(1,1);
F}(x)G(1,1)) and E}(x)G(1,1)=(11); F}(x)G(1,1)=(01).

So,

g® (122 322) = (Flz(lzz 322 )G(1, 1), Fzz(lzz 322 )G(1, 1)) = (122 1

C,. =Im(g°)={(00); (01); (01,,); (11); (03,,); (10); (13,,); (11,,);
(122 122); (1221); (322 322 ); (322 122); (3221); (3220)}

C(Cy E)={(00); (01); (10); (11)} = RM(L,1).

s’ a

4. A decoding process of m® Reed-Muller codes

In section 2, we presented the m® spectrum of Reed-Muller codes
and recalled its parameters. In section 3, we saw that C°® is an m®
extension of classical Reed-Muller codes RM(0,m).
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It appears that if r=0, C° isa m® code and if r#0, C, isanon
linear m® code. An algorithm of decoding of m® Reed-Muller codes will
distinguish two cases.

4.1 A decoding process of a m® extension of classical Reed-Muller codes

Let RM(0,m) be a Reed-Muller code of alphabet F,, of length n, of
dimension k and of encoder f. Let G(0,m) (respectively H) be a generator
matrix (respectively a control matrix) of RM(0,m). Let (CG,F:‘CQ) be the

m® canonical extension of RM(0,m).

Let c be a transmitted m® codeword (c €C®) and y a received m®
word. Let s(y) be the syndrome of y.

o If s(y)= OFz"i* , and Va €l,,s(F'(y)) = OTFZ”J then y is correct

e If not, y is not correct. To correct y, we have to correct the
a -modalities F'(y) of y.

Let recall that y=(F'(y)),, and Vacel F'(y)eC(C®, F'o)
= RM(0,m). Thus, to correct y, we proceed as follows:

1. Va el,, determine F(y).
For a €1, if s(F'(y)) =0, then the a -modality F’(y) of yis correct.

2
3. For a €l,, if s(F'(y)) # 0, then the & -modality F’(y) is not correct:
to correct it, we use the majority logic decoding.

4. vy is finally corrected when all the damaged « -modalities F(y) of
y are corrected.

Example 4 : We consider a m® extension of Reed-Muller code RM(0,2)
over F,, of length n=4 and of dimension k =1.
Let f°:F,, > F,, x> xG(0,2). Let recall that C° = Im(f®)={0000;

111,111, ;3..3..3..3,} the m® extension of RM(0,2), of m®

2Z72Z72Z ZZ; 2Z72L 2L 2Z

minimal distance d,(C°)=4.
Let suppose that the m® codeword c¢=1,,1,1 1, is received as
y=01,1_1_. The m® code C® corrects at most 1 errors, and can detects

3 errors. ¢ is partially damaged because 1,, = (1,0) becomes 0= (0,0).
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G(0,2) =[1111] a generator matrix of RM(0,2) and H = Ll 01 OJ

its control matrix. We have:
(1
1
()= 01, 1,.1,,)]

27722727

1)

0 _q4

0 zzlzzlzz) # O]Fzsz

O = O =

0 1

So there is an error. Thus 3e, €1, such that S(F;0 (y) = 0.
1:14(]/) = 1:14 (01,,1,,1,,) = (F,(O)F, (1,,)F (1,,)F, (1,,)) = (0111)
F24 ()= F24 (01,,1,,1,,) = (F,(0)F,(1,,)F,(1,,)E,(1,,)) = (0000).

(1 1)

1
Thus, s(Ff(y)) =(0111) 0 =(111)#0 , and
0 0 F

O = O =

0 1

(1 1)

s(E} (y)) = (0000) 8 =(000) = 0F3.

S = O =

1
0
0 1

E}(y) is correct and F,'(y)=FE'(c). F'(y) is not

]FSI

Since s(E,'(y))=0
correct, we correct this 2by majority decoding.

We have G(0,2)=[1111]. Any vector v of the code is such that
v =av, = a(1111) = (aaaa) where a €F,.

Otherwise, F'(y)=(0111)=av, =>a=0=1=1=1; so a=1. Thus,
E'(c) = (1111).

We have F'(c)=(1111) and E,'(c) = (0000).

Since ¢ =(E*(c),E(c)) = (1111; 0000), in conclusion we obtain

c=(1

2212Z122122 )
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4.2 A decoding process of a pseudo m® extension of classical Reed-Muller codes

Let recall that the pseudo m® extension C:: is a non linear m® code
and Va €, Vc eC;:, F'(c) e RM(r,m) which is a classical linear code.
Thus if y is a received word, then:

1. If Va el,,s(F'(y))=0, theny is correct.
2. Ifnot, 3 €I, such that s(F’(y)) # 0, then y is not correct.

3. To correct y, we have to correct by the majority logic all the
a -modality F'(y) of y such that s(F(y)) # 0.

Let RM(r,m), r#0 be a Reed-Muller code of alphabet F,, of length
n, of dimension k and G(r,m) its generator matrix.

The rows of G(r,m) are basis vectors for the code; label them v,
v,,+0, ,. Any vector ¢ of Cp? is linear combination of these. So, Vo €1,
F'(c)=a,v,+ao, +---+a,_v,  a €F, Vie{0,1,, k-1}

If no error occur, a received vector y issuch that F'(v) = (v,,y,, /¥, ;)
can be used to solve for the a, other than g, in several ways (k ways for
each).

If p errors has occurred in y, p< [%] where d_ is minimal m®
distance, then when all the calculations above are made (k—p) of the
k values will agree for each a,, so the correct value will be obtained by
majority decoding.

Finally, a, can be determined as the majority of the components of
F'(y)+ao, +a,0,+--+a_o, .

Example 5 : We consider a m® pseudo extension Cg of Reed-Muller code
RM(1,3) over F,, oflength n=8 and of dimension k = 4.

(11111111

G(13)_0 010101
“7loo1 10011
0000T1T1T11

Here, v, =(11111111); v, =(01010101); v, = (00110011);
v, = (00001111).

Let §°:F, > F; x> (F(x)G(1,3))

vz a non linear, m® injective

acel
*

map. (Img®, F’ |

a 'Img

.) is a pseudo m® extension of RM(1,3). Otherwise,

(Img®, F*| ) isa m® non linear code.
g Img

a
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Let x=(11,,03,,) € IF;Z; Ff

—~~

x)=(1100) and F(x) = (1001).

(11111111
01010101
F*(x)G(1,3) = (1100 =(10101010
1()()()00110011( )
0000T1T11
(11111111
01010101
FX(x)G(1,3) = (1001 = (11110000
2()()()00110011( )
0000O0T1T11

¢°(11,,03,,) = (F!(x)G(1,3),E' (x)G(1,3)) = (10101010, 11110000) =
13,,13,,1,,01,,0.
Suppose that ¢=13,,13,,1, 01,,0 is a transmitted m® codeword,

received as y=13,,11,,1, 01,,0. Thus, 3,, =(0,1) becomes 1,, =(1,0) i.e

27 27
all the modalities of 3,, have been damaged.
8 p—
So Va €l,, F (c)=ay,+a,v, +a,0, +a,0,, where a, €F,.
Thus,
8 p—
F (c)=(a,,a,+a, a,+a,,a, +a +a,a, +a,,a, +a +a,a, +a,

+a,,a,+a, +a,+a,).

Let’s find and correct an error.

A received vector FO(y)=(Y,,¥,,Y» Y5, Y Vs, Y Y,), Vo €l,, can be
used tosolve for the 4, other than 4, inseveral ways. Va €1, F>(c) = F(y),
we have:

a,=Y,
a,+a, =}y,
a0+a2 2]/2

=Yt Y, =Y, Y, =Y, TYs=Y, Y,
2V =Yoot Y, = T Y =Y Y =Ys T Y,
A=Y tY, =Y T*Ys=Y, TYs=Y; Y,

ﬂ0+ﬂ1+ﬂ2 =Y,
a0+a3 =Y,
a0+a1+a3 =Ys

a,ta,+a, =Y,

a0+al +a2+a3 =Y,
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The o -modality of y are:

F¥(y) = (10111010) and F’(y) = (11100000).
1. First decode F'(y) by majority logic.

G=Y+tY, =Y, tY; =Y, tYs; =Y, +y,
F*(y)=(10111010). Using, A, =Y, +Y, =Y, +Y, =Y, Y, = Y5+,
Ay =YotY, =Y tYs=YotYs =Y, 1Y,

We calculate:

a,=1=0=1=1 =4 =1
a,=0=1=0=0 =a,=0

a,=0=0=0=1=a,=0

There is one error that has occurred in Fls(y) because all the
calculations above are made, 3 of the 4 values will agree for each a,,
so the correct value will be obtained by majority decoding. a, =1

since (10111010)+(01010101) = (11101111).
So, F*(c) = (11111111) +(01010101) = (10101010).

2. Secondly decode F;(y) by majority logic. E; (y) = (11100000).
Similarly we have:
4,=0=1=0=0 =4,=0

a,=0=1=0=0 =a,=0
a3=1=1=1=0 :>a3=1.

a, =1 since (11100000)+(00001111) = (11101111).

So, FJ(c)=(11111111) +(00001111) = (11110000).

Since ¢ = (FSH ( @)(c))ad =(10101010;11110000), we obtain:
allm(g *

c=13,,13,,1,,01,,0

27 27

As 3,,=(0,1) becomes 1,, =(1,0), then we can conclude that the

information is completely damaged.
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5. Conclusion

In this paper, we have presented a decoding process of m® Reed-
Muller codes. This process of decoding is based on the o -modalities of
the received m® words, and from the majority logic decoding. Thus we
have first brought to define the m® and the pseudo m® extension of
classical Reed-Muller codes.

We have also recalled the definition of the m® spectrum of a classical
Reed-Muller code as presented in [2].
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