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Abstract

In this work, we introduce the concepts of bifuzzy submodules under norms and
consider some of their properties and structured characteristics. Also, we investigate the
intersection and direct product of them and obtaion some new results. Finally, we investigate
their properties under homomorphisms of modules.
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1. Introduction

Fuzzy sets were introduced by Zadeh[48] and Dieter Klaua [9] in
1965 as an extension of the classical notion of set. As a generalization of a
fuzzy set, the concept of a bifuzzy set was introduced by Atanassov [3, 4].
Many researches introduced and presented various types of norms (T and
C) for particular purposes [2, 7, 8, 33]. Malakooti Rad and Mahdavi [11]
investigated a note on the intersection graph of submodules of a module.
The author by using norms, investigated some properties of fuzzy algebraic
structures [12-46]. In this work as Section 2, we define bifuzzy submodules
under norms and obtain some conditions that bifuzzy submodules will
be submodules. In Section 3, we introduce the concepts of intersection
and direct product of bifuzzy submodules under norms and investigate
some of their properties. Next, we consider some of their properties and
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structures of bifuzzy submodules under norms by homomorphisms of
R-submodules.

2. Bifuzzy submodules under norms

We have following definition from [5].

Definition 2.1: Let X a non-empty sets. A fuzzy subset u of Xis a function
1 : X —[0,1]. Denote by [0,1]", the set of all fuzzy subset of X.
We give following definition from [3, 6].

Definition 2.2 : Let X be a nonempty set. An intuitionistic fuzzy set is
an object of the form: A ={(x,(x),v,(x)):x € X} such that u,,v, e[0,11*
and for all x e X we have u,(x)+v,(x) €[0,1]. This object is also called a
bifuzzy set. For the sake of simplicity, we shall use the symbol A =(u,,v,)
for the A={(u,(x),v,(x)):x eX}.

Let X be a nonempty set and let A=(u,,v,) and B=(u,,v,) be IFSs
in X. Then

(1) AcBiff y, <p, and v, > v,.

(2) A=B iff AcB and Bc A.
We have following definition from [5].

Definition 2.3 : A t-norm T is a function T :[0,1]x[0,1] = [0,1] having the
following four properties:

(T1) T(x,1) = x (neutral element),
(T2) T(x,y) <T(x,z) if y <z (monotonicity),
(T3) T(x,y)=T(y,x) (commutativity),
(T4) T(x,T(y,z))=T(T(x,y),z) (associativity),
forall x,y,z €[0,1].
Itis clear thatif x, >x, and y, 2y,, then T(x,,y,)>T(x,,y,).

Example 2.4 :

(1) Standard intersection t-norm T, (x,y) = min{x, y}.
(2) Bounded sum t-norm T,(x,y) = max{0,x +y —1}.
(3) algebraic product t-norm T (x, y) = xy.
)

(4) Drastic t-norm
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y ifx=1
T,(x,y)=4x ify=1

0 otherwise.

(5) Nilpotent minimum f-norm

min{x,y} if x+y>1
T (x,y)=
() {O otherwise.
(6) Hamacher product -norm
0 ifx=y=0
T =
Ho (x,y) Y otherwise.
X+y—xy

The drastic f-norm is the pointwise smallest t-norm and the minimum
is the pointwise largest t -norm: T,(x,y)<T(x,y)<T_ (x,y) for all
x,y €[0,1].

We have following definition from [5].

Definition 2.5 : A t-conorm C is a function C:[0,1]x[0,1] - [0,1] having
the following four properties:

(C1) C(x,0)=x,
(C2) C(x,y)<C(x,z) if y<z,
(C3) Cx,y)=C(y,x),
(C4) C(x,C(y,2)) = C(C(x, ), 2),
for all x,y,z €[0,1].
(1) Standard union t-conorm C, (x,y) = max{x, y}.
(2) Bounded sum t-conorm C,(x,y) = min{1, x +y}.
(3) Algebraic sum f-conorm C (x,y)=x+y —xy.
(4) Drastic T-conorm

y ifx=0

Co(x,y)=3x ify=0
1 otherwise,

dual to the drastic f-norm.
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(5) Nilpotent maximum {-conorm , dual to the nilpotent minimum
t-norm:

max{x,y} if x+y<1
1 otherwise.

Coulx,y)= {

(6) Einstein sum (compare the velocity-addition formula under special

relativity) C,, (x,y)= % is a dual to one of the Hamacher t-norms.
2

Note that all t-conorms are bounded by the maximum and the
drastic t-conorm: C__ (x,y)<C(x,y)<C,(x,y) for any t-conorm C

max

and all x,y €[0,1].

Recall that t-norm T (t-conorm C) is idempotent if for all x €[0,1],
T(x,x)=x(C(x,x)=x).
Followind lemma is from [1].

Lemma 2.7 : Let T be a t-norm and C be a t-conorm. Then
T(T(x,y), T(w,z))=T(T(x,w), T(y,z))

and
C(C(x, y), C(w, z)) = C(C(x, w), C(y, 2)),

forall x,y,w,z €[0,1].
we have the following definition in [10].

Definition 2.8 : Let R be a ring. A commutative group (M, +) is called a
left R-module or a left module over R with respect to a mapping
SRxM-—->M

ifforall r,s eR and m,n e M,
1) r.(m+n)=rm+rmn,
(2) r.(s.m)=(rs).m,

(3) (r+s).m=r.m+s.m.

If R has an identity 1 and if 1.m=m for all m € M, then M is called
a unitary or unital left R-module. A right R-module can be defined in a
similar fashion.
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Let M be an R-module and S be a nonempty subset of M. Then S is
called a submodule of M if S is a subgroup of M and for all ¥ eR,a €S,

we have ra €85.
Now we define bifuzzy submodule of R-module M under norms.

Definition 2.9 : A bifuzzy set M" =(g,,,v,,) in R-module M is called
bifuzzy submodule of M with respect to a t-norm T and a t-conorm C, if
it satisfies:

(1) M (x+y) 2 (T (s, (x), 1, (1)), C(v,y, (%), v, (1)),

(2) M"(rx) 2 M'(x),

(3) M*(0)=(1,0),

forall x,y eM and r eR.

Denote by BFN(M), the set of all bifuzzy submodules of M with

respect to norms (T and C).

Example 2.10 : Let R=(Z,+,—) be a ring of integers and M =7 be an
R-module. Define u, :Z —[0,1] as
045 ifz e{£1,£3,..}
1, (z)=140 ifz=0
0.35 ifz e{+2,#4,..}

and
v, :Z—[0,1] as
0.55 if z e{£1,%3,...}
v,(z)=40 if z=0
0.65 if z e{+2,44,...}.

For —all  xyel01] if Clx,y)=C(x,y)=x+y-xy and
T(x,y)=T,(x,y)==xy, then 7" =(u,,v,) € BFN(Z).

Proposition 2.11: Let R a ring with identity 1, and T and C be idempotent.
Then for any r €R and x €M the condition (2) in Definition 2.9 is
equivalent to the condition M"(rx)=M"(x).

Proof : As M"(rx) = (u,,(rx),v,,(rx)) so from condition (2) we get that

(@) #y(rx) 2 p,(x) and
(b) v,,(rx) <v,,(x). Now
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Hy () = g1y (rx + (1= 1)x) 2 T(p1,, (), p1,, (1= 1)x)) = T (1, (1), 1, (x = 7))
2 T (g1, (r20), Ty, (%), g (=1%)) 2 T (1 (1), T2, (x), 1, (=7))
= T(T (14, (x), 11, (X)), p1, (=12)) = T, (%), g1, (=)
=T (1, (x), w1y, (=1rx)) = T( 1, (x), 1, (7))

then we obtain ,,(x) = T(x,,(x), 1,,(x)) = T(u,,(x), 1,,(rx)) and so
(©) 24, (x) 2 g1, ().
Also

v, (X)= v, (rx+ (1= 1)x) < C(v,, (rx), v, (1= 1)x)) = C(v,, (%), v, (x — %)
< C(v, (rx),C(v,, (x), v, (=1x)) < C(v,, (x), C(v,, (x), v, (-7X))
=C(C(vy, (x), v, (), v, (=1x)) = C(v,, (x), v, (-7X))
=C(v,, (x), v, (-1rx)) < C(v,, (x), v, (rx))

then we get v, (x)=C(v,,(x),v,,(x)) < C(v,,(x),v,,(rx)) and then

(d) v,,(x)<v,,(rx). Then from (a) and (c) we get that g, (rx)= u,,(x)
and from (b) and (d) we have v, (rx)=v, (x). Thus M’ (rx) = M'(x).

O
Proposition 2.12 : Let R be a field. Then the condition (2) in Definition 2.9
for all r eR,r #0, will be equivalent to condition M"(rx)=M"(x).
Proof : If the the condition (2) be satisfied, then w,,(rx) > u,,(x) = p,, (%(rx))
> u,,(rx) and so u,,(rx) = p,,(x). Also v, (rx)<v, (x)=v,, (%(rx)) <v,(rx)
and so v,,(rx) = v, (x). Therefore M"(rx)=M"(x). O
Proposition 2.13 : Let there exists x e M such that M*(x)=(1,0). If R a

ring with identity 1, then the condition (3) in Definition 2.9 follows from
conditions (1) and (2).

Proof : Let conditions (1) and (2) in Definition 2.9 are hold and there exists
x € M such that M"(x) = (u,,(x),v,,(x)) = (1,0). Then for such x, we have
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H ()= 1y, (x = 2) 2 T(pty (%), gty (<)) = T(L, gy (=) = (=) = , (=1x) 2 , (x) =1
and so u,,(0)=1. Also
v, 0)=v, (x-x) <C(v,,(x),v,,(-x)) = C(0,v,,(-x)) = v\, (-x) = v,,(-1x) < v, (x) = 0

and then v, (0)=0.
Thus M"(x)=(1,0) and thus condition (3) will be hold. O

The following propositions investigate the relationships between
bifuzzy submodules of R-module M under norms and submodules of
R-modules M.

Proposition 2.14 : Let M"=(u,,v,,) €eBFN(M). Then S={x|xeM,
M’ (x)=(1,0)} is a submodule of the module M and M" € BFN(S).

Proof : Let x,yeS and reR.  Then p, (x)=1=u,(y) and
v, (x)=0=v, (y). Let M" =(n,,,v,,) € BEFN(M).
(1) As 1, (x+9) 2 T(tty, (), sy, () =T, 1) =1 50 g1, (x+7)=1.
(2) As v, (x+y)<C(v,,(x),v,,(y))=C(0,00=0 and v, ,(x+y)=0.
Now from (1) and (2) we get that x+y €S.
(B) As pu,,(rx)= u,, (x)=1 so p, (rx)=1.
(4) As v, (rx)<v, (x)=0 so v, (rx)=0.
Then from (3) and (4) we obtain that rx €S.
(5) Also since M"(0)=(1,0) so 0 €S.
Now from (1)-(5) we get that S will be a submodule of the module M.

The second part of the statement is obvios. O
Proposition 2.15: Let M" =(u,,,v,,) € BEN(M). If T and C be idempotent,
then

S, ={x|x eM,M"(x) 2 M"(t)}

will be a submodule of the module M for any ¢ €[0,1].

Proof : Let x,y €S, and reR. Then g, (x)>t and u,(y)=>t. Also
v,(x)<t and v, (y)<t. Let A=(y,,v,)€BFN(M).

(1) Since
ty (x+y) 2 Ty, (x), 1 () 2 T(E,H) =t



366 R.RASULI

and

v +y) < C(v,, (%), v, () < C(t, 1) =t

so u,(x+y)=t and v, (x+y)<t. Then x+y €8,.

(2) As u,(rx)= p,(x)=t and v, (rx)<v, (x)=t so u,(rx)=t and
v, (rx)<t.

Thus rx €8,.

(3) Also since M™(0)=(1,0) > (,,(t),v,,(t))=M"(t) for any t €[0,1] so
0€eS,.

Now from (1)-(3) we get that S, will be a submodule of the
module M. O

Proposition 2.16 : Let M be an R-module and S be a subset of M. Let

i, S —1{0,1} be the characteristic function of S as

) 1 ifxeS
x) =
H 0 ifxeS

and v,, :S—{0,1} be the anti characteristic function of S as

) 0 ifxeS
v, (x)=
M 1 ifxeS.

Then M" =(u,,,v,,) e BEN(M) if and only if S is a submodule of M.

Proof : Let M’ =(u,,v,)eBFN(M) and we prove that S is a
submodule of M. Let x,y eSc M and r eR. Since u,, (x+y)=T(x,,(x),
w,(y)=T1,1)=1 and v, (x+y)<C(v,(x), v,,(y))=C(0,00=0 so
uy,(x+y)=1 and v, (x+y)=0. Thus x+y €S. Also u, (rx)> u,, (x)=1
and v, (rx)<v, (x)=0 and then rx €S. Finally M"(0)=(1,0) means that
0 €S. Thus S is a submodule of M.

Conversely, let S is a submodule of M and we prove that
M" =(u,,,v,,) €BFN(M). Let x,y e M.

(1) If x,y €S, then x+y €S. Now
(X +y) =121=T(1,1) = T(p2,,(x), 14, (y))

and
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v, (x+y)=0<0=C(0,0)=C(v,,(x),v,,(¥)).

(2) If xeSand y £S5, then x+y £5S. Then
(x4 ) =02 0= T(L,0) = T(tt, (x), 41, ()

and

VM(X+]/) =1<1=C(0,1)= C(‘/M(JC)"/M(:V))'

(3) If x,y £S, then we have the following conditions.
(@ If x+y £S5, then

ty (x+y)=02=0=T(0,0)=T(p,,(x), 1, (v))

and

v, (x+y)=1<1=C(1,1) = C(v,,(x),v,, ().

(b) If x+y €S, then
#M(x+y)=120=T(Or0)=T(ﬂM(x)/ﬂM(y))

and

V() =0<1= C(L1) = C(v,, (1), v, (v))-

Therefore from (1)-(3) we obtain that
M (x+y) 2 (T(y, (), 1, (1)), C(v (), v, ()

Now let x e M and r eR.
(1) if xeS, then rxeS and so p,(rx)=121=y,(x) and
v, (rx)=0<0=v, (x).
(2 if xg£S, then rxgS and so u,(rx)=020=y,(x) and
v, (rx)=1<1=v, (x).
Thus (1) and (2) give us that M"(rx) o M"(x).
Finally, as 0eS so pu,(0)=1 and v, (0)=0 and then

M(0) = (1,,(0),v,,(0)) = (1,0).
Hence M" =(u,,,v,,) € BEN(M). O
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3. Intersections, direct products and homomorphisms of bifuzzy sub-
modules under norms

Definition 3.1 : (See [14]) Let A=(u,,v,) and B=(y,,v,) be two
intuitionistic fuzzy sets of X. Define intersection of A and B as
ANB=(4,.5/V45) bY

My (%) = T, (%), 11, (x))
and
Vs () = C(v, (x), v, (x))
for all x e X.

Proposition 3.2 : Let Mj=(y,.,v,.) and M =(y,.,v,.) be two
intuitionistic fuzzy sets in R-module M. If M;,M; € BEN(M), then
M AM; = v . )eBEN(M).

('UM;mM 7 M AM;

Proof : Let x,y € M. Since
e COF ) =Tt (), 1 () T (0, 1, (), T, (0, 1, ()
= T(T(p, (0, 4y, CO) Tt (), 1, D) = TCptye e () 1y (1))

SO

Hg oy ) 2T )t D)
Also
Vo G 9) = Q0 (), v (2 ) S O, (0, v, (9, €O, (0,1, ()
= (O, (30,7, (), €, (), v, ) =0, (v (9)

and then
VM1 AM; (x + ]/) < C(VMl*mAA; (x)’ VMl*mM; (]/))

Thus
(M; A M)+ y) 2 (T (Ot OO GV ).

Let xeM and r eR. As
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e s, ) = T (), 1, (r20) 2 Tp . (0), 1, () = e (20)

and

Vi () =C(v (), v (r) <C(v . (x),v,  (x)=v, . . (x)

so (M; N M;)(rx) 2 (M; N M))(x).
Finally, from
fyg @ =T(1,, O, 1, ) =T(1,1) =1

and
0)=C(v,,.(0),v,.(0)=C(0,00=0

Voo .
M;AM;
we obtain that

(M AM)O0) = (4. O), v, (00)=(1,0).

Hence

M; "M, =(u

MM’

v.. .)€BEN(M).
O

Corollary 3.3 : Let {M,=(u,,v,)i=1,23,.,1n1cBFN(M). Then
N,, € BEN(M).

Definition 3.4 : (See [14]) Let A=(u,,v,) and B=(y,,v,) be two
intuitionistic fuzzy sets in X and Y, respectively. The direct product of
A and B, denoted by AxB=(u, ,,v, ) isan intuitionistic fuzzy set in
X xY such that for all x in X and y in Y, define

M5 (x,y) =T (1, (x), 15 (y))
and

Vs (0, 1) =C(v, (x), v, (¥))-

Proposition 3.5 : Let M, be R-modules and M; = ( My VM*) € BFN(M) for
i=1,2. Then -

M, xM;, =(u .) € BEN(M, x M,).

* aIV *
M] xM; M xM;
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Proof :
(1) Let (x,,y,),(x,,y,) e M, x M,. Then
,LIM:XM;((Xl,yl)+(x2,y2))=,uM;XM;(Xl+x2,y1+y2)

= T4t (6, %), (0, )= TCT (1), G TR (91, ()
=TTty (5,) 1, 00D T () ) =T ) e 5, 9))

Also

VMIXME ((x]/y])+(x2/y2)) = VMIXM; (xl +x2/y1 +y2)
= OV, (5, 4 2,),v,,, (4,4 9,)) S CCOv,,, (), v, (), C0, (1), (1))
= C(C(VMI (xl )/ VM; (yl ))I C(VMI (xz )/ VM; (yz))) = C(VM; XM; (x] 4 y] )/ VMIXM; (xz 4 yz ))'

Thus
(M} x M) ((x,, y,)+(X,, Y,))

2 (T(,UM]*XM; (x1 Y )/ luM;Xm; (xzfyz ))’ C(VfoMQ (xl Y )’ VMIXM; (xZ’yZ )))

(2) Let (x,y) eM, xM, and r eR. Now
/JM; xM; (r(x’ y)) = ﬂMrXM; (rx/ ry) = T(luMI (rx)l /uM; (ry))

2 T('LIMI (x)l ;UM; (y)) = 'LIMIXM; (‘x’ _1/)

Also

Voo () =V (1) = COv, (), (1)
< C(VMI (%), Vi (y) = Vit (x, ).

Therefore (M, x M,)(r(x,y)) = (M, x M;)(x,y).
(3) Let (0M1’0M2) eM, xM,. Then
#MIXM; (0M1 ’0M2 ) = T('uMI (0M1 )/ ﬂM; (OMZ )) = T(lll) = 1

and
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0,,,0,,)=C(v,.(0,,),v,.0,, ) =C(0,0)=0.

Vo e
M| xM,

Then (M; xM;)(OMl,OMZ)z(l,O).
Hence (1)-(3) give us that M; x M, = (u .) € BEN(M, x M,).

* *IV *
M <M, M xM;
O
Corollary 3.6 : Let M, be R-modules and M; =(u,.,v,.) €BEN(M) for
i=1,2,..n Then o
M x M, x..x M| e BEN(M, xM, x...xM).

Definition 3.7 : (See [14]) Let Let ¢ be a morphism from set X into set Y
such that A=(u,,v,) and B=(y,,v,) be two intuitionistic fuzzy sets in
X and Y respectively. For all x e X,y €Y, we define

P(A)Y) = (@) W), (v, )(y))
_JGuplu, ()| x eX,p(x)=yl, inflv, () [x e X, 0(x)=y}) ifp"(y) =D
0,1) ifp'(y) = @.
Also @7 (B)(x) = (9™ (14:)(x), @™ (v)(x)) = (145, (9(x)), v (9())).

Proposition 3.8 : Let ¢ be an epimorphism from R-module M into
R-module S. If M =(,uM*,VM*)eBFN(M), then o(M )=(/‘¢,(M*)’V¢(M*))
€BFN(S).

Proof : (1) Let y,,y, €S. Then

1u (yl —"_]/2):S]‘lI){:LIMA (x] +x2)|x11x2 ele(x]): yllw('xz): yz}

p(M")
2 sup{T(u,,. (x)), 1. (X)) | x;,x, € M, p(x)) =y, 0(x,) =y, }
=T(sup{y,,. (x))Ix; e M,p(x;)=y,},sup{y, . (x,)|x, e M, (x,)=y,})

=T (Y 1 (U)):
Also

Vo Wty =infly, (x +x,) | x,x, e M, o(x) =y, 0(x,) =y,}

(M)
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<inf{C(v,,. (x)),v,. (x,)) | x,,x, e M, 0(x)) = y,,9(x,) = y,}
=C(inflv . (x,)|x, e M, p(x,) = y,},inflv _.(x,)|x, e M, 0(x,)=y,})
=CV e, YV, ey (12):

Therefore

PO )Y, + 1) 2 (T ()i () W, ), ()

4 14

(2) Let y €S and r eR. Thus
H e (ry) =suplu, (r0)| x € M, p(rx) = ry}

>suplu, ()| x eM,p(x)=y}=p . ()

and

vw(M‘)(ry) = inf{vM* (rx)|x e M, p(rx) =ry}
<inffy ()|x eM,p(x)=yl=v_ . (1)

Then o(M)(ry) o o(M")(y).
(3) As u,. (0,)=1and v .(0,)=0 sowe get that

,uw(M*)(OS)= sup{,uM 0,)10,, eM,(0,,)=0,}=sup{1]0,, eM,p(0,)=0,}=1

and
(OS)=inf{vM*(OM)|OM eM,p0,,)=0,}=inf{0]0,, eM,(0,,)=0,}=0

v .
(M)
and then ¢(M")(0,) = (1,0).

Hence from (1) to (3) we get that (M) =( vq](M*)) eBFN(S). O

oy’
Proposition 3.9:Let Let ¢ beamorphism from R-module M into R-module
S.If §" = (1. ,v.) €BEN(S), then p (5= ('u(,fl(s')’ V¢’1(S')) € BEN(M).
Proof : (1) Let x,,x, e M.

As

ooy (X T%5) = 1 (0(x, +X,)) = 1 (9(x,) +9(x,))
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> T(p (000, 4 @GN =Tt (), 11 (3,))

(4
and

Ve 1) = v (@(x +X,)) = v () +o(x,))

< v, () v (P =Cv (), (5,))

50 7 (S")(x, +x,) 2 (T(u

P (ST)

(2) Let x eM and r eR. Then
Koo (10 = p1 (9(r0) = 1 (rp(x) = g1 (9(0) = 11, . (%)

(6, i O OV ()7 ().

and

V.o () =V () = v (rp () < v, (p(0) = v, . ().

Then ¢~(S")(rx) 297 (S")(%).
(3) Since
oy (0y) = 11, (00,)) = 1. (05) =1

and
Vo0, =, (0(0,0) =, 0,) =0

s0 ¢7(5)(0,,)=(1,0).
Thus (1) to (3) will give us that ¢ (S7) = (ﬂw(s*)’ Vw(y)) € BEFN(M).
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