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1. Introduction

The theory of pseudo-complementation was introduced and
extensively studied in semi-lattices and particularly in distributive lattices
by O. Frink [15] and G. Birkhoff [13]. In 1973, W. H. Cornish [14], studied
congruence on pseudo-complemented distributive lattices and identified
those ideals and filters that are congruence kernels and cokernels
respectively.In2012, M. S. Rao and G. C. Rao [24], introduced the concept of
*-fuzzy congruences and kernel ideals in a pseudo-complemented almost
distributive lattice. They provide a necessary and sufficient condition for an
ideal to be a kernel ideal. Recently, G. M. Addis [1], studied on congruence
relations in a pseudo-complemented almost distributive lattice. He also
studied the concept of congruence kernel ideals and congruence cokernel
filters in a pseudo-complemented almost distributive lattice. Furthermore,
he characterized congruence kernel ideals in terms of « -ideals and he
provide a set of equivalent condition for every ideal to be congruence
kernel.

Many papers on fuzzy algebras have been published since Rosenfeld
[26] introduced the concept of fuzzy group in 1971. In particular, fuzzy
subgroups and fuzzy normal subgroups of a group (see [9, 11, 12, 16, 19,
22]), fuzzy subrings and fuzzy ideals of a ring (see [17, 18, 19, 20, 21, 23]),
fuzzy sublattices and fuzzy ideals of a lattice (see [3, 4, 5, 7, 8, 10, 28, 32]).
Recently, Rasul Rasuli studied the concept of fuzzy congruence on product
lattices by using T-norms [25]. B. A. Alaba and W. Z. Norahun studied
the concept of fuzzy ideals and fuzzy filters in a pseudo-complemented
semilattice. They also studied the concept of *-fuzzy congruence relations
and investigate some of its properties. Using the concept of *-fuzzy
congruence, they studied the concept of kernel fuzzy ideals and cokernel
fuzzy filters in a pseudo-complemented semilattice [6]. In this paper, we
introduce the concept of *-fuzzy congruence on a pseudo-complemented
almost distributive lattice and we provide a necessary and sufficient
condition for a fuzzy congruence to be a *-fuzzy congruence. We also
introduce the concept of kernel fuzzy ideals and cokernel fuzzy filters
in a pseudo-complemented ADL in terms of *-fuzzy congruence and
investigate some of its properties. We give a set of equivalent condition
for a fuzzy ideal to be a kernel fuzzy ideal. Furthermore, for any fuzzy
ideal of L, we observe that there exists the smallest kernel fuzzy ideal
containing it. We show that the class of all kernel fuzzy ideals forms a
complete distributive lattice. We prove that every fuzzy filter of a pseudo-
complemented ADL is a cokernel of some *-fuzzy congruence. We show
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that there is an isomorphism between the class of all kernel fuzzy ideals
FKI(L) of L and the class of all fuzzy ideals of the skeletal elements
FI(S(L)) of L.

2. Preliminaries

We refer to [27] for the elementary properties of almost distributive
lattices.

Definition 2.1 : [27] An almost distributive lattice (ADL) with 0 is an
algebra (L, v, A,0) of type (2,2,0) satisfying the following properties:

D (xvy)az=(xArz)v(yAz),

2) xA(yvz)=(xAy)v(xaz),

@) (xvy)ray=y,

(4) (xvy)ax=x,

(5) xv(xay)=x,

(6) OAx=0, forall x,y,z €L.

If “<” is a binary relation on L defined by:

a<b if and only if aAb=a, or equivalently avb=>b

then, (L,<) is a partially ordered set (poset).
An element m in L is said to be maximal if it is maximal with respect
to the partial ordering < on L.

Theorem 2.2:[27] Let L bean ADL and m € L. Then the following are equivalent:

(1) m is a maximal element
(2) mva=mforall a eL
(3) maa=aforall aeL

(4) avmis maximal forall a eL

A nonempty subset I of L is called an ideal (filter) of L if
avbel(anbel) and anx €el(xva el) whenever a,bel and x L.

Definition 2.3 : [29] Let L be an ADL. Then the operation 4 — 4" on L is
called a pseudo-complementation on L if, for any a,b €L it satisfies the
following conditions:
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(1) anb=0=a Ab=b
(2 ana =0
(3) (avb) =a Ab.
In this case, (L, v, A,*,0) is called a pseudo-complemented ADL.

Theorem 2.4 : [20] For any two elements a, b of a pseudo-complemented ADL,
we have the following:

(1) 0" is a maximal element,
(2) If m is a maximal element, then m" =0,
3)0
(4) 0" Aa=a,
() a”
(6)
(7) a
(8) a
9) (anb) =a" AD",
(10) @ Ab=(aAb) AD.

For any pseudo-complemented ADL, let us denote the set of all
elements of the form x~ by D. Clearly D is a filter of L.

Definition 2.5 : [3] Let X be any non-empty set. A mapping x:X —[0,1]
is called a fuzzy subset of X.

The unit interval [0,1] together with the operations min and max
form a complete lattice satisfying the infinite meet distributive law; i.e.,

an(vp)=v(anp)
BeM BeM

forall o €[0,1] and any M < [0,1].
We often write A for minimum or infimum and v for maximum or
supremum. That is, for all «,f €[0,1] we have, a A f =min{a, f} and

a v p=maxl{e, B}

Definition 2.6 : [33] Let x be a fuzzy subset of aset X and t €[0,1]. The
set 4, ={x e X: u(x) >t} is called a t-level subset of the fuzzy subset of 4.
Clearly u, ¢ u, whenever t >s.
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Definition 2.7 : [30] A fuzzy subset y of an ADL L is called a fuzzy ideal
of L if; for all x,y €L the following conditions are satisfied:

1) w0)=1,
(2) p(xvy)z ux) A u(y),
(3) u(xAy)z u(x)v u(y).

Definition 2.8 : [31] Let L be an ADL L with a maximal element m. A fuzzy
subset u of L is called a fuzzy filter of L if; for all x,y €L the following
conditions are satisfied:

1) w(m)=1,
(2) uxvy)z ux)v uy),
(3) u(x~ny)z u(x) A p(y).

Theorem 2.9 : [30] Let L be an almost distributive lattice, x e L and « €[0,1].
Define a fuzzy subset o of L as:

a,if ye(x]

is a fuzzy ideal of L. a_ is called the o -level fuzzy ideal corresponding to x.

awi

The binary operations “+” and “-” on the set of all fuzzy subsets of
a distributive lattice L defined as:

(u+0)(x)=Sup{lu(y)~6(z):y,z €L, yvz=x}and

(u-0)(x)=Suplu(y)n6(z):y,zeL, y nz=x}.

If # and 6 are fuzzy ideals of L, then pu-0=pur=pun6 and
u+0=puve.
If 4 and @ arefuzzy filtersof L, then u+6=un6 and pu-0=puve.

Definition 2.10 : [2] A fuzzy subset & of LxL is said to be a fuzzy
congruence relation on an ADL L if and only if, for any x,y,z,w €L, the
following hold:

1) O(x,x)=1,

(2) 9(){, y) = e(yrx)r

(3) O(x,y)~O(y,2z) <0(x,z2),

(4) O(x,y)AO(z,w)<O(xVvz,yvw)AO(Xx Az, y AW).
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Note: Throughout the rest of this paper L stands for a pseudo-
complemented almost distributive lattice (L, v, A,*,0,m).

3. *-fuzzy congruences on ADLs

In this section, we introduce a *-fuzzy congruence relation on a
pseudo-complemented ADL. We give a necessary and sufficient condition
for a fuzzy congruence to be a *-fuzzy congruence.

If u is a fuzzy filter in an ADL, then the relation defined by:

W (x,y)=Suplu(a):x na=y ra,a eL}

is a fuzzy congruence on L. It is a special case of the fuzzy congruence ‘¥”
generally defined for multiplicatively closed fuzzy subset 7 in [2].

Lemma 3.1 : For any two fuzzy filters n, and n, of L,
VY o =¥ o¥ .
h n n n

Inthiscase, ¥ v¥ =¥ o¥ .
m ’72 ™ m

Proof : To prove our claim, it is enough to prove that ¥ o¥ =% .
m m mym,
Forany x,y €L,

(‘}”71 o‘I’WZ)(x,y) = Sup{‘I’n1 (z,y)/\‘l’r]2 (x,2z):z eL}
= Sup{Supin,(a):z na=y ~na} ASup{n,(b): x Ab=z AD}:
z el}
= Sup{Supi{n,(a)rn,(b):zra=yra,x Ab=2zAb}:z €L}

If zhna=yAa and xAb=zAb, then x AaAb=y Ananb. Thus
(‘I’”1 o‘P”Z)(x,y) < Sup{Sup{n, (@) An,(b): x nanb=y raAb}}
< Sup(Sup{n,(r) An,(r,):r, Ar,=anbl:x nanb=y ra b}
= Supl{(n, vi,)anb):xnanb=y ranb}
< Sup{(m, v, )(r):xAr=ynAr,rel}

= l//’hv’?z (xry)

This shows that ‘Pm o ‘PWZ ¥
On the other hand,

mvn,®

‘I’qu(x,y) = Sup{(n,vn,)r):ixAr=yar,rel}
= Sup{Sup{n (@) An,(b):anb=r}:x nanb=y ranb}
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Now we need to find some zeL such that zaa=yAa and
xAb=zAb.

If xnanb=yAranb, then xAbra=yabnaa. Put z=(y ra)v(x AD).
Then zAna=ya and zAb=xAb. Based on this we have

Y, o (x,y) < Sup{Sup{n,(a):zra=y ra} ASup{n,(b):zAb=xAb}:r €L}
= Sup{‘Pm (z,y) A ‘}’ﬂz (x,z):z €L}
= (‘P”1 oW, )(x,y)

This shows that ¥ g‘i’” o‘{’ﬂ. Hence ¥ =¥ o¥

Vi 1 2 N ™ "
In the similar procedure we can easily show that ¥ =Y o%¥ .
Since n,vmn,=n,vn, we get that ‘I’mwz = ‘P”zwl. Therefore,
Y, oo =¥ oV, . m|

Now we introduce the concept of *-fuzzy congruence relation.

Definition 3.2 : A fuzzy congruence relation y on L is called a *-fuzzy
congruence if w(x,y)<w(x',y") forall x,y L.

Theorem 3.3 : A fuzzy congruence y on L is a *-fuzzy congruence if and only
if each level subset of y is a *-congruence on L.

Corollary 3.4 : Let w be a congruence relation on L. Then y is a *-congruence
on L if and only if its characteristic function y,, is a *-fuzzy congruence on L.

Theorem 3.5 : A fuzzy congruence y on L is a *-fuzzy congruence if and only if

w(x',m)=y(x,0) forall x eL.

Proof : Suppose y is a *-fuzzy congruence on L. Then by Definition 3.2
w(x',07) > w(x,0). Suppose conversely that the condition holds. Let a,b L.
Since y is a fuzzy congruenceon L, y(a,b)<w(ana ,bra )=y (0,baa).
By the assumption, we have w(0,baa’)<y(0,(bAa’)). Thus
w@b) <y ,(bra))<y(a ,(baa’) ra)=w(a ,a Ab).

Similarly, w(a,b)<w(a Ab’,b"). Since w is a fuzzy congruence,
w@ ,b)>w(@ ,a Ab)Aw(@ Ab ,b). Thus w(a ,b)>y(a,b). So v is a
*-fuzzy congruence on L. O

Theorem 3.6 : Let u be a fuzzy filter of L. Define a fuzzy relation w* on L by:
wh(x,y)=Sup{u(z):xrz" =yrz ,zell).
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Then y* is a *-fuzzy congruence.

Proof : Clearly y* is reflexive and symmetric.Now

(1) Forany a,b,c €L,
y*(a,b) ny*(b,c)

Sup{,u(fl):a/\f;* =b/\f;*}
ASuplu(f,):baf, =cnf,'}
Suplu(fynf,):anf, =bnf,",
b/\fzw :C/\fzﬂ}

If anf =baf and baf, =cnaf,, then an(finf,) =cna
Af,nf,)". Using this, we can easily show that

v (a,b) Ay (b,c)<w“(a,c).
(2) Forany a,b,c,d €L,

w (@a,byry“(c,d) = Sup{u(f):anf =bnrf }a
Suplu(f,):cnf, =dnf,’}
= Sup{u(f, /\fz):a/\f;* =b/\f1”,
cnf, =dnf,}

If anf =bnaf] and caf, =dnf,, then (@Ac)A(firf,) =
bADAf,AL)" and (avo)A(f,Af,) =bvd)A(f,Af,)". Using
this fact, we can show that y*(a,b) Ay (c,d)<w*“(anc,bad) and
v*anc,bad)y<sy”(avc,bvd). Thus y* is a fuzzy congruence
onL.

To show w* is a *fuzzy fuzzy congruence, let
w"(a,0)=Sup{u(f):an f =0,f el). Since anf =0, we get that
a Af =0 Af . This implies that y*(a,0)<y*(a,0"). Therefore y* is
a *-fuzzy congruence. O

Theorem 3.7 : Let u be a fuzzy ideal of L. Define a fuzzy relation y(u) on L by:

w(u)(x,y)=Suplu(z):x nz =yaz ,zel).

Then y(u) is a *-fuzzy congruence on L.

Proof : Clearly w(u) is both reflexive and symmetric.
(1) Forany a,b,c €L,
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w(u)(a,b) Ay (u)(b,c) = Sup{u(x):anx’ =bax’)
ASuplu(y):bay =cay’)
= Suplu(xvy):anx =bax’,
bay =cAy’}

If anx =bax and bay =cay’, then an(xvy) =ca(xvy).
Using this, we can easily show that y (u)(a,b) <y (u)(a,c).

(2) Forany a,b,c,d €L,

w ()@, b) Ay (u)(c,d) = Sup{u(i)):aniy =bni)
ASuplu(iy) e iy =d Ai,}
= Sup{,u(ilvi;):a/\i: =b/\iI,

cni, =dni,}

If ani,=bni, and cni,=dAi,, we can easily verified that
(anc)n(i viz)* =(brd)A(i, vi2)* and (avc)A(i viz)* =(bvd)n(i, viz)*.
Using this fact we can show that w(u)(a,b) Aw (u)(c,d) <y (u)(anc,bad)
and w(u)(a,b)Ay(u)c,d)<y(u)avc,bvd). Thus w(u) is a fuzzy
congruence on L.

Next, we show that w(u) is a *-fuzzy congruence. Let aeL.
Then w(u)(a,0)=Sup{u(x):anx =0,x eL}. Since anx =0, we have
a Ax =0 ax. Thus w(u)@,0)<y(u)(a,0). So w(u) is a *fuzzy
congruence. O

4. Kernel fuzzy ideals

In this section, we introduce the concept of kernel fuzzy ideals
and cokernel fuzzy filters in a pseudo-complemented ADL in terms of
*-fuzzy congruence and investigate some of its properties. We give a
set of equivalent condition for a fuzzy ideal to be a kernel fuzzy ideal.
Furthermore, we show that the class of all kernel fuzzy ideals forms a
complete distributive lattice.

If v is a fuzzy congruence on L and x €L, then the fuzzy subset
[w], of L defined by

[v].(y) = v (x,y) for all y €L

is called a fuzzy congruence class of L determined by y and x.In [2], B. A.
Alaba and G. M. Addis observed that, the fuzzy congruence class [y], of
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L determined by 0 is a fuzzy ideal of L. Now we define kernel fuzzy ideal
of an almost distributive lattice in terms of *-fuzzy congruence.

Definition 4.1 : A fuzzy ideal ux of L is called a kernel fuzzy ideal if
u=[w],, where y isa *-fuzzy congruence on L.

Theorem 4.2 : For any fuzzy ideal u of L the following conditions are equivalent:
(1) w is a kernel fuzzy ideal,
(2) For x,y eL,x =y = u(x)= u(y),
(B) w(x)=p(x"),
(4) w((x" Ay ))= p(x) A uy) forall x,y L.

Proof : The proof of (2) = (3) and (3) = (4) are straightforward. Now we
proceed to prove the following.

(1)=(2): Let x4 be a kernel fuzzy ideal. Then u=[y], for some
*-fuzzy congruence y. Suppose x,y €L such that x =y. Then
w(x)=y(x,0)<y(x’,0)=w(y ,0). Since y is a fuzzy congruence, we
have u(x) <y (y',0)Ap (Y, y) <y (Y Ay,0 Ay)=y(0,y)= u(y). Similarly,
#(y) < p(x). Thus p(x) = u(y).

(4) = (1): Suppose condition (4) holds. Consider the fuzzy relation
w(u) defined on L by w(u)(x,y)=Suplu(z):xnz =yaz,zell.
It is shown from the proof of Theorem (3.7) that w(u) is a *-fuzzy
congruence on L. Now we proceed to show that u=[w(u)],. Let
xeLl, [w(w)] (x)=Sup{u(@):xra =0}2> pu(x). To show the other
inequality, let yeL satisfying xAy =0. Then y Ax=x. Which
implies u(x)= u(y” Ax)> pu(x)v u(y”). By condition (4), we get that
w(x) 2 p(x)v p(y). Thus w(x)= p(y). This shows that wu(x) is an upper
bound of {u(a):x na” =0}. Thus u(x)> [w ()], (x). So ucly(w)],- Hence
u=ly ()], O

Corollary 4.3 : If u is a kernel fuzzy ideal of L, then w(u) is the smallest
*fuzzy congruence with kernel u.

Proof : It is shown from the proof of Theorem 3.7 and Theorem 4.2 that
w(u) is a *-fuzzy congruence with kernel u. To show w(u) is the smallest
*-fuzzy congruence with kernel u, let ¢ be a *-fuzzy congruence with
kernel u. Forany x,y €L,

w(u)(x,y)=Suplu(z):xnz =y Az, zel).
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Since ¢ is a *-fuzzy congruence, ¢(xAa’,x)>d(x,x)Ag(a ,0)=
$(a,07)>p(a,0)= p(a). Similarly, @(yaa’,y)>u@). If xra =ynaa,
then ¢(x,x ra' )Ad(y na’,y)> p(a). This implies that ¢(x,y) is an upper
bound of {u(z):xAz =yaz,zel). Thus y(u)cgd. So w(u) is the
smallest *-fuzzy congruence with kernel . O

The set S(L)={x" :x €L} is called the skeleton of L. The elements of
S(L) are called skeletal.

Lemma 4.4 : Let o €[0,1]. If x is a skeletal element, then «_ is a kernel fuzzy
ideal.

Theorem 4.5 : A fuzzy subset u of L is a kernel fuzzy ideal if and only if each
level subset of  is kernel ideal of L.

Corollary 4.6 : A non-empty subset 1 of L is a kernel ideal of L if and only if y,
is a kernel fuzzy ideal.

Definition 4.7 : A fuzzy filter x4 of L is called a cokernel fuzzy filter if
u=[y] , where y isa *-fuzzy congruence on L.

In the following theorem, we observe that every fuzzy filter of L is a
cokerner fuzzy filter.

Theorem 4.8 : If 17 is a fuzzy filter of L, then the fuzzy relation defined by:

¥, (x,y)=Sup{u(a):xna=y na,a €L}

is a *-fuzzy congruence with cokernel fuzzy filter 1. Moreover, ¥ is the smallest
*~fuzzy congruence on L.

Proof : Suppose that 7 is a fuzzy filter of L. Then clearly ¥, is a fuzzy
congruence on L. Now we proceed to show that ¥, isa*-fuzzy congruence.
Let x eL. Then

‘Pq(x,O) =Sup{n(b):x Ab=0,b €L}.

If xAb=0, then x' Ab=0" AD. This shows that ¥, (x,0) < ‘I’ﬂ(x*,O* ).
Thusby Theorem (3.5), ¥, is a *-fuzzy congruence. Toshow 7 isa cokernel
fuzzy filter, let x € L. Then y (x,m)=Sup{n(a):x na=mna}=n(b).

On the other hand, let b e L such that xAb=b=mAab. Since n is a
fuzzy filter, n(b)=n(x)Anb). Which implies 7(b) < n(x). This shows us
n(x) is an upper bound of {n(a):x Ana=m na}.. Thus n(x) = ‘I’ﬂ(x,m). So
n is a cokernel of ¥ .
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Finally, we show that ‘PU is the smallest *-fuzzy congruence with
cokernel 7. Let ¢ be a *-fuzzy congruence with cokernel 7. For any
x,y,ael,

n(a)=¢(m,a)=g(m,a) AP(x,x) < pg(mAx,anx)=¢(x,x Ana).

Similarly, ¢(y Aa,y) 2 n(a).

Let xAa=yAa. Since ¢ is a fuzzy congruence, we get that
#(x,y) 2 n(a). It shows that ¢(x, y) isanupperboundof {r(a):x ra=y Aa}.
Thus ¢(x,y) = lI’”(x, y). So Y, is the smallest *-fuzzy congruence with
cokernel 7. O

Lemma 4.9 : If u is a fuzzy ideal of L, then the fuzzy subset u, of L defined by:
w.(x) = Suplu(@): x na’ =a')
is a fuzzy filter of L.

Theorem 4.10: Let u be a nonempty fuzzy subset of L. u is a kernel fuzzy ideal
if and only if p is a fuzzy ideal of L and p(x)= u(x") forall x eL.

Proof : Let 1 be a kernel fuzzy ideal of L. Then u =[y]; for some *-fuzzy
congruence . For any x €L, we have that u(x") < u(x). Now,

p(x) =y (x,0)<y(x,0)<y(x",07)=p(x",00=pux").

Thus u(x)= u(x") for all x eL. Suppose conversely the condition
holds. Then by the above lemma g, is a fuzzy filter of L and hence by
Theorem 4.8, v, is a *-fuzzy congruence with cokernel .. To show that
v, 1, =u, let x eL. Then

[y, 1,(x) = Suplp.(a): x na =0} = Sup{Sup{u(b) :anb” =b"} :x na=0}.

If anb =b", then xaanb =0=xAb". Since L is a pseudo-
complemented ADL, b~ ax=x. This implies pu(x)> u(b")v u(x).
By the assumption, u(x)= u(b)v u(x). Which implies u(x) = u(b).
Thus [y, ],cu On the other hand, since xa x =0, we have
[y, 1,(0) > u(x')=Sup{u(b):x" Ab =b"} > p(x). Thus p=[y, 1. So u is
a kernel fuzzy ideal of L. O

Corollary 4.11: Let u and 0 be kernel fuzzy ideals of L. Then pn@ is kernel
fuzzy ideal of L.
Corollary 4.11 can be generalized as given in the following.
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If {¢, :a €A} is a nonempty family of kernel fuzzy ideals of L, then
Naea 14, is a kernel fuzzy ideal of L.

In the following theorem, we show that for any fuzzy ideal there
exists the smallest kernel fuzzy ideal containing it.

Theorem 4.12 : For any fuzzy ideal u of L,
T(u)(x)=Sup{u(a):a” Ax=x,aelL}

is the smallest kernel fuzzy ideal containing u.

Proof : Since x~ ax=x for all x eL, we have that u(x) <T'(u)(x). Thus
u < T'(4). Now we show that I'(x) isafuzzy ideal of L. Let x,y € L. Then

C(u)(x) AT (u)(y) = Sup{u(a):a” Ax=x} ASup{ub):b" Ay =y)

Sup{lu(avb):a Ax=x,b" ry=y}

Let a ax=x and b Ay=y. Then (avb) A(xvy)=xvy and
(avb) ay=y. Thus (avb)" A(xvy)=(avbh)” Ax)v((avb) ry)=xvy.
Then we can easily verified that I'(z)(x) AT (2)(y) < T'(2)(x v y). Moreover,
we can show that T'(¢)(x Ay) 2 T(¢)(x) and T'(z)(x Ay) 2T (u)(y). Thus
I'(u) is a fuzzy ideal of L.

Next, we proceed to show that I'(x) is a kernel fuzzy ideal of L. To
prove our claim, it is enough to show that I'(u(x")) = T'(u(x)) forall x €L.
Since x” Ax=x, we get that ['(u(x"))<T'(u(x)). On the other hand,
T(u)(x)=Sup{p(a):a” ax=x}<Sup{u(a):a ax" =x"}=T(u)(x"). Thus
[(u)(x) =T (u)(x"). So by Theorem 4.10, I'(x) is a kernel fuzzy ideal.

To show TI'(x) is the smallest kernel fuzzy ideal, let
n be a kernel fuzzy ideal containing x. For any xe€l,
T(u)(x)=Sup{u(a):a” ~rx=x}<Sup{n(a):a” Ax=x}. If a" Ax=x, then
n(x)=n(a”). Since 7 is a kernel fuzzy ideal, then n(a) = n(a"). This shows
that 77(x) is an upper bound of {u(a):a” Ax=x}. Thus T'(z) = 1. So ['(x)
is the smallest kernel fuzzy ideal containing. O

Lemma 4.13 : For any fuzzy ideal w of L, the map p—T'(u) is a closure
operator on FI(L). That is,
D) ucT(u),
(2) T(C(u)=T(w),
(B) ucd=T(u)cr (@), for any u,0 € FI(L).
Kernel fuzzy ideals are simply the closed elements with respect to the closure
operator.
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Lemma 4.14 : If u,0 € FKI(L), the supremum of u and 6 is given by
(uvO)(x) = Sup{u(a) AO(b): (avb)” Ax=x,a,belL}.

Proof : To prove our claim it is enough to show that uv@=T(uv ). Let
x eL.

(uv0)(x) = Suplu(b,) AOb,): (b, vb,)" Ax=1,b,,b, L}
< Sup{Sup{u(b,) AO(b,):b, vb, =b}:b" Ax=x}
= Sup{(uvO)b):b" Ax=x}

=T'(uv0)

Thus puvO@<T(uv@). Since I'(uve) is the smallest fuzzy ideal
containing x and 0, we get that T'(uv ) < uv 0. Therefore fv 6 isthe
smallest kernel fuzzy ideal containing x and 6. O

The set of fuzzy ideals of S(L) and the set of kernel fuzzy ideals of L
are denoted by FI(S(L)) and FKI(L) respectively.

Lemma 4.15: Let u,0 € FKI(L). Then T'(un@)=T(u)NT(6).

Theorem 4.16 : The set FKI(L) forms a complete distributive lattice with respect
to inclusion ordering of fuzzy sets.

Proof : Clearly (FKI(L),c) is a partially ordered set. For u,6 € FKI(L),
define

un@=punédand uvo=T(uvo).

Then un@,uv6O <FKI(L). Thus (FKI(L),v,n) is a lattice. Now
we proceed to show FKI(L) is distributive. Let u,8,17 € FKI(L).
Then (un@)v(unn)c un(@vn). To show the other inclusion,
un@vn) cT(u)NT@vn)=T(xNO)v(unmn)=(unO)v(unn).
Thus FKI(L) is a distributive lattice. Finally, let {1 :a €A} be a subfamily
of FKI(L). Then by Corollary 4.11 N, ¢, is a kernel fuzzy ideal of L.
Since (FKI(L),c) is a poset with greatest element y, and every subfamily
of FKI(L) has infimum, it follows that FKI(L) is complete. Therefore,
FKI(L) is a complete distributive lattice. O

Theorem 4.17 : If = : FKI(L) — FI(S(L)) is defined by

() (b) = Sup{u(x):b=x",b eS(L), x €L}
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forall g € FKI(L), then itis a lattice isomorphism between FKI(L) and the
lattice of fuzzy ideals of the skeleton S(L).

Proof : First, we need to show z(y) is a fuzzy ideal of S(L). Since 0=0",
we have 7(x)(0)=1. Forany a,b €L,

w(u)(@) A 2 (u)(b) = Suplp(x) :a=x"} ASuplu(y): b=y}

If a=x" and b=y, then avb=x"vy =(xvy) . It can be easily
verified that z(u)(a)A z(u)(b) < z(u)(avb). Since a,b eS(L), we have
anb=(anb)". Thus z(u)(a)=Sup{u(x):a=x"}<Sup{u(x Ab):anb=(x
Ab)"} = m(u)(aAb). Similarly, z(u)(aAb)= z(u)(b). Thus z(u) is a fuzzy
ideal of S(L).

Next, we show that 7z is a homomorphism. Let u,68 €FKI(L).
Since uné@c 1,8, we have n(un0)c z(u)nz(@). To show the other
inclusion, let a e L. Then

()N (0))(a) = Sup{u(x):a=x"}ASup{@(y):a=y"}
< Suplu(x Ay)AO(xAy):a=x",a=y"}
< Sup{(un@)(xay):a=(xAy)}
< 2(unb)(a)

Thus 7#(un@)=rn(u)nz(@). Since wu,6cuvel, we have
7(p)v 7(0) c m(uv ). Again,

7(pv0)(a)

Sup{(uv0)(x):a=x")
Sup{Sup{u(a,) A 0(a,):x=(a,va,) Ax}:a=x"}

and

(m(u) v m(0)(a) = Sup{z(u)(by) v x(0)(b,) :a="b,vb,}
= Sup{Sup{u(x,): b, =x; } ASup{6(x,): b, =x, } :

a= x x}
= Sup{Sup{u(x,) nO(x,): b, —x , b, —x By
a= x vxz}

If a=x" and x=(q,va,) Ax, then (a,Ax) v (a,Ax)" =a. Put
r,=a, Ax and r, =a, Ax. Then
7(uvO)(a) < Sup{Sup{u(r) AO(r): 1, =(a, Ax)", 1, =(a, Ax)"}:
e

(z(w) v 7(6))(a)
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Thus 7 (uv0)=7n(u)v 7(6). So = is a homomorphism.

Now we proceed to show that, 7 is one to one and onto. To show
7 is one to one, let u,80 € FKI(L) such that z(u)=7(0). Let x €L. Since
u is a kernel fuzzy ideal, we have u(x)= u(x") < z(u)(x")=z(0)(x").
This implies u(x)<Suplf(a):x" =a"}. If x" =a", then 6(x)=06(a) for
each a €L satisfying x” =4". This shows that #(x) is an upper bound
of {0(a):x" =a"}). Thus 6(x)> u(x). So pc 6. Similarly, 6 < u. Hence
6 = u. Therefore z is one to one.

Toshow 7 isonto,let @ beafuzzyideal of S(L). Define a fuzzy subset
u of L as pu(x)=0(x"). Clearly u is a kernel fuzzy ideal of L. Finally, we
show that z(u)=6. Let x eL. Then z(u)(b)=Sup{u(x):b=x",x eL}.
Since u(x)=60(x") and b=x", we get that z(x)(b) = 0(b). Thus z(u) = 6.
So 7 is onto. Hence 7z is a lattice isomorphism. Moreover, if we define
7 FI(S(L)) —» FKI(L) by 7(x)= u(x") forall u eFI(S(L)), then = and 7
are mutually inverse lattice isomorphism between FKI(L) and the lattice
of fuzzy ideals of the skeleton FI(S(L)).

The set of dense elements of L denoted by D and it is a filter of L. For any
fuzzy ideal u of L, we define the following fuzzy relations on L.

(1) ¢,(x,y)=Suplu(@a):x" ra =y Aa ,ael).
(2) ¢,(x,y)=Sup{u(a):x Abra =yAbnaa ,beD,aecL}.

Theorem 4.18 : For a fuzzy ideal u of L, ¢, = ¢,,

Proof : Let x,yeL. Then ¢ (x,y)=Suplua):x" rna =y~ aa ,aeL}.
Since xvx' and yvy aredense elements, then b=(xvx )A(yvy')eD.

If x'Ad =y Aa, then x"Abnad =y AbAA. Since
x Af(xvx)=x and y A(yvy)=y, we have xabaa =x" Abnd
and  yAbaa =y Abaa. Based on this we  have,

¢,(x, ) <Sup{u(a): x Abaa =y abaa}=¢,(x,y). Thus ¢ c¢,. On
the other hand, ¢,(x,y)=Sup{u(@):xAbra =yAbaa ,beD,acL).
If xAbaa =yabaa, then x Ab Aa =y Ab Aa. Since
beD, we get that x Aa =y aa. Using this fact we have,

¢,(x, ) <Sup{u(a):x" ~ra =y Aa'}=¢,(x,y) Thus ¢, c ¢,. So ¢, =¢,. O

Theorem 4.19 : For a fuzzy ideal p of L, ¢, (or @,) is a *fuzzy congruence
on L.

Proof : Clearly ¢, is reflexive and symmetric. Now
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(1) For x,y,z €L,
$,(x, y) ~¢,(y,2)

Sup{u(a,): x Ab, na, =y Ab, Aa,,b, €D,a, €L}
A Suplp(a,):y Ab, na, =z Ab, nay,b, €D,a, €L}

Sup{u(a, v a,):x Ab, nay =y Ab, Ad,

yAb, na,=zAb, na,}

If xAb Aa,=yAb Aa, and yAb, Aa,=zAb, na,, then xAb AD,
A, va,) =yab Ab,a(a,va,) and yAb ab, A(a, va,) =zAb,
Ab,A(a,va,). Put b=b Ab, and a=a, va, Then beD. Using
this fact, we can easily show that ¢,(x,y) A ¢,(y,z) < ¢,(x,z). Thus ¢,
is transitive.

(2) For x,y,w,z €L,
¢,(x, ) np,(w,z) = Sup{u(a,):x Ab, na, =y Ab, na;,b €D,a, €L}

A Sup{p(a,):wAb, nay =zAb, Aay,b, €D,a, eL}
= Sup{u(a,va,):x Ab, na, =y nb, nd,

wAb, na,=zAb, na,}

If xAb Aa,=ynab ra, and wAb,ra,=zAb, na,, then
xAbanad =yAbaa  and wabaa =zabaa. This implies
(xAw)Abaa =(yaz)Abaa and (xvw)abaa =(yvz)abnaa.
Based on this fact we get, ¢,(x,y)Ad,(w,2)<P,(x Aw,yAZ)
and ¢,(x,y)rg,(w,z) <P (xvw,yvz). Thus ¢, is a fuzzy
congruence. Finally, we show that ¢, is a *-fuzzy congruence.
Let x,y eL. Then by the above theorem, ¢,(x,y)=¢ (x,y). Thus
¢,(x,y)=Sup{u(a):x" Aa =y  Aa ,ael). If x Aa =y Aa, then
(x" Aa’) =(y" Ad’). Which implies x'va =y va" in the skeleton
(S(L)). Since S(L) is a Boolean algebra, it follows that X" Aa” =y Aa’.
This shows that ¢,(x,y) < ¢,(x",y'). Thus ¢, is a *-fuzzy congruence
on L. O

Conclusion

In this work, we introduce the concept of kernel fuzzy ideals and
*-fuzzy filters of a pseudo-complemented almost distributive lattices and
investigate some of their properties. We give a necessary and sufficient
conditions for a fuzzy congruence to be a *-fuzzy congruence. Furthermore,
we established a set of equivalent condition for a fuzzy ideal to be a kernel
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fuzzy ideal. We also proved that the class of kernel fuzzy ideals form a
complete distributive lattice. Finally, we prove that every fuzzy filter is the
cokernel of a *-fuzzy congruence. Our future work will focus on « -fuzzy
ideals in C-algebras.
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