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Abstract

In this paper, we examine the linear codes with respect to the Hamming metric from
incidence matrices of the zero-divisor graphs with vertex set consisting of all non-zero zero-
divisors of the ring Z and two distinct vertices being adjacent if their product is zero over
Z,. The main parameters of the codes are obtained.
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1. Introduction

Let R be a ring. A nonzero element x in R is said to be a zero-divisor
if there exists a nonzero element y € R such that x-y =0. A simple graph
G with the set of all zero-divisors of the ring R as the vertex set is said
to be a zero-divisor graph if two vertices x and y are adjacent if and only if
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x-y=0 in R. In 1988, Beck[3] introduced the zero-divisor graph. Later it
was modified by Anderson and Livingston[1]. In this article, we consider
the zero-divisor graph I'(R) as a graph with vertex set Z'(R), that is, the
set of non-zero zero-divisors of the ring R. Many researchers are doing
research in this area. In particular, Redmond[6] and Aamir et al. [2]. In [5],
Pradeep Singh and Vijay Kumar Bhat have studied Adjacency matrix and
Wiener index of zero divisor graph I'(Z,).

Codes from the row span of incidence matrix or adjacency matrix of
various graphs are discussed in [4, 7, 8].

2. Preliminaries

Let IFq be a finite field with g elements. Let x=(x,,...,x,) € IE“;, then
the Hamming weight w,, (x) of x is defined by the number of nonzero
coordinates in x. Let x=(x,...,x ), v=(y,,...,y,) € ]Fq", the Hamming
distance d,,(x,y) between x and y is defined by the number of coordinates
in which they differ.

A g-ary code of length 7 is a non-empty subset C of F'. If Cis a
subspace of ', then Cis called a g-ary linear code of length . An element
of C is called a codeword. The minimum Hamming distance of a code C is
defined by

d,(C)=min{d, (c,,c,)|c, #c,,c ,c, eChL

The minimum weight w,(C) of a code C is the smallest among all
weights of the non-zero codewords of C. For g-ary linear code, we have
d,(C)=w,(C). For basic coding theory, we refer [10].

We denote a linear code of length 1, dimension k and minimum
distance d as [n,k,d]q. A kxn matrix G is called a generator matrix of
a linear code C if the rows of G form a basis of C. We denote the code
generated by G as C, (G).

Let T'=(V,E) be a graph. We denote [x,y] as an edge between the
vertices x and y. An incidence matrix of T is a |V |x|E| matrix B with
rows labelled by the vertices and columns by the edges and entries b, =1
if the vertex labelled by row i is incident with the edge labelled by column
jand b, =0 otherwise.

Let W, X c V with Wn X = andlet E(W, X) be theset of edges that
have one end in W and the other end in X. We denote | E(W, X)|=q(W, X).

An edge-cut of a connected graph TI' is the set Sc E such that
I'-S=(V,E-S) is disconnected. The edge-connectivity A(I') is the
minimum cardinality of an edge-cut. In fact,
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Al = @rg\}qu(w, V-W).

For any connected graph T, we have A(I')<d(I') where 6(I') is
minimum degree of the graph T

Theorem 2.1 : [9] The edge connectivity of T(Z,) for n=p,'p,2---p.* is
r=min{p —1}.

1<i<k 1
We denote the code generated by the rows of the incidence matrix G
of the graph I' isby C (G) over the finite field F,.

Theorem 2.2 : [4]

1. Let T=(V,E) be a connected graph and let G be a |V|x|E|
incidence matrix for T'. Then the main parameters of the code C,(G) is
LIELIV =1, A)],.

2. Let T=(V,E) be a connected bipartite graph and let G be a |V |x|E]|

incidence matrix for T. Then the incidence matrix generates
[IEI,IVI-1,A)], code for odd prime p.

In this paper, we study a code from the incidence matrix of the zero-
divisor graph I'(Z,) over F and we determined the parameters of the
code. In Section 3, we discussed a code from incidence matrix of a zero-
divisor graph I'(Z, , ) over the field F . In Section 4, we discussed a code

from incidence matrix of a zero-divisor graph I'(Z ) over F,. Finally,

P1P2Ps3

we studied the code from incidence matrix of the zero-divisor F(Zp b )
over F, in Section 5. All the zero-divisor graphs considered in this article

are simple and undirected.

3. Code from Incidence Matrix of a Zero-divisor Graph F(Z%)

In this section, we study the codes obtained from the incidence matrix
of the zero-divisor graph I'(Z, , ) over F and we find the parameters of
the code.

Let n=p,p, where p, and p, are distinct primes. Let Z be
the ring of integers modulo n. Then the zero-divisors of Z  is
Z(Z,)=Apy,2py (P, =D Py 2P, (P = D, -

Let T'(Z,) be the graph with vertex set V = Z*(Zn) and two distinct
vertices a and b are adjacent if and only if ab=0.
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Let A={xp,|x=1,2,---,p,—-1} and let B={yp,|y=1,2,---,p, -1}
be the two disjoint subsets of the vertex set V. Then |A|=p,-1 and

| Bl = p, —1. The zero-divisor graph T'(Z ) can be viewed as follows:

A B

That is, every vertex in A is adjacent with all vertices in B and vice
versa. Clearly, I'(Z,) is a connected and complete bipartite graph with
bipartition Aand Band | A| | B|=(p, —1)(p, —1) edges. Then the incidence
matrix of the zero-divisor graph I'(Z, ) is

IPz -1 Inz-l - 1p2_1
1 0 Y 0
G=| 0 1 )
] 0 0 ... 1 A(p, +p,-2)x((p, - 1)(p, ~1))
where I, is the (p, ~1)x(p, -1) identity matrix, 1=[11---1]  , and
0 = [00 b 'Ollx(pzfl) :

In [9], they proved the edge-connectivity A(I'(Z,)) of the zero-divisor
graph I'(Z,) is min{(p, —1),(p, —1)}. Therefore, by Theorem 2.2, the
minimum distance of the code generated by the above incidence matrix G

is min{(p, —1),(p, —1)} and dimension p, +p, —3. Thus, we have

Theorem 3.1: Let p, and p, be two distinct primes. Then the main parameters
of the p-ary linear code generated by the incidence matrix of the zero-divisor graph

Lz,,) is [(p, - D(p, -1),p, +p, —3,min{p, -1,p, -1}] for any prime p.
Example 3.2 : The zero-divisor graph I'(Z,,) is

3 6 9 12

10

5

Then the incidence matrix of the graph is



CODES FROM THE INCIDENCE MATRICES 381

(1000 1 00 0)
0100 0100
{0010l 0010
000 1 000 1
1111 0000
0000 111 1),

Since any five rows are linearly independent and the graph is bipartite,
implies the dimension of the code Cp (G) over the finite field Frz generated
by G is 5. The minimum distance of the code C (G) is 2. Hence C (G) is
an [8,5,2]p code.

4. Code from Incidence Matrix of a zero-divisor Graph F(szm)

In this section, we study the code obtained from the incidence
matrix of the zero-divisor graph I'(Z ) over F, and we find the main
parameters of the code.

Let n=p,p,p, where p ,p, and p, are distinct primes. Then the zero-
divisors of Z can be partition into the following disjoints sets which is
similar to that in [5]:

P1P2P3

A =lap lx=1,2,,(p,p, = 1),p, 1 x,p; 1 x}
A, =l [x=12,(pp, ~1),p, 1 x,p, 1 x)
Ay =l lx=12,,(pp, = 1),p, 1 x,p, 1 x}
A, =flxpp, lx=1,2,,(p, -1}
AS ={xp1p3|x=1,2,---,(p2—1)}
A, ={xp2p3|x=1,2,---,(p]—1)}

Then |A1 |=(p2 _1)(773 _1)/ |A2 |=(P1 _1)(P3 _1)1 |A3 |=(P1 _1)
6
(p,-1), 1A, |=p,-1, |Aj|=p,-1and | A, |=p, -1 Hence|V|=§|Ai .

Then the zero-divisor graph I'(Z,) can be viewed as follows:

As A

As 4
As

Py

Ay



382 N. ANNAMALAI AND C. DURAIRAJAN

A,
7 A
where e ’ is a complete bipartite graph. Then

there are | A, | | A]. | edges between the sets A, and A].. So the number of
edges in the zero-divisor graph I'(Z,) is

|EI=1A T TAG I+ AN TAS T+ AN A T+ AT TA T+ AT TA T+ A A ]

The set of edges between A, and A, is denoted by [A,, A ]. Clearly
I'(Z,) is a connected graph. Then the incidence matrix of I'(Z, ) is

[Al-,A(i] [A2~As] [A:;,Aﬂ [A4~A5] [A4,A(;] [A.n.A(s]

|
A 1 0 o | o 0 0
Ay 0 1 0o | o 0 0
o A 0 0 1] 0 0 0
A 0 0 1] 1 1 0
As 0 1 0o | 1 0 1
Ag 1 0 o | o 1 1

VIx|El

where the (Al,,[Ak,Aj]) entry is a |A, [x|A, | IAJ,I all one matrix for
i=kori=j; zero matrix otherwise. Then the code generated by the
incidence matrix Gis C,(G) withmain parameters [|E|,|V | -1, A(T'(Z,)],.
Since the edge-connectivity A(I'(Z,)) of the zero-divisor graph T'(Z, ) is
min{(p, —1),(p, —1),(p, —1)}[9], thus we have

Theorem 4.1 : Let p,,p, and p, be two distinct primes. Then the code
generated by the incidence matrix of the zero-divisor graph T'(Z, ) is a
C,(G)=I[n,k,dl, code over the finite field F, where n=|E|, k—|V|—1 and

d:min{(pl 1) ( 2 1) (ps )}

Example 4.2 : In [5], Pradeep Singh et al., gave; for Z,, with p, =2,p, =3
and p, =5, the partitions of zero-divisors;

A ={2,4,8,14,16,22,26,28}

1

A, =1{3,9,21,27}
A, =1{5,25)

A, =16,12,18,24}
A, =1{10,20}

A, ={15}

6

and the zero-divisor graph I'(Z,,) is
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Then the incidence matrix of the graph is

(A1, Ag] [Ao, As] [As, Ad] | [Ag As] [As As] [As, Ag

|
A, 1 0 o | o0 0 0
Ay 0 1 o | o 0 0
oo A 0 0 1 | o 0 0
A 0 0 1| 1 1 0
As 0 1 o | 1 0 1
Ag 1 0 0o | o 1 1

21x38

where the (AI.,[Ak,A].]) entry is a |A, [x|A, | |A]_| all one matrix for
i=kori=j; zero matrix otherwise. Since any five rows are linearly
independent and the graph is bipartite, then the dimension of the code
C,(G) over the finite field IFP generated by G is 5. The minimum distance
of the code C,(G) is 2. Hence C,(G) isan [n,k,d], =[38,20,1], code.

5. Codes from incidence matrix of a zero-divisor graph I'(Z

)

In this section, we study the codes obtained from the incidence matrix
of the zero-divisor graph T'(Z ) over F, and we find the parameters
P2y 2

of the code.
Let n=pp,---p, where p, s are distinct primes. Then the zero-
divisors of Z  can be partition into the following disjoints sets

PiPa Py

A, =lpxlx=12 (PP, PPy P~ Lp tx 1S < i # )

Apl.p]. :{pipjx|x:1’2"."(p1p2”'pi—lpﬂl'upj—l)_l’ps fx,lSSST,i?&Sij}
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In general,

Aplpz""’i—lpi+l"'pr = {x(p1p2 PiaPia P,) | x=1, 2,"'117,- _1}

If G is the incidence matrix of the zero-divisor graph T'(Z ), then
C,(G) isa [|E],IV|-1,A((T'(Z,)], code where |E| is the length of the
code, |V |-1 is the dimension of the code and A((I'(Z,) is the minimum
Hamming distance. Thus by Theorem 2.1, we have

Theorem 5.1 : Let n=p,p,---p, where p,s are distinct primes. Then the
code generated by the incidence matrix of the zero-divisor graph T'(Z,) is a
C,(G)=I[n,k,dl, code over the finite field F, where n=|E|,k=|V|-1 and
d=min{(p, -1),(p, -1),---,(p, -1}

Conclusion

In this paper, we studied the codes generated by the incidence matrix
of the zero-divisor graphs of the different commutative ring with unity.
Also we found the main parameters of the code over different finite
field. We have consider only simple and undirected graphs in this article.
Finding the covering radius of these codes is the further direction to work.
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