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Abstract

We show that the binary codes generated by the row span of adjacency matrices of the
uniform subset graph I'(2k,k,1) and the Johnson graph I'(2k,k,k—1) coincide despite the
graphs being non-isomorphic. We extend our results to the binary codes of I'(2k,k,i) and
I'(2k,k,k—i) where k>i, i#0, g (k even), by showing that their adjacency matrices are
equivalent. Further, we discuss the binary codes from the generalised uniform subset graph
T'(2k,k,I) for I={1,k—1}, and show that they are self-orthogonal for k > 3.
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1. Introduction

The codes generated by the row span of an adjacency matrix of
graphs have been studied by various authors (see [8], [9], [10], [11], [19],
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[20] and [22]). From such studies it is evident that the codes do not have
any uniform properties as regards their dimension, minimum weight and
minimum words. In contrast, studies on codes from incidence matrices
of some classes of graphs, (see for example [6], [7], [12], [13], [14], [16]
and [26] for further details) have shown that these codes have some useful
common properties. It is shown that the dimension is either the size of the
vertex set or one less than it. It is also shown that the minimum weight
coincides with the valency of the graph and the minimum words are the
non-zero scalar multiples of the rows of the incidence matrix.

One would expect that non-isomorphic graphs would generate
non-isomorphic codes, considering that an adjacency matrix of a graph
completely describes the graph up to isomorphism. It is surprising that
this is not the case. In this paper, we show that the binary codes generated
by adjacency matrices of I'(2k,k,1) and the Johnson graph I'(2k,k, k —1)
coincide. We further grove that adjacency matrices of I'(2k,k,i) and
I'(2k,k,k—1i) for i #0, 5 are equivalent and hence their binary codes also
coincide.

Chen and Lih in [5] introduced uniform subset graphs as follows: let
n, k be positive integers such that n > 2k, and i a non-negative integer with
i<k. Let Q be a set of size n and Q" the set of all k-subsets of Q. The
uniform subset graph I'(n,k,i) is defined by

V(C(n,k,i) = QY;

{u,0} eET'(n,k,i) < |lunv|=i,u,v Q™.

In another context, I'(2k, k,1) can be described as a graph obtained by
the method of Key and Moori [25, Proposition 1]. In that context, the group
is S,,, and G, is the maximal subgroup S, xS,. By exploring the intrinsic
properties of T'(2k,k,1), it becomes apparent that it is not isomorphic to
['(2k,k,k—1). Thesameappliesto I'(2k, k, i), and I'(2k, k,k —i) for i =0, ;

In [15] Fish, Key and Mwambene considered binary codes from an
adjacency matrix of the combined graph formed from the odd graph
I'k+1,k,0) and the Johnson graph I'(2k+1,k,k—1). Here we take a
similar approach to the construction of binary codes from an adjacency
matrix A, of the generalised uniform subset graph T'(2k,k,I) where
I={1,k-1}. Note that for k>3, the non-zero entries of adjacency
matrices A, and A,_, of T'(2k,k,1) and T'(2k,k,k —1) respectively do not
coincide, and hence A, = A +A, .

This paper is organised as follows: in Section 2 we discuss the
preliminary concepts relating to graphs, designs and codes. In Section



CODES FROM GRAPHS RELATED TO THE JOHNSON GRAPH 445

3 we give some properties of the graphs I'(2k,k,i), T'(2k,k,k—i) and
I'k,k,I) for I1={1,k—1}. In Section 4 we show that the codes from
I'(2k,k,1) and T'(2k,k,k —1) coincide. We extend this result to the general
case. Further, we discuss the parameters of the binary code of I'(2k,k,I)
where I ={1,k-1}. Our main result is as follows:

Theorem 1: Let C, denote the binary code from the row span of an adjacency
matrix of the generalised uniform subset graph T'(2k,k,I) where I ={1,k-1},
and C; its dual. Then the following hold:

(a) for k=3 odd, C, isa self-dual [(zkk},(zkk_ﬂl]z -code;

(b) for k=4 even, C, is a [(iﬂ,(zkk__;}—2k’2,2k2]2—code, and C; a

[(ZkkJ ,(zkkJ - {zkk:ﬂ +2°2,d*], -code where d* <k+1. Furthermore, C, is

self-orthogonal.

2. Preliminaries

We introduce background terminology and notation on graphs,
designs and codes, mostly as in [16] and [17].

In this paper, all the graphs discussed are assumed to be finite and
simple. For a graph I', V(I'),E(I') and {u,v} denote the vertex set, the
edge set and an edge of I' respectively. If {u,v} e E(I'), it is said that u
and v are adjacent. The open neighbourhood of v, denoted N(v), is the
set of all vertices adjacent to v; the set N[v]=N(v)uU{v} is the closed
neighbourhood of v. [N(v)| is the degree of v. If each v € V(T") has equal
degree, then I' is regular and has valency | N(v)|. I' is strongly regular
of type (n,k, A, u) if it has n vertices, valency k, any two adjacent vertices
are commonly adjacent to A4 vertices and any two non-adjacent vertices
are commonly adjacent to g vertices.

An adjacency matrix may be used to represent a given graph. An
adjacency matrix A=(q,) of a graph I' is a square matrix indexed by
the vertices such that a, =1 if vertices v, and v, are adjacent, and a4, =0
otherwise.

In a connected graph, the distance between any two vertices u,v,
denoted (u,v), is the number of edges in a shortest path connecting
them. The eccentricity of a vertex u, denoted &(u), is defined by
e(u) = 5161‘/:%5(14,0). The diameter of a graph I', denoted diam(I'), is
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defined by diam(T'):= max g(). I is distance-regular if for any two

vertices u and v such that §(u,v) =i, the number of vertices w such that
o(u,w)=j and o6(w,v) =k, is independent of u and v.

Graphs T and I'" are said to be isomorphic if there exists a bijection
a:V([')— V(') such that for all u,v eV(T'), {u,0} €E) if and only if
{a(u), a(v)} e E(T"). We call the mapping « an isomorphism. We denote
this T =T, otherwise we write I' Z I'". An automorphism « of a graph
I' is a permutation of the vertices of the graph such that {u, v} e E(T') if
and only if {a(u), a(v)} € E(T'). The set of automorphisms of I', denoted
Aut(T"), forms a group under composition. A graph I is vertex-transitive
if given u,v eV(T'), there exists an automorphism a € Aut(I') such that
a(u)=v. A graph I is edge-transitive if given d,e € E(I'), there exists an
automorphism o € Aut(I') such that a(d)=e.

The notation for designs and codes is as in [16] and [17]. An incidence
structure D = (P, B,T), with point set P, block set B and incidence 7 is
at—(v,k,A) design, if |P|=v, everyblock B € B isincident with precisely
k points and every t distinct points are together incident with exactly 4
blocks. The design is said to be symmetric if it has the same number of
points and blocks. An incidence matrix of a design is a |B| x |P| matrix A
such that a4, =1 if a point p, is incident with a block B, in B, and 4, =0
otherwise. The code C,(D) of the design D over the finite field I is the
space spanned by the incidence vectors of the blocks over F. If P is any
subset of P, then we denote the incidence vector of P by v”. Each row of
A s an incidence vector v° of the corresponding block B.

All the codes here are linear codes. For primes p, the notation [#,k, d]p
is used for p-ary code C of length n, and C is a k-dimensional subspace
of F, the vector space of n-tuples over F,. The elements of C are called
codewords. The support of a codeword ¢ €C, denoted Supp(c), is the set
of coordinate positions 7 such that ¢, is non-zero. The Hamming distance
between two codewords is the number of coordinate positions in which
they differ. The Hamming weight of a codeword c €C, denoted wt(c),
is defined as the number of its non-zero coordinate positions. Hence
wt(c) =|Supp(c)|. The minimum weight of a code C, denoted d(C), is
the least number of elements in the support of any non-zero codeword of
C. A generator matrix for C is a k xn matrix made up of a basis for C,
and the dual code C* is the orthogonal under the standard inner product
(), ie. C* ={v eF"|(v,c)=0 forall c eC}. A code C is sid to be self-
orthogonal if C < C* and self-dual if C=C". If A is an adjacency matrix
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for a graph T', then the code generated by the row span of A over F may
be denoted C, (A).

3. The graphs I'(2k, k,i), T'(2k,k,k —i) and T'(2k,k,I) for I ={1,k -1}
The uniform subset graphs I'(2k,k,i) and T'(2k,k,k—i) are regular
with (2:} vertices. In both cases the valency is (’j (klil). In general, these

graphs are not strongly regular as can be seen from their diameters. One
exception is I'(4,2,1) in which any two adjacent vertices are commonly
adjacent to two vertices, and any two non-adjacent vertices are commonly
adjacent to four vertices. Uniform subset graphs are in general vertex- and
edge-transitive, as the symmetric group S, in its natural action, induces
a transitive action both on its vertex- and edge-set. The uniform subset
graph T'(2k,k,k—1) has been investigated elsewhere as a Johnson graph
(see [29]) and the binary codes from such graphs are the content of [9].

We start by stating a result which identifies isomorphic uniform
subset graphs and from which we can deduce that n > 2k. The proof can
be found in [8].

Result1:[8, Lemma 4.1.1] For n>k >i,T'(n,k,i)=T(n,n—k,n -2k +i).

In T'(2k,k,i) and I'(2k,k,k—i) the size of the intersection between
two vertices as k-sets determines their distance. This in turn determines
the eccentricities of the vertices and the diameter of the graphs.

Result 2 : [3, Lemma 3] Let u,v be vertices of T'(2k,k,1) for k>5, and
|lunv|=m>1. Then

5(u,v)=min{Z[k_Tm—‘,Z{mz_l—%l}. (1)

Result 3 : [4, Lemma 2] Let k,i,s be positive integers with k>i. Let V

denote the set of all vertex pairs (u,v) of I'(n,k,i)) for n=2k—-i+s, and
|unv|>i. Then

k-i-1

max o (u,v) = { i+s
(u,v)ey

—‘+1 if0<s<k-2i-1;
(2)

2 otherwise.
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Result 4 : [4, Lemma 2] Let k,i,s be positive integers with k >i. Then for
n=2k—i+s,

i+s
diam(I'(n, k,i)) =42 ifs>iand2i<k<i+s, 3)

ors<iandi+s<k<2i

[k_l_l—‘Jrl ifk>s+2i+2;

3 otherwise.

Result 5 : [8, Lemma 7.1.1, p. 83] Let u and v be vertices of the Johnson
graph T'(2k,k,k—1). Then for m >0,

o, v)=mifandonlyif|lunv|=k—-m. (4)
From Result 5 the diameter of the Johnson graph I'(2k,k,k-1) is k,
and two vertices u and v are at a distance k if and only if they are disjoint.
However, from Result 4 the diameter of I'(2k,k,1) is not k, and so the
graphs are not isomorphic.
We generalise this as follows:

Theorem 2 : Let k and i be positive integers with k>i. Then
T2k, k,1) 2 T(2k,k ki) for k=3i+2, i#0,%.

Proof : By Result 4 the diameters of I'(2k,k,i) and T'(2k,k,k—i) are not
equal, and the theorem follows. O

In general, the uniform subset graphs I'(2k,k,7) and T'(2k,k,k —i) are
not isomorphic for i =0, g There are however cases when k <3i+2 in
Result 4 where the diameters of T'(2k,k,i) and T'(2k,k,k —i) are equal. We
used Magma [1] to confirm this observation.

The generalised uniform subset graph I'(2k,k,I) for I={1,k-1} is
in essence a combination of the graphs I'(2k,k,1) and I'(2k,k,k—1) since
here two vertices u and v are adjacent if and only if they are adjacent in
either constituent graph. Since k 23 in our discussions, the constituent
graphs do not coincide. The number of vertices remains at {zkkj while the
valency increases to 2k*. So with a view to finding codes with a large
minimum weight relative to its length, the codes from adjacency matrices
of combined graphs where the constituent graphs do not coincide could
be considered.
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With regard to graph isomorphisms, S _ in its natural action imbeds
into the automorphism group of I'(n,k,i) in the following way:
Let a €S,. Define amap o, : Q" — Q" by

o, ({x,x,,....x. D) =lalx) alx,),...,a(x,)}

to be the natural induced action of @ on Q.
Further, through graph covers, the following result has been shown
in [28] for ['(2k,k,I) for I={1,k-1}.

Result 6 : [28, Theorem 6] For I ={1,k-1}, Aut(I'(2k,k,I))=S,, xS,.

4. Binary codes from I'(2k,k,1), T'(2k,k,k—-1) and T'(2k,k,I) for
I={1,k-1}

For k>3 and Q=1{1,2,...,2k}, let Q" denote the k-subsets of
Q. An adjacency matrix A, of I'(2k,k,1) is also an incidence matrix
of the 1-design D, =(R,B,) where R, =Q", and for each X Q™ its
corresponding block X, is defined by

X, ={yeQ":|ynX|=1}L

The block set B, is then given by
B ={X,: X eQ"},

and the incidence vector of the block X, by

0¥ = o (5)

Y e)?l

Note that we use the notation v* as opposed to the more cumbersome
o from this point onwards.

The incidence vector v"! corresponds to the mapping
< < 1 ifYeX
oM Q% S, Y 50N (Y)= nred
0 ifYeX
Hence for Y eQ", we have o5 (Y)=1ifand only if Y e)_il.
Similarly, an adjacency matrix A, , of I'(2k,k,k—1) is an incidence
matrix of D, , =(F_,,B_,) where B,_, =%, and each block }_(H is
defined by

X, ={YeQ":|yYnX|=k-1}.
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Hence

o= ) o (6)
Note that for X,Y € Q¥ , we have that Y eka if and only if Y EE_Xl
where (X =0\ X.
Hence

1

Xk-1

p¥k1 = X1 (7)

Now let C, and C,_, denote the binary codes from the row span of
A, and A_, respectively, and C; and C, , their duals. Assuming that
the columns of A, and A, |, have the same ordering, we have A, ~ A, |
by equation 7. This implies that C, = C,_,. The parameters of C, and C;
are obtained from the parameters of the binary code C from the Johnson
graph T'(n,k,k—1) in [9]:

Result 7 : [9, Lemma 3.1] For k>3 odd and n>6 even, C= ]Fz[kj and
Aut(C)=S§,.

Result8:[9, Lemma 3.4] For k > 2 and n > 6 botheven, Cisan [[ZJ ,[Z:ﬂ ,d],
code where k+2<d<k(n-k), and C' an [[Z] ,[Z} —(Z:ﬁ ,k+1], code.
If n>2k, then C* does not have a basis of minimum weight vectors.
Cc C* and C is doubly-even. If n>2k, then Aut(C)=S,, except when
k=2 and n=6, in which case Aut(C)=PGL,(2)= A,. If n=2k, then
Aut(C)=S xZ,.

The observation A, ~ A, | generalises to adjacency matrices A, and
A, , of T'(2k,k,i) and T'(2k,k,k—i) respectively. So for k>3i+2,i# O,g,
the binary codes from the row span of adjacency matrices of T'(2k,k,7)
and I'(2k,k, k —i) are equal, despite the graphs being non-isomorphic.

As noted before, for k>3 A and A, , have no non-zero entries
which coincide. So if the rows and columns of A and A, , have the
same ordering, then A +A, | is an adjacency matrix of I'(2k,k,I) for
I={1,k-1}. Let A, denote this matrix. The block }_(1 for X eQ" is
defined by

X, =X, UX, ,

I

and the incidence vector o' by

0¥ = X1 4ok, 8)
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By equation 7 we have
0¥t =Pkt ot )

Hence

X1

0¥ =™, (10)

The above equations enable us to gain some insight into the
relationship between any two incidence vectors.

Lemma1l:For k>3,X,Y eQ":
(1) if X=Y or X=CY, then X, =Y;
(2) if IXnY|=k-1o0r |[XnCY|=k-1, then X, and Y, meet in 4k —4
points except when k =3, in which case they meet in 16 points;
3) if IXNY|=k=2 or | XNCY|=k-2, then X, and Y, meet in 8 points
except when k =4, in which case they meet in 16 points;

(4) if XY |<k-2 and | XCY|<k-2, then X, and Y, do not meet.

Proof : (1) follows from the fact that X, = CXi. The rest are obtained by
simple counting noting that | X nCY |=k-|XNY]. O

Let C, denote the the binary code from the row span of A,.
Lemma2:For k>3, C,cC/; j[M] eC;.

Proof : By Lemma 1 the standard inner product (vil ,U?I ) = 0(mod 2)
for all X,Y eQ" and the first statement follows. The second statement
follows from the fact that each incidence vector has weight 2k2. O

The parameters of C, for k >3 odd are discussed next.

Lemma 3 : For k>3 odd, S:= {vgl :1eX} is a basis for C, and

(25-1)
dim(C,) = sz"fll -

Proof : By equation 10 S spans C,. Since kis odd, no set of vectors in S sum

to 0. So S is a basis for C,, and dim(C,) = (zkkjll}. The vectors in S sum to

]m since each Y € Q" is incident on k* blocks )_(I where 1 e€X. In this
case jm eC,nC;. O

k
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Lemma 4 : For k>3 odd, C, is self-dual.

Proof : The result follows immediately from Lemma 2 and the fact that

. (k1) (26) (2k1) o
dim(C,) = szk—ll J= sz" |- (2:711 | = dim(C}) O

Lemma 5: For k >3 odd, C, has minimum weight 2.

Proof:Let X € Q' Consider the set ofallincidence vectors {v'" : Y e X .
and in particular the sum ¥, 5, , v"" of such vectors.
By equations 8 and 7 we have

> o'l = > o 4 > vtk

Yeikfl Ye&kfl Ye§k71

The above sum reduces to

Ko™ +2k-2) Y o4 Y oY

yeX {yy'ieX
YcCX Y| =k-1 YcCX [Y[=k-2

R +(2k-2) Y oM a4 Y oYY
L et
Yg){,ﬁdx:k—l yg{gﬁyﬁk}-{z

Since k is odd,

Note that for k=3 and | XNY|=2, v +0" =0" +0% + 0% + 0%,
O

For k > 4 even, the dimension and the minimum weight of the binary
code are less trivial and we will discuss them now. Firstly, we require the
following definitions:

Let n,k,I be positive integers such that n >k, and i a non-negative
integer with i<k,l. Let Q be a set of size n and Q",Q" the k- and
[-subsets of Q respectively. The bipartite graph TI'(n,k,[,7) is defined by

V(T(n,k,1,i)=Q" o,
{u,0} eEC(n,k,L,i)) <= |lunv|=i,uecQ™, ve.

An adjacency matrix A of a bipartite graph whose partitions have p
and g vertices is given by
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0 B
pxp
B" 0 }

qxq

A:

The pxg submatrix B is called a biadjacency matrix. If B is a
biadjacency matrix of I'(n,k,1,i), then its rows will be indexed by Q"
and its columns by Q.

We also require the following result which gives the parameters of
the binary code generated by the row span of an adjacency matrix of the
graph I'2k+1,k,I) for I={0,k—1} which is a combination of the odd
graph I'(2k+1,k,0) and the Johnson graph I'(2k+1,k,k—1). The result
and its proof can be found in [15].

Let OJ, denote a graph formed from a combination of the odd graph
I'(2k+1,k,0) and the Johnson graph T'(2k+1,k,k—1).

Result 9 : [15, Theorem 1] For k>2, let A, be an adjacency matrix for
the odd graph O, and M, an adjacency matrix for OJ,. Let I = I[Zm] and
C=C,(A, +I), the row span over F, of A, +I. ThenCisa

(2k+1) ( 2k (2k-1) _, |
{ P J'Lk—leLLk—l)_z ,k+22

code with at least £2kk+2} vectors. C* is an even-weight code with

minimum weight d*, where k+4 <d" <min{2",(k+1)*+1} for k even,
and k+5<d*" <min{2",(k+1)?} for k odd. Furthermore, for k >3,

C,(M,) for k odd

Hull(C)=CnC" = ,
C,(M, +1) for k even

of dimension {2:__11} — 2% For k even (respectively odd), M, (respectively

M, +1), has full 2-rank. Hull(C) is self-orthogonal with minimum weight
d where (k+1)*+1>d>k+4 forkeven, (k+1)*>>d>k+5 for k odd.

If s_ denotes the row of A, +I labelled by the vertex x, then the
hullis spanned by the vectors w =%, s, , which give the corresponding
rows of M,, of weight (k+1)?, for k odd, or rows of (M, +I), of weight
(k+1)* +1, for k even, where ~ denotes adjacency in O,.

For k>3, the symmetric group S, , acts as a primitive
automorphism group of O], ,C and Hull(C), and is edge-transitive on
O]J,. For k=4, Hull(C)* is the code of a 2-(126,6,9) design on which S,
acts primitively on points, transitively on blocks.
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(2k-3)

Lemma 6 : For k>4 even, dim(C,) = ey -2k

Proof : An adjacency matrix A, of T'(2k,k,I) for I={1,k-1} can be
viewed as follows:

A = AF(Zk—l,k—l,K) BF(Zk—l,k—l,k,I)
1 7
BF(Zk—l,k,k—l,I) AF(Zk—l,k,I)
where
(@) Arpiifax 1S an adjacency matrix of I'(2k-1,k-1,K), for

K ={0,k-2} and has order {zkk:llJ « (zkk:llJ;

(b) B is a biadjacency matrix of I'(2k-1,k-1,k,I), for

I (2k-1,k-1,k,I)

I={1,k—1} and has order (Zkkﬂ 5 (zkkﬂ ;

(c) B is a biadjacency matrix of I'(2k-1,k,k-1,I), for

I(2k-1,k,k-1,I)

I'={1,k~1} and has order (Zkzﬂ * @kj}

(d) Ar( is an adjacency matrix of I'(2k-1,k,I), for I={1,k-1}

2k-1,k,I)

and has order {ZkkflJ X (Zkkfl)

By equation 10 the dimension of the row span of A, is equal to that
of AF(ZHHK) for K={0,k-2}. Letting r=k-1, T(2k-1,k-1,K) for
K ={0,k-2} is the graph O], described in Result 9 given in [15]. The

binary code from O], has dimension (27_3 —-2""" and hence the binary

code from I'(2k—1,k-1,K) for K €{0,k—2} has dimension (zkk%} -2k

Hence dim(C,) = (zkk_—;} -2k, O

Lemma 7 : For k>4 even, C, has minimum weight 2k2.

Proof : By equation 10 we need only consider the rows of A, indexed
by R={X:X eQ™ 1eX). Since A, and A, | have no non-zero entries
which coincide,
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Zvi’ = ZU% + ng"*l.

XeT XeT XeT
T<R T<R T<R
By [8, Proposition 7.2.4]

D oM 2k
XeT
T<R

Since C, =C, ,,
ngl > 2k”.

XeT
Tc<R

Now each incidence vector X1 ,X eQ™  has this weight. Hence C,
has minimum weight 2k>. O

For a discussion on C, for k>4 even, we give the following

definitions: for Y e Q%" define
o(Y)= Y 0", (11)
yely

and for Z eQ*, define

w(Z)= Yo" (12)
Yk

Lemma 8: For Y eQ"™",Z e Q"™ we have that v(Y),w(Z) eC; .

Proof : It is easy to check that (vgl ,0(Y))=0(mod2) and (vgl ,w(Z2)) =
0(mod2) forall Y eQ*™", X eQ™,Z Q™" giving us the result. a

Lemma9: C; has minimum weight d* where d* <k+1.

Proof : This follows from Lemma 8 and the fact that v(Y),Y eQ*™", and
w(Z),Z e Q" each have weight k+1. O
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