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Abstract
Sheehalli and Kanabur presented new forms of topological indices known as SK 

indices which have many applications in chemical graph theory towards QSPR/QSAR. A 
simple connected graph G is called a cactus graph if and only if any two cycles in the graph 
have no common edge. In this paper, we will explore and determine the sharp upper bounds 
of cactus graph using different versions of SK indices. We will also characterize the extremal 
properties for these indices due to many applications in pharmacology and medicinal 
chemistry.

Subject Classification:  Primary 05C31, 92E10.
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1.  Introduction

Graph theory is the most fundamental approach [1-4], which is 
applicable in computer sciences [5], data mining [6], job and time table 
scheduling [7, 8], game theory etc. Computer networking provides a 
technique of communication between a number of processors connected 
in a network.

During recent decades molecular topology, mathematical chemistry 
and applied graph theory have become the important area of research. 
In the field of molecular graphs [12], representation of the atoms is as 
vertices and bonds as edges. The numerical representation of the molecule 
graph as a single number, is usually called topological index. Readers can 
see the paper series [29-39].

Let G = (V, E) be a graph, where V is the set of vertices and E 
represents the  set of edges of the graph G, similarly T = (V, E) be a tree  
and |G| = n gives the total number of vertices in graph G. In this 
paper, we are are concerned with all graphs  which are finite, simple,  
connected, undirected and non weighted. The degree of a vertex ∈u V  
in a graph G is the number of vertices adjacent to the vertex u in G, and is 
denoted as dG(u).
# E-mail:  Mohammad_Farahani@mathdep.iust.ac.ir, Mrfarahani88@gmail.com
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Wiener was first to introduce the first degree based topological 
index [9] which was used to determine the boiling point of paraffin.  
Till now hundredth of topo-logical indices are introduced. In [10] different 
versions of degree based topological indices were presented.

One of the oldest and most considered index is Zagreb index which 
was introduced by Gutman [15, 28] and Trinajsticc in [11]. Due to the 
more predictive ability towards QSPR different versions of degree based 
topological indices were introduced in [19, 26, 27] and are called SK and 
SK1 indices and are defined as:

∈ Γ ∈ Γ ∈ Γ

+ +
Γ = Γ = Γ =∑ ∑ ∑

2

1 2
( ) ( ) ( )

( ) ( ) ( ) ( ) ( ( ) ( ))( ) , ( ) , ( ) .
2 2 4uv E uv E uv E

d u d v d u d v d u d vSK SK SK

In 2015 Fortula and Gutman introduced forgotten index in [15], 
which is given as:

Γ Γ Γ
∈ Γ ∈ Γ

Γ = + =∑ ∑2 2 3

( ) ( )
( ) ( ( ) ( ) ) ( ) .

uv E u V
F d u d v d u

 
If M1(G), M2(G), F(G) are first Zagreb, second Zagreb and forgotten 

indices then one can write
Γ Γ

Γ = Γ = Γ = Γ + Γ1 2
1 2 1

( ) ( ) 1( ) , ( ) , ( ) ( ) ( ).
2 2 4

M M
SK SK SK F SK

An undirected connected graph is called cactus graph if any two cycles 
in the graph does not have common edge. In an undirected connected 
graph, a cut vertex is a vertex whose removal results into a disconnected 
graph. A block is a maximal subgraph without a cut-vertex. If every block 
in graph is an edge or a cycle then graph is cactus graph. The Figure 1 is 
the natural representation of cactus tree or graph in which there are cycles 
and thorns are representing the pendent vertices.

Since a cactus graph (Figure 2) may have some pendent vertices 
then a set Cn

k is the set of cactus graphs with k pendent vertices and n is 
total number of vertices such that n ≥ k ≥ 0. A pendent edge is an edge 
which have one pendent vertex. For i ≥ 1, let =1 1 2 3, , , ..., ,{ ,}1’pP ρ ρ ρ ρ ρ  

= ′2 1 2 3, , , ..{ ., , }2 , ...,pP ρ ρ ρ ρ ρ  = 1 2 3, , , ..., ,  { }’r pP rρ ρ ρ ρ ρ  are the paths 
of a graph G such that there exist atmost one cycle C such that 

∩ = 1( ) ( ) { }iV P V C u  and = 1,vd i  ≥ 1,i  then the induced subgraph 
Γ ∈ ∈′({ , , (1, ), (1, )})i j i r j pρ ρ  is called dense path. In particularly when r = 1 
the dense path becomes pendent path. The length of dense path is equal to 
the length of its pendent path. Cauchy-Schwarz inequality states that for 
all sequences of real numbers ui and vi, we have 
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= = =

     
≥          

∑ ∑ ∑
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.
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i i i i
i i i

u v u v

Equality holds if =i iu kv  for a non-zero constant ∈ .k R  Also 
equality holds when we put vi = 1 then u1 = u2 = u3 = ... = un.

Wang discussed the extremality of cactus graph using multiplicative 
Zagreb in-dices in [14]. Some results on lower bounds using topological 
indices are given in [16]. Ravi et al., calculated SK indices for the graphene 
structure based on the neigh-borhood degree obtain results based on both 
sum and products of the cardinality of edge partitions corresponding 
to four different Graphene structures in [23]. SK indices of conical graph 
were also discussed by Alameri et al., in [24]. Rajini et al., gave SK Indices 
of Graph Operator S(G) and R(G) on few nano structures in [27].

Figure 1
Cactus Graph in Nature.

Figure 2
Cactus Graph.
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In the present article, we aim to study sharp upper bounds on 
forgotten F(G) and SK Indices of cactus graph G, we also characterize the 
extremal properties for given class of graphs.

2. Extremal SK Indices of Cactus graph

2.1  Main Results

In this section we discuss some preliminary lemmas which are used 
to prove our theorems. Let Γ ∈ kC ba a graph then by using the definitions 
of SK(G), SK1(G), and SK2(G), we have following results:

Lemma 2.1 : Let du and dv are the degrees of any two vertices of a connected 
graph G such that du≥dv. Suppose that N(u)/N(v)={u1,u2,...,uk}, N(v)/N(u)={v1,v

2,...,vh,vh+1,...,vl}, 1 ≤ l ≤ dv with 
= = +

≥∑ ∑
1 1

,
i i

k l

u v
i i h

d d  then there exist a new graph  

G’=(G-{v1v v2v,...,vhv})∪ {v1u,v2u,...,vhu} and

1.	 If uv ∈ E(G) then SK1(G¢) ≥ SK1(G);
2.	 If uv ∈ / E(G) then SK1(G¢) > SK1(G).

Proof : Suppose that, for convenience, N(u) ∩  N(v)= {vl+1, vl+2, ..., vdv}. If  
uv∈E(G), by using the definition of SK1 index

Γ′ Γ Γ ′ Γ
= + =

Γ′ Γ Γ ′ Γ Γ ′ Γ ′
= = +

Γ Γ Γ Γ Γ Γ Γ Γ
= = + =
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+ + +

− − − −

∑ ∑

∑ ∑

∑ ∑ ∑
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v

v

v v

d k
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i l i

dh

i i
i i h
d d k

i i i
i i l i
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This inequality holds if Γ Γ
= = +

≥∑ ∑
1 1

( ) ( ).
k l

i i
i i h

d u d v  Therefor SK1(G¢) ≥SK1(G) 

which gives the contradiction to the choice of G.

(2) If uv∉E(G), by using the definition of SK1 index

Γ′ Γ Γ ′ Γ Γ ′ Γ
= + = =

Γ′ Γ Γ Γ Γ Γ Γ Γ
= + = = + =

Γ − Γ = + +′

+ − − −

∑ ∑ ∑
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1 1 1
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v

v v v
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Now, by using the above equations

Γ′ Γ Γ Γ
= =

Γ Γ Γ Γ
= + =

Γ Γ
= = +

Γ − Γ = − +′

− Γ − Γ > −′

+ − Γ − Γ ≥′

∑ ∑

∑ ∑

∑ ∑
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1 1

1 1
1 1

1 1
1 1

1( ) ( ) (( ( ) ( )) ( ) ( ( )2
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The second last inequality shows that dG¢(u) > dG(v) and the last 

inequality is followed by Γ Γ
= = +

≥∑ ∑
1 1

( ) ( )
k l

i i
i i h

d u d v  and dG(u) ≥  dG(v). Hence, 

SK1(G¢) >SK1(G). Which completes the proof. 	 

Lemma 2.2 : Let G be a graph such that G Œ Cn
k and n > k + 2 then it is not a tree 

when SK(G), SK1(G), F(G) and SK2(G) are as large as possible.

Proof : On contrary suppose that G is a tree and SK(G), SK1(G), F(G) and 
SK2(G) are as large as possible. Let u1 and u2 are two non pendent and non 
edjacent vertices in G. Now there exist a new graph G’ such that G’ 
=  G∪ {u1u2}, which shows that  dG¢(u1) = dG(u1) + 1 and dG¢(u2) = dG(u2) + 1, 
results G’ is a cyclic graph such that

Γ′ Γ ′ Γ Γ

Γ Γ Γ Γ

Γ Γ

Γ = Γ + + − −′

= Γ + + + + − −

= Γ + + +

2 2 2 2
1 2 1 2

2 2 2 2
1 2 1 2

1 2

1( ) ( ) ( ( ) ( ) ( ) ( ) )2
1( ) (( ( ) 1) ( ( ) 1) ( ) ( ) )2
1( ) ( ( ) ( ) 1)2

SK SK d u d u d u d u

SK d u d u d u d u

SK d u d u



SK INDICES OF CACTUS GRAPH� 287
Γ′ Γ ′ Γ Γ

Γ Γ Γ Γ

Γ Γ

Γ = Γ + + − −′

= Γ + + + + − −

= Γ + + +

2 2 2 2
1 2 1 2

2 2 2 2
1 2 1 2

1 2

1( ) ( ) ( ( ) ( ) ( ) ( ) )2
1( ) (( ( ) 1) ( ( ) 1) ( ) ( ) )2
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SK SK d u d u d u d u

SK d u d u d u d u

SK d u d u

Now the result is given as SK(G’) - SK(G)>0
One can see that SK(G’) > SK(G) and by lemma 2.1 SK1(G

’) > SK1(G). 
Now by using the definition of F(G)
	 F(G¢) =  F(G)-dG(u1)dG(u1)

2-dG(u2)dG(u2)
2+dG¢(u1)

	 dG¢(u1)
2+dG¢(u2)dG¢(u2)

2

By putting the values of dG¢(u1) and dG¢(u2), we can see that
F(G¢) = F(G) – dG(u1)dG(u1)

2 –  dG(u2)dG(u2)
2 + (dG(u1) + 1)(dG(u1) + 1)2

	 + (dG(u2) + 1)(dG(u2) + 1)2

	 F(G¢) = F(G) + 3dG(u1)dG¢(u1) + 3dG(u2)dG¢(u2)+3
From above result, one can write it as, F(G’)-F(G)>0
Now, it is clear that F(G) < F(G¢).
By using the definition of SK2(G), we have

Γ = Γ + Γ − Γ + Γ − Γ′ ′ ′2 2 1 1
1( ) ( ) ( ( ) ( )) ( ( ) ( ))4SK SK F F SK SK

As we know that F(G¢)-F(G)>0 and SK1(G¢)-SK1(G)>0 therefor SK2(G¢)-
SK2(G) > 0, which implies that SK2(G¢) > SK2(G). So, there is a contradiction 
to the choice of graph G. Hence, lemma is proved. 	 

Lemma 2.3 : If n ∈ {k+1, k+2} and k>1 then GŒCn
k is a tree.

Lemma 2.4. If SK(G), SK1(G), F(G) and SK2(G) of a graph G ∈ Cn
k attains the 

maximum value then all cycles are of length three except for atmost one of the 
cycles is of length four.

Proof : Contrarily, let Cn be the cycle in graph G Œ Cn
k, say Cn = c1c2c3...cnc1 

and n ≥ 5, then there is a graph such that G* = (G – {c3c4}) ∪  {c1c3, c1c4}. and 
by using the definition of SK index and dG∗(c1),

Γ Γ

Γ Γ

Γ Γ Γ

Γ Γ

Γ = Γ + + −

= Γ + + −

= Γ + + + −

= Γ + + = Γ + +

* 2 2
1 1

2 2
1 1

2 2
1 1 1

1 1

1 1( ) ( ) (( ( ) 2) ) ( ( ) )2 2
1( ) (( ( ) 2) ( ) )2
1( ) (( ( ) 4 ( ) 4 ( ) )2

( ) 4(1 ( )) ( ) 4 4 ( )

SK SK d c d c

SK d c d c

SK d c d c d c

SK d c SK d c

which shows that, SK(G∗) – SK(G) > 0.
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Thus the result is SK(G∗) > SK(G) and by lemma 2.1, SK1(G)<SK1(G
∗), 

which creates contradiction to the choice of graph. By using the definition 
of forgotten index F(G)

Γ Γ ΓΓ

Γ Γ

Γ = Γ − + = Γ − + +

= Γ − + + +

Γ = Γ + + Γ

*
* 2 2 2 2

1 1 1 1
2 2

1 1

1 1

( ) ( ) ( ) ( ) ( ) ( ) ( ( ) 2)

( ) ( ) ( ) 4 4
( ) ( ) 4(1 ( ))

F F d c d c F d c d c

F d c d c
c F c

We can see that the difference is greater than zero, given as,
F(G ∗) – F(G)>0

Which results F(G ∗) > F(G). By using the definition of SK2(G), we can 
write that SK2(G ∗) > SK2(G) because F(G ∗) > F(G) and SK1(G) < SK1(G ∗). By 
proceeding this process, one can easily see that all cycles are of length 
three or four.

Let suppose there are two cycles having length four say, C1= a1a2a3a4a1 
and C2 = b1b2b3b4b1 in graph G. Since we have a cactus graph so, there will 
be a vertex say a4 in C1 such that there is no path that connects a4 and b1, a4 
and b2. Now there will be a new graph G** such that G** = (G – a1a4, a3a4, 
b1b4) ∪ {a1a3, a4b1, a4b2, b2b4}

Since G** has k pendent vertices, implies that G** Œ Cn
k. Now, by using 

lemma 2.1 and definitions of SK(G), SK1(G), F(G) and SK2(G) and dG***(b2) 
= dG(b2) + 2 one can easily find out that SK(G**) >SK(G), SK1(G

∗∗) > SK1(G), 
F(G**)>F(G) and SK2(G**)>SK2(G). Hence there is a contradiction to the 
choice of graphs. 	 

Lemma 2.5. Length of every dense path is one or except for at most one of them is 
two when a graph G has maximum SK(G), SK1(G), F(G) and SK2(G).

Proof : On the contrary, Let P = r1r2r3 ... rp-1rpi be the dense path and C 
be the cycle in the graph G such that V(P) « V(C) =  {r1} and drpi = 1. If  
p ≥ 4 then there is a graph G * such that G ∗=G∪ {r1rp-1} then G ∗∈G[n, k] and 
dG∗(r1) = dGr1 + 1 and dG∗(rp-1) = dG(rp-1) + 1, we can see that

− Γ − ΓΓ Γ

Γ − Γ

Γ = Γ + + − −

Γ = Γ + + +

* *
* 2 2 2 2

1 1 1 1

*
1 1

1( ) ( ) ( ( ) ( ) ( ) ( ) )2
1( ) ( ) ( ( ) ( ) 1)2

p p

p

SK SK d d d d

SK SK d d

ρ ρ ρ ρ

ρ ρ

SK(G∗)-SK(G)>0
So, SK(G∗)>SK and by lemma 2.1 SK1(G

∗)>SK1. For F(G), we can see 
that
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∗
Γ − Γ Γ∗ − Γ∗Γ = Γ − − + +3 3 3 3

1 1 1 1( ) ( ) ( ) ( ) ( ) ( )p pF F d d d dρ ρ ρ ρ

Which shows that F(G ∗) – F(G) > 0 or F(G ∗) > F(G). Now by the 
definition of SK2(G), one can easily find that SK2(G ∗) > SK2(G) which is the 
contradiction to the choice of G. We can repeat this process untill dense 
path are of length one or two.

Let suppose P1 and P2 are teo paths of length two, say = ′1 1’ 2’ 3P jρ ρ ρ  and 
∗ ∗ ∗= ′2 1 2 3  P ρ ρ ρ  and C1 and C2 are two cycles such that ∩ =1 1( ) ( 1) { }jV P V C ρ  

and ∩ = ∗2 2( ) ( { 1) }V P V C ρ  and j, j j≥1 then there is a new graph G∗∗ such 
that Γ ∗∗ = − ∪ ∗ ∗( { })1 2, 2  3  1 ’1 ’31,{ }1 2’, 2 ’2G j j j jρ ρ ρ ρ ρ ρ ρ ρ ρ ρ

Then G ∗∗∈G[n, k] and Γ∗∗ Γ= +′ ′( ) ( )2 2 1d dρ ρ  and Γ∗∗ Γ= +( ) (1 )’ 1’ 1,d dρ ρ  
which is contradiction to the choice of G because SK(G ∗∗)>SK(G), 
SK1(G ∗∗)>SK1(G), F(G ∗∗)>F(G) and SK2(G ∗∗)>SK2(G). Hence proved. 	 

Lemma 2.6 : If SK(G), SK1(G), F(G) and SK2(G) of a graph G are maximum then 
G has a dense path of length two or a cycle of length four but not both.

Proof : Let C1 be the cycle and P= r1r2r31 be the path such that V(C1) 
«V(P) = {r1} and dr3i for i ≥ 1. Now consider another cycle C2 say C2 = 
b1b2b3b4b1. By using the definition of cactus graph there exist bi∈V(C2) (say 
b2) such that there is no path connecting b2 and r1, b2 and r2. Now there 
is a graph G∗such that G∗= (G-{b1b2, b2b3})∪ {r1b2, r2b2, b2b3}. Which results

Γ ΓΓ Γ

Γ Γ Γ Γ

Γ Γ

Γ = Γ + + − −

= Γ + + + + − −

= Γ + + +

* *
* 2 2 2 2

1 2 1 2

2 2 2 2
1 2 1 2

1 2

1( ) ( ) ( ( ) ( ) ( ) ( ) )2
1( ) (( ( ) 1) ( ( ) 1) ( ) ( ) )2
1( ) ( ( ) ( ) 1)2

SK SK d d d d

SK d d d d

SK d d

ρ ρ ρ ρ

ρ ρ ρ ρ

ρ ρ

From above equation one can easily see that,
SK(G∗)-SK(G)>0

It implies that SK(G∗)>SK(G) and by lemma 2.1 SK1(G
∗)>SK1(G). Now 

by the definition of F(G),
F(G ∗) = F(G) – dG(r1)

3 – dG(r2)
3 + dG∗(r1)

3 + dG∗(r2)
 3.

So, F(G∗)> F(G). Now SK2(G
∗)> SK2(G) because SK1(G

∗)-SK1(G)> 0 and 
F(G∗)-F(G)>0 and Which is a contradiction.

Now, consider a cycle C3=c1c2c3c4c1 of length four and dense path 
= ′1’ 2’ 31P ρ ρ ρ  of length two such that V(C3) «V(P)=ci (say c2), so dense 

path is P = c2r’2r’31. Now there exist a new graph G” such that G’ =  G–
{c1c2, c1c4} ∪ {c2c4, c1c2, c2r’2}
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It is showing that dG¢(c2) = dG(c2) + 2 and Γ Γ′ = +2 2( ) 1( )d dρ ρ  which 
creates a contra-diction to the choice of G because by using the definitions 
of SK(G), SK1(G),SK2(G), F(G) the results are SK(G∗∗)>SK(G), SK1(G

∗∗)>SK1(G), 
F(G∗∗)>F(G) and SK2(G

∗∗)>SK2(G). These are showing contradiction to the 
choice of graph. So, lemma is true. 	 

Lemma 2.7. Let C be the cycle in graph GŒCn
k and da, db are the degrees of the 

vertices a, b of the cycle C. If min{da, db} ≥ 3 then there exist a graph G’ such that 
SK(G’)> SK(G), SK1(G’) > SK1(G), F(G’)> F(G) and SK2(G’)> SK2(G).

Proof : Given C be he cycle in the graph G and min{da, db}≥3, without 
loss of generality, let da≥db≥3, then there exist a vertex w such that w Œ ∈
N(b) – V(C) – N(a). Now, there is a graph G’ such that  G’=(G-{wb})∪ {wa}    

One can see that da≥db≥db-1, therefor

Γ′ Γ ′ Γ Γ

Γ Γ Γ Γ

Γ Γ

Γ = Γ + + − −′

= Γ + + + − − −

= Γ + − +

2 2 2 2

2 2 2 2

1( ) ( ) ( ( ) ( ) ( ) ( ) )2
1( ) (( ( ) 1) ( ( ) 1) ( ) ( ) )2
1( ) ( ( ) ( ) 1)2

SK SK d a d b d a d b

SK d a d b d a d b

SK d a d b

Above equation shows that SK(G’) – SK(G)>0
Thus SK(G’)>SK(G) and lemma 2.1 shows that SK1(G)<SK1(G

’). By the 
definition of F(G), F(G’)=F(G)-dG(a)3-dG(b)3+(dG(a)+1)3+(dG(b)-1) 3

By an elementary calculation, we have F(G’) – F(G)>0 Thus, F(G’) > 
F(G). Now we have F(G’) > F(G) and SK1(G) < SK1(G’) then by the definition 
of SK2(G’) > SK2(G). By the method of contradiction the lemma is true.	 

Lemma 2.8 : SK(G), SK1(G), F(G) and SK2(G) are as large as possible then there 
will be a common vertex between any three cycles.

Proof : In cactus graph, any two cycles do not have common edge. Let 
suppose that we have two disjoint cycles C1, C2 and they are connected 
by path = 1 2 3 ... pP ρ ρ ρ ρ  and it is as short as possible such that V(P) « 
V(C1)={r1} and V(P)∩V(C2)={rp}.

Consider that the path has no common edge with any other cycle 
in G and |V(P)|≥3. Let the new graph G’= G∪ {r1rp} and G’∈G(n,k), 
one can see that dG¢(r1)=dG(r1)+1 and dG¢(rp) = dG(rp) + 1. By using the 
definitions of SK(G), SK1(G), SK2(G) and F(G) and lemma 2.1 we can easily 
calculate that SK(G’) > SK(G), SK1(G’) > SK1(G), F(G’) > F(G) and SK2(G’) 
> SK2(G). If |V(P)|= 2, without loss of generality dG(r1)≥dG(r2) and C2 = 
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c1c2c3...c1 be the cycle. As V(C2) «V(P) = {r2} then C2 = r2c2c3...r2 and we have  
c2∈/N(r1). If c2∈N(r1) then it does not hold the definition of cactus 
graph. Let G ∗ = (G – {r2c2})∪ {r1c2} which implies that SK(G’) – SK(G)>0, 
SK1(G’) – SK1(G) > 0,  F(G’) – F(G) > 0, SK2(G’) – SK2(G) > 0. which is the 
contradiction to the choice of G. So, F(G’) > F(G), SK1(G) < SK1(G’) and 
SK2(G) < SK2(G’). If P has some common edge with another cycle, say C3, 
by the choice of C1 and C2  and the definition of cactus graph, we have C1 

« C3 = {r1} and C2 « C3 = {rp}. By lemma 2.7, there will be a new graph G” 
such that F(G”) > F(G), SK1(G)<SK1(G”)  and SK2(G) < SK2(G”). So, lemma is 
true. 	 

Lemma 2.9 : If SK(G), SK1(G), F(G) and SK2(G) attains maximum value and 
a tree T is attached to a vertex u0 of a cycle of graph G, then du≤2 for any u ∈ 
V(T)-{u0}.

Proof : Let G be a graph with maximum Mi(G), i∈1, 2. On contrary 
assume that a vertex u∈V(T) – u0 has degree du ≥ 3 and closest to the 
pendent vertex. For d(u, u0) ≥ 2, we have G ∗ = G∪ {u0u}, G ∗∈G[n, k], which 
shows that,

Γ ΓΓ Γ

Γ Γ Γ Γ

Γ Γ

Γ = Γ + + − −

= Γ + + + + − −

= Γ + + +

* *
* 2 2 2 2

0 0

2 2 2 2
0 0

0

1( ) ( ) ( ( ) ( ) ( ) ( ) )2
1( ) (( ( ) 1) ( ( ) 1) ( ) ( ) )2
1( ) ( ( ) ( ) 1)2

SK SK d u d u d u d u

SK d u d u d u d u

SK d u d u

Thus, the result is SK(G ∗) – SK(G) > 0. And F(G ∗) = F(G) – dG(u0)dG(u0)
2 

–dG(u)dG(u)2 + dG∗(u)dG∗(u)2 + dG∗(u0)dG∗(u0)
2

By putting the values of dG∗(u0) and dG∗(u), we can see that

Γ ΓΓ Γ
Γ = Γ + + + Γ − Γ >* *

* *
0 0( ) ( ) 3 ( ) ( ) 3 ( ) ( ) 3 ( ) ( ) 0F F d u d u d u d u F F

So, SK(G ∗)> SK(G) and F(G ∗)> F(G). By lemma 2.1 SK1(G’) > SK1(G) and 
by using the definition of SK2(G), SK2(G’) >SK2(G). Hence, contradiction to 
the choice of graph. For d(u, uo) = 1 let {v1v2v3...vdu 

– 2} be the du – 2 neighbors 
of u such that d(vi, u0) > d(u, u0), v be a neighbor of u0 which belongs to 
a cycle C0.

By lemma 2.6 all cycles are of length 3. Consider u0uv1 be a pendent 
path and C0=u0w1vu0 be a cycle, G’=(G-uv1)∪ {u0v1} and G”=(G-u0v)∪ {uv}, 
then G’, G” ∈G[n, k], which shows that Γ ′ = −1,( ) ud u d  Γ ′ = +0  ) 0 1(d u du  
and Γ ′′ = +( ) 1,ud u d  Γ ′′ = −0( ) 0 1.d u du  By lemma 2.1 SK1(G’) > SK1(G) and 
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SK1(G”) > SK1(G). Now, by using the definition of SK(G), if ≥0 udu d  then 
we have 

Γ Γ Γ Γ

Γ Γ

Γ = Γ + + + − − − Γ′ ′

= Γ + − + Γ − Γ >′

2 2 2 2
0 0

0

1( ) ( ) (( ( ) 1) ( ( ) 1) ( ) ( ) ) ( )2
1( ) ( ( ) ( ) 1) ( ) ( ) 02

SK SK d u d u d u d u SK

SK d u d u SK SK

and if du>du0 then we have

Γ Γ Γ Γ

Γ Γ

Γ = Γ + + + − − − Γ′′ ′′

= Γ + − + Γ − Γ >′′

2 2 2 2
0 0

0

1( ) ( ) (( ( ) 1) ( ( ) 1) ( ) ( ) ) ( )2
1( ) ( ( ) ( ) 1) ( ) ( ) 02

SK SK d u d u d u d u SK

SK d u d u SK SK

Thus SK(G’) > SK(G) and SK(G”) > SK(G). By lemma 2.1 shows that 
SK1(G)<SK1(G”) and SK1(G) < SK1(G’). Now By the elementary calculation 
using the definition of F(G), one can easily find out that F(G’) > F(G) and 
F(G”) > F(G). Now by the definition of SK2(G) we can easily find out that 
SK2(G’) > SK2(G) and SK2(G”) > SK2(G). By the method of contradiction the 
lemma is true. 	 

Lemma 2.10 : Let G be a graph with maximum SK(G), SK1(G), F(G) and 
SK2(G) then all trees in graph G are attached to a common vertex.

Proof : On contrary, assume that the trees T1 and T2 are attached with cycle 
C1 and C2 such that V(C1) « V(T1) = {v} nd V(C2) «V(T2) = {vj} respectively. 
By lemma 2.8, all cycles in graph GŒCn

k have only one common vertex, 
say u, without loss of generality v ≠ v’. Now, we have dv, dvj, du≥3. By using 
lemma 2.7 and 2.1 there exist a new graph G ∗such that M1(G ∗) > M1(G), 
similarly M2(G ∗) > M2(G).  And also by using the definitions of SK(G) indices, 
SK(G ∗) > SK(G), SK1(G ∗) > SK1(G) and F(G ∗) >F(G). By the definition of 
SK2, SK2(G ∗) > SK2(G). Which is a contradiction to the choice of graph. 

Lemma 2.11 : If a graph GŒCn
k having pendent vertices k> 0 and atmost one 

cycle of length four then there exist a graph G’ such that SK1(G’) >SK1(G) and 
SK2(G’) >SK2(G).

Proof : If a graph has pendent vertices k = 0 then graph must have cycles 
of length three or four. Now consider a graph having pendent vertices k>0 
and atmost one cycle C of length four C = c0c1c2c3 attached with vertex u0 of 
G such that u0 = c0 and du0 > 2. Let v0 be a pendent vertex then there is 
a graph G’ such that G’= (G-{c1c2, c2c3}) ∪  {c1c3, v0c2} then, we know that 

Γ − Γ = −′2 2 0( ( )) 2uM M d  then after multiplication on both side by 1
2 ,  
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result is Γ − Γ = − Γ − Γ = −′ ′
0 02 2 1 1

1 1 1( ( ) ( )) ( 2) ( ) ( ) 12 2 2u uM M d SK SK d

and similarly, 

Γ − Γ = Γ − Γ + Γ − Γ′ ′ ′2 2 1 1
1( ) ( ) ( ( ) ( )) ( ( ) ( ))4SK SK F F SK SK

By putting the value of SK1(G’) – SK1(G) and F(G’) – F(G) = 0 then, 
Γ − Γ = −′

01 1
1

2( ) ( ) 1uSK SK d  Here one can see that SK1(G’) > SK1(G) and 
SK2(G’) > SK2(G). Hence lemma is true. 	 

We shall prove our theorems by using the conditions discussed in 
lemmas. By lemma 2.2, if n∈k + 2 then the graph GŒCn

k is not a tree; 
Lemma 2.3 shows that if n∈ {k + 1, k + 2}, k > 0 then graph is a tree. If 
SK(G), F(G), SK1(G) and SK2(G) have maximum values then by lemma 2.4 
and 2.5 all cycles are of length three except atmost one of them is four and 
the length dense path is one except atmost one of them is two; lemma 
2.6 shows that in a graph, if possible, there exist a cycle of length four 
or a dense path of length two but not both; By lemma 2.7 and 2.9 all 
trees attached to a vertex u0 of a cycle of graph G then du≤2 for any u
∈ V(T)-u0; By lemma 2.10, all trees are attached to a common vertex 
of a cycle. If da and db are the degrees of any two vertices a, b of cycle C 
in graph G and minda, db≥3 then there exist a graph G’ such that SK(G’), 
F(G’), SK1(G

’) and SK2(G
’) have maximum values. Lemma 2.11 shows that If 

a graph GŒCn
k having pendent vertices k>0 and atmost one cycle of length 

four then there exist a graph G’ such that SK1(G
’)>SK1(G) and SK2(G

’)>SK2(G). 
By using the lemmas given above, we have following four graphs with 
the name ζ1(n, k), ζ2(n, k), ζ3(n, k) and ζ4(n, k), which can give us maximum 
values of SK(G), F(G), SK1(G) and SK2(G) indices.

Figure 1
ζ1(n, k) only has k pendant paths of length one and 1

2
n k− −  cycles of length 

three, where n – k ≡ 1 mod(2).
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Figure 2
ζ2(n, k) only has k – 1 pendant paths of length one, one of length two and

2
( 2)n k− +  cycles of length three, where n – k ≡ 0 mod(2).

Figure 3
ζ3(n, k) only has k pendant paths of length one, one cycle of length four 

and 2
( 4)n k− +  cycles of length three, where n – k ≡ 0 mod(2).

Figure 4
ζ4(n, k) only has one cycle of length four and 4

2
n− cycles of length three 

such that k = 0, where n – k ≡ 0 mod(2).

2
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2.  Sharp Upper Bound of Cactus Graph for SK(G)

Sharp upper bound of cactus graphs using SK(G) is given by the 
following theorem.

Theorem 3.1 : Let Cn
k be the family of cactus graphs with n vertices and k pendent 

vertices such that k≥0. Suppose the graph GŒCn
k then SK(G) is

 + − +
− ≡Γ ≤ 

− − ≡


2

( 2) 3( 1) if  1 mod(2)
2( ( )

3 if  0 mod(2)
2

n n k n k
SK

n k n k

Equality holds if and only if G≈ζ1(n, k) and G≈ζ2(n, k) or, ζ3(n, k) respectively. 
ζ1(n, k), ζ2(n, k) and ζ3(n, k) are shown in Figs. 1, 2 and 3 respectively.

Proof : By using following lemmas 1, 4-10 and lemma, we can see that 
the graphs  G Œ Cn

k which give us maximum SK(G) are ζ1(n, k), ζ2(n, k) and 
ζ3(n, k). So, when    n-k≡1 mod(2)

− −
Γ ≤ − − + − + − + + +

+ − − + + − − + − +
= =

1 1( ) (( 1)(2 ( 1)) (( 1) 1) (2 2)( ))
2 2

(1 )( 1) ( ) 2( 1) ( 2) 3( 1)
2 2

n kSK n k n k n

n n k n k n k n n k

So, 

Γ ≤ − − + − + − − +

 − −
+ + + +  

−
= − − + − − + + + − − =

2
2

1( ) (( 1)(2 ( 2)) ( 1)(( 2) 1)
2

2(2 2) (2 1))
2

1 3( ( ) ( ) 1 3 2 2 2)
2 2

SK n k n k n

n k

n kn k n n k n n k n k

So, the result is −Γ ≤ 2 3
2( ) .n kSK  Hence the theorem is proved. 	 

3.  Sharp Upper Bound of Cactus Graph for SK1(G)

Sharp upper bound of cactus graphs using SK1(G) index is given 
by the following theorem.

Theorem 4.1 : Let Cn
k be the family of cactus graphs with n vertices and k pendent 

vertices. Suppose the graph GŒCn
k then SK1(G) is
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 − − +
− ≡ ≥


Γ ≤ − − + − ≡ >

 − + − ≡ =

1

2

2 ( 1) ( 1) if  1 mod(2), 0
2

( ) (2 5) 4 if  0 mod(2), 0
2

3 4 if 0 mod(2), 0

n n k n n k k

SK n n k n k k

n n n k k

Equality holds if and only if G≈ζ1(n, k), G≈ζ2(n, k) and G≈ζ4(n, k) 
respectively.

ζ1(n, k), ζ2(n, k) and ζ4(n, k) are given in Figs. 1, 2 and 4 respectively.

Proof : By using following lemmas 1-11 which shows that the graph may 
have a pendent path of length two but not cycle of length four when k>0. 
So,we can see that the graphs GŒCn

k which give us maximum SK1(G) are 
ζ1(n, k), ζ2(n, k) and ζ4(n, k). So, when n-k≡1 mod(2) 

  − −
Γ ≤ − − − + − +    

  − −
= − − − + − +    

= − − − + + + + − − −

− − − − − +
= =

1

2

2

1 1( ) 2( 1)( 1) ( 1)( )(1) 2(2)
2 2

1 1(2 2)( 1) ( 1) 4
2 2
1 (4 2 2 2 2 2 2 2 1)
2
2 2 ( ) 2 ( 1) ( 1)

2 2

n kSK n n k n k

n kn n k k n

n nk n n k nk n k k

n n n k k n n k n
 

Which results, − − +Γ ≤ 2 ( 1) ( 1)
2( ) .n n k nSK  and when n-k≡0 mod(2), k>0

  − −
Γ ≤ − − − + − − + +    

− − + − − +
= =

1

2

1 2( ) 2( 2)( 1) ( 2)( 1)(1) 2(2) 2
2 2
2 5 ( ) 4 (2 5) 4

2 2

n kSK n n k n k

n n n k n n k
 

Thus, − − +Γ ≤ (2 ) 4
2

5( ) .n n kSK  and when n-k≡0 mod(2), k=0, then 

≤ − +

≤ − +

2
1

2
1

1 (2 6 8)
2

3 4

SK n n

SK n n

Hence the theorem is proved. 	 
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4.  Sharp Upper Bound of Cactus Graph for F(G)

Sharp upper bound of cactus graphs using F(G) index is given by the 
following theorem.

Theorem 5.1 : Let Cn
k be the family of cactus graphs with n vertices and k pendent 

vertices such that k≥0. Suppose the graph GŒCn
k then F(G) is

 − + − − − ≡Γ ≤ 
− + − − − ≡

2

2

( 3 11) 7 9 if 1 mod(2)( )
( 6 20) 7 16 if  0 mod(2)

n n n k n kF
n n n k n k

Equality holds if and only if G≈ζ1(n, k) and G≈ζ2(n, k) or, ζ3(n, k) respectively. 
ζ1(n, k), ζ2(n, k) and ζ3(n, k) are shown in Figs. 1, 2 and 3 respectively.

Proof : By using following lemmas 1-10, we can see that the graphs GŒCn
k 

which give us maximum F(G) are ζ1(n, k), ζ2(n, k) and ζ3(n, k). So, when 
n-k≡1 mod(2), k≥0

 − −
Γ ≤ − + − − + + + − +  

2 2 2 21( ) (( 1) 2 )( 1) (2 1) (( 1) 1)( )
2

n kF n n k n k
 

= (n2 –  2n + 5)(n –  k –  1) + 4(n –  k –  1) + k(n2 –  2n + 2)
= n3 –  3n2 + 11n –  7k –  9 = n(n2 –  3n + 11) –  7k –  9

so, F(G) ≤  n(n2 –  3n + 11) –  7k –  9 and when n –  k≡ 0 mod(2) 

( )− −Γ ≤ − + − − + +2 2 2 2 2( ) (( 1) 2 )( 1) (2 2 ) 2
n kF n n k

+ ((n –  2)2 + 1)(k –  1 + (22 + 1)) = n3 –  6n2 + 20n –  7k –  16 
= n(n2 –  6n + 20) –  7k – 16

Which results, F(G) ≤ n(n2 –  6n + 20) –  7k –  16. Hence the theorem is 
proved. 	 

5. Sharp Upper Bound of Cactus Graph for SK2(G)

Sharp upper bound of cactus graphs using SK2(G) index is given 
by the following theorem.

Theorem 6.1 : Let Cn
k be the family of cactus graphs with n vertices and k 

pendent vertices. Suppose the graph GŒCn
k then SK2(G) is
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 + − − − +
− ≡ ≥


− + − − −Γ ≤ − ≡ >


− +

− ≡ =


2

2

2

2

( 1) (2 7) 9( 1)) if   1 mod(2), 0
4

( 2) 2 (5 ) 7 8( ) if   0 mod(2), 0
4

( 2) 8 if  0 mod(2), 0
4

n n n k k n k k

n n n k kSK n k k

n n n n k k

Equality holds if and only if G≈ζ1(n, k), G≈ζ2(n, k) and G≈ζ4(n, k) 
respectively. ζ1(n, k), ζ2(n, k) and ζ4(n, k) are given in Figs. 1, 2 and 4 
respectively.

Proof : By using following lemmas 1-11 which shows that the graph may 
have a pendent path of length two but not cycle of length four when k > 
0. So,we can see that the graphs GŒCn

k which give us maximum SK2(G) are 
ζ1(n, k), ζ2(n, k) and ζ4(n, k). So, when n-k≡1 mod(2)

Γ = Γ + Γ Γ ≤ − + − −

− − − + + − − −
+ = Γ

+ − − − +
≤

3 2
2 1 2

2 3 2

2

2

1 1( ) ( ) ( ) ( ) ( 3 11 7 9)
4 4
2 2 ( ) 7 2 ( ) 9 9 ( )

2 4
( 1) (2 7) 9( 1)

4

SK F SK SK n n n k

n n k n k n n n k n k SK

n n n k k

and when n – k ≡ 0 mod(2), k > 0

− − +
Γ ≤ − + − − +

− + − − − − + − − −
= =

2
3 2

2

3 2 2

1 2 ( ) 5 4( ) ( 6 20 7 16)
4 2

2 10 2 ( ) 7 8 ( 2) 2 (5 ) 7 8
4 4

n n k nSK n n n k

n n n k n k n n n k k

Which gives − + − − −Γ ≤
2

2
( 2) 2 (5 ) 7 8

4( ) n n n k kSK
 and when n – k ≡ 0 mod(2), k =0

− +
Γ ≤ − + − − +

− + −
Γ ≤

2
3 2

2

2

2

1 3 4( ) ( 6 20 7 16)
4 2

( 2) 8 7( )
4

n nSK n n n k

n n n kSK

As k = 0, therefor − +≤
2

2
( 2) 8

4
n n nSK

 
Hence the theorem is proved. 	 
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6.  Conclusion

There are different Molecular descriptors that have been used 
successfully in many QSAR/QSPR studies. In this paper we determined 
the sharp upper bounds for SK(G) and forgotten indices of cactus graphs. 
We also characterized the extremal graphs for these indices. It would be 
interesting to derive similar results for other famous indices.
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