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Abstract
The directed circulant graph (1, 2, , )nC t  consists of the vertices 0 1 1, , , nv v v −  and 

edges directed from vi to vi + j for every i = 0, 1, ..., n – 1, and j = 1, 2, ..., t, where 1 £ t £ n – 1, the 
indices are taken modulo n. We present lower and upper bounds on the partition dimension 
of very general graphs Cn(1, 2, ..., t). Our bounds yield exact values of the partition dimension 
of the graphs Cn(1, 2, ..., t) for t = 2, 3, 4 and n ≥ 10.
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1.  Introduction

The partition dimension is defined more generally than the well-
known metric dimension of graphs. It has extensive applications for 
example in robot navigation, pattern recognition, image processing and 
chemistry. The structure of a chemical compound can be represented by 
a graph with vertex and edge labels specifying the atom and bond types, 
respectively.

Let G be a directed graph having vertex set V(G). The distance d(u, 
v) from a vertex u Œ V(G) to a vertex v Œ V(G) is the length of a shortest 
directed path from u to v. For a vertex v and a subset S of V(G) the distance 
from v to S is defined as 

( , ) = min{ ( , )| }.d v S d v u u S∈
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For an ordered partition 1 2{ , , , }kS S SΠ = …  of V(G), the partition 
representation of v in terms of P is 

1 2( | ) ( ( , ), ( , ), , ( , )).kr v d v S d v S d v SΠ = …

P is a resolving partition iff for each two different vertices u, v Œ 
V(G), we obtain ( | ) ( | ).r u r vΠ ≠ Π  The partition dimension pd(G) of G is 
the cardinality of a smallest resolving partition of V(G).

Let n, t and a1, a2,, at be positive integers, where 1 £ a1 < a2 < ... 
< at £ n – 1. The directed circulant graph Cn(a1, a2,, at) consists of the 
vertices v0, v1,, vn–1 and directed edges i i aj

v v +  for every 0,1, , 1,i n= … −  

and 1, 2, , ;j t= …  we take the indices modulo n. Circulant graphs are 
important, because they form a special class of Cayley graphs. They can 
be defined with the help of cyclic groups. Thus it is easier to check various 
properties of circulant graphs.

Graph theory can be used to study important mathematical problems. 
For example, domination in graphs was studied in [12] and [13], graph 
indices in [9] and [19], algebraic problems in [1] and [15], and some other 
interesting problems in [4], [6] and [21].

Chartrand, Salehi and Zhang [2] introduced the partition dimension 
of a graph in 2000. Since then, it has been extensively studied. For 
example, the partition dimension for nanotubes was studied in [18] and 
trees were considered in [3] and [16]. Values of the partition dimension for 
undirected circulant graphs Cn(±1, ±2) were given in [8] and [17]. In some 
cases pd(Cn(±1, ±2)) = 4 and in the other cases pd(Cn(±1, ±2)) = 3. Values 
of pd(Cn(±1, ±3)) and pd(Cn(±1, ±4)) were presented in [10]. Some bounds 
and values of pd(Cn(±1, ±2, ..., ±t)) for t ≥ 3 were obtained in [7] and [14]. 
Interesting methods were used also in [6] and [21].

We study a very general problem, the partition dimension for directed 
graphs Cn(1, 2,,t) for every t ≥ 1. These graphs are strongly connected, 
because they have a directed cycle which contains all the n vertices. It is 
easy to see that the partition dimension of Cn(1) is 2 for every n ≥ 2. Clearly, 
the vertices of V(Cn(1)) are resolved by P ={S1, S2} for S1 = {v0, v1,, vn–2} 
and S2 = {vn–1}.

2.  Results

The circulant graph Cn(1, 2,,t) is isomorphic to Cn(–1, –2,, –t) for 
any 2 £ t £ n – 1. We present Theorem 1 for the graph Cn(–1, –2,, –t), 
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because it is easier to express distances from vertices in a circulant graph 
to vertices in chosen sets Si when considering Cn(–1, –2,, –t).

The distance from the vertex vj to the vertex vi in Cn(–1, –2,, –t) for 
i, j Œ {0, 1 , n – 1} is

, if , (1)
( , )

, if . (2)
j i

j i j i
t

d v v
n j i j i

t

 −
≥ 

 = 
 + − <  

Theorem 1 : Let , , ,t
a

t a n  be integers, such that t ≥ 2, 1 £ a £ t and n ≥ 2t. Then 

( ( , , , )) .n
t
a

pd C 1 2 t a− − … − ≤ +  

Proof : Let , , ,t
a

t a n  be integers, such that t ≥ 2, 1 £ a £ t and n ≥ 2t. Let 

0 { | 0, , 2 , , where }.t jS v j a a t j n+= = … + <

For 1, 2, , 1,i a= … −  let 

{ | 0, , 2 , , where }.i i jS v j a a i j n+= = … + <

For 0,1, , 1,t
a

i = … −  we define { }.a i iaS v+ =

It is easy to check that 0 1 1
( ( 1, 2, , ))t na

a

S S S V C t
+ −

∪ ∪…∪ = − − … −  and 

i iS S ′∩ = ∅  for , {0,1, , 1},t
a

i i a′∈ … + − , where i π i¢.

We show that all vertices of V(Cn(–1, –2,, –t)) are resolved by 

0 1 1{ , , , }.t a
a

S S S + −Π = …  For 0,1, , 1,t
a

i = … −  we have | | 1,a iS + =  thus the 

representations of the vertices in Sa+i are unique in terms of P.
For 0 , = 1, 2, ,av S i a∈   and c = 1, 2,, d, with d being the diameter 

of Cn(–1, –2,, –t), by (1), 

( 1) 0

( 1) 0

2 ( 1) 0

0
1 ( 1)

( , ) ,
( , ) ,

( , ) ,

( , ) ,

i c t

i a c t

i a c t

ti a c t
a

d v v c
d v v c

d v v c

d v v c

+ −

+ + −

+ + −

 
+ − + − 
 

=

=

=

=

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therefore for i = 1, 2,, a, the only vertices in Si with the same representation 
in terms of Sa are ( 1) ( 1)

1 ( 1)
, , , ,i c t i a c t ti a c t

a

v v v+ − + + −  
+ − + − 
 

…  where c = 1, 2,, d, (if  

c = d, we consider only vertices with indices smaller than n).
For i = 1, 2,, a and c = 1, 2,, d, let 

, ( 1) ( 1) ( 1){ , , , }.i c i c t i a c t i t a c tV v v v+ − + + − + − + −= …

We still need to resolve the vertices in Vi, c. If i = a, it is not necessary to 
study the case c = 1, because 2, , ,a a tv v v…  belong to different sets (so they 
are resolved). Let us investigate two cases.

Case 1 :  c = 1.
The representations of the vertices in Vi, 1 for i = 1, 2,, a – 1 with 

respect to 0 1 1{ }, { }, , { }ta a a t aa
a

S v S v S v+ −+ −= = … =  are given in Table 1.

For ,1i ka iv V+ ∈  and ,la a lv S +∈  from (1) and (2), 

1 since , if ,
( , )

1 since 2 and , if .
i ka la

i ka la i ka t k l
t

d v v
n i ka la n t la t a k l

t

+

  + −
= + < ≥  

  = 
 + + − > ≥ ≤ − <  

Table 1 shows that the vertices in Vi,1 are resolved.

Case 2 : c = 2, 3, , d.
The representations of the vertices in Vi, c for i = 1, 2,, a and c = 

2, 3,, d with respect to 10 1= { }, = { }, , = { }t aa a a t a
a

S v S v S v+ −+ −  are given in 
Table 2. For ( 1) ,i ka c t i cv V+ + − ∈  and ,la a lv S +∈  from (1), 

Table 1
 The vertices in Vi, 1 for i = 1, 2, ..., a – 1 and their representations  

with respect to .+ + −1 1
, , , ta a a

a
S S S  

Distances v0 va v2a . . . vt  – a

vi 1 > 1 > 1 . . . > 1
vi  + a 1 1 > 1 . . . > 1
vi  + 2a 1 1 1 . . . > 1

    

vi + t – 2a 1 1 1 . . . > 1
vi + t – a 1 1 1 . . . 1
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( 1)

, if ,( 1)( , )
1, if .i ka c t la

c k lc t i ka lad v v
t c k l+ + −

 ≥ − + + − = =   − <  

Table 2 shows that the vertices in Vi, c are resolved. 		  

Since the graphs Cn(–1, –2,, –t) and Cn(1, 2,,t) are isomorphic, we 
get the following result.

Corollary 1 : Let , , ,t
a

t a n  be integers such that t ≥ 2, 1 £ a £ t and n ≥ 2t. Then 

( ( , , , )) .n
t
a

pd C 1 2 t a… ≤ +  

Note that the function ( ) t
a

f a a= +  is minimized for a2 = t (since 

2( ) 1).t
a

f a −′ = +  Thus we obtain best upper bounds on pd(Cn(1, 2,,t)) when 

a is a closest integer to t  such that t
a  is an integer.

Example 1 : If t = 24, then from Corollary 1 the partition dimension 
24( (1, 2, , 24)) ,n a

pd C a… ≤ +  where , t
a

a  are integers such that 1 £ a £ 24. 

We choose a = 4 to obtain pd(Cn(1, 2,, 24)) £ 10. For t = 36 we choose a = 

Table 2 
The vertices in Vi, c for i = 1, 2, ..., a and c = 2, 3, ..., d, and their representations 

with respect to .+ + −1 1
, , , ta a a

a
S S S  

 Distances v0 va v2a . . . vt  – a

vi + (c – 1)t c c – 1 c – 1 . . . c – 1
vi + a + (c – 1)t c c c – 1 . . . c – 1
vi + 2a + (c – 1)t c c c . . . c – 1

    

vi + t – 2a + (c – 1)t c c c . . . c – 1
vi + t – a + (c – 1)t c c c . . . c

Table 3
Upper bounds for the partition dimension of Cn(1, 2, , t)  

for 2 £ t £ 10 and n ≥ 2t. 

t 2 3 4 5 6 7 8 9 10
pd(Cn(1, 2, ..., t)) £ 3 4 4 6 5 8 6 6 7
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6 to obtain pd(Cn(1, 2,, 36)) £ 12. If t = 180, then a = 12 yields the bound 
pd(Cn(1, 2,, 36)) £ 27. 

Corollary 2 : Let t 2≥  be an integer and let n ≥ 2t. Then we have pd(Cn(1, 2,, 
t)) £ .t2  

Upper bounds for pd(Cn(1, 2,,t)), where 2 £ t £ 10, are given in 
Table 3. Let us study lower bounds for the partition dimension of directed 
circulant graphs. Note that the distance from the vertex vj to the vertex vi 
in Cn(1, 2,,t), where , {0,1, , 1},i j n∈ … − is 

, if , (3)
( , )

, if . (4)
j i

i j i j
t

d v v
n i j i j

t

 −
≥ 

 = 
 + − <  

Lemma 1 : For t ≥ 2 and any n, we have pd(Cn(1, 2,, t)) ≥ 3. 

Proof : Suppose to the contrary that pd(Cn(1, 2,, t)) = 2. Then there exists 
some P = {S1, S2} that resolves V(Cn(1, 2,,t)). Since t ≥ 2, we have n ≥ 3, 
thus one of the sets S1, S2 has two or more vertices. Suppose that |S1| ≥ 2. 
Clearly, S1 contains a vertex with the partition representation (0, 1) and a 
vertex having the representation (0, 2). We can suppose that v0 is the vertex 
with 0( | ) (0, 2).r v Π =  Let j be the smallest natural number, where 2 .jv S∈  
Since 0 2( | ) 2,d v S =  we have 1.j t≥ +  We get 1 2( | ) = ( | ) = (0,1),j jr v r v− −Π Π  
a contradiction. 						                              

Lemma 1 and Table 3 yield Corollary 3.

Corollary 3 : Let n ≥ 3. Then pd(Cn(1, 2)) = 3. 

We improve the bound given in Lemma 1 for every t ≥ 3. Clearly, for 
any t + 1 consecutive vertices 1, , , ,j j j t iv v v S+ +… ∉  we have 

1( , ) ( , ) ( , ) 1 (5)j i j i j t ix d v S d v S d v S x+ += ≥ ≥…≥ = −

for some natural number x. We use these inequalities in the proof of 
Theorem 2.

Theorem 2 : Let t ≥ 3 and n ≥ 10. Then pd(Cn(1, 2,, t)) ≥ 4. 
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Proof : By Lemma 1, we have pd(Cn(1, 2,, t)) ≥ 3. Let us prove this result 
by contradiction. Suppose that pd(Cn(1, 2,, t)) = 3. Thus there exists a 
resolving partition 1 2 3{ , , }S S SΠ =  of V(Cn(1, 2,, t)). Since n ≥ 10, one of 
the sets S1, S2, S3 has four or more vertices. Suppose that |S1| ≥ 4. We 
investigate the following cases:

Case 1 : S1 contains a vertex having the partition representation (0, 2, 2).
We can assume that for v0 we have 0( | ) (0, 2, 2).r v Π =  Let j be the 

smallest natural number, where 1.jv S∉  Since 0 2 0 3( | ) ( | ) 2,d v S d v S= = we 
have 1.j t≥ +  Without loss of generality, suppose that 3 .jv S∈  Note that 

1 2 3 1, , .j j jv v v S− − − ∈  Their partition representations are 1 1( | ) (0, ,1),jr v a− Π =

2 2 3 3( | ) (0, ,1), ( | ) = (0, ,1).j jr v a r v a− −Π = Π  From (5) we know that 

1 2 3a a a≤ ≤  and the difference between a3 and a1 is at most one, so the 
representations of two vertices from the set 3 2 1{ , , }j j jv v v− − −  are equal in 
terms of P, which is a contradiction.

Case 2 : S1 does not contain a vertex having the partition representation 
(0, 2, 2).

Clearly, S1 contains a vertex with the partition representation (0, 1, 1). 
S1 contains also vertices having the representations (0, 1, 2) or (0, 2, 1), or 
both, (0, 1, 2) and (0, 2, 1). Since |S1| ≥ 4, S1 must contain also the vertex 
having the representation (0, 1, 3) or (0, 3, 1). We can suppose that 0 1v S∈  
has the representation 0( | ) (0,1, 3).r v Π =  Let j be the smallest natural 
number, where 3jv S∈ . Since 0 3( | ) 3,d v S =  we have 2 1.j t≥ +

We study representations of the vertices 1 2 3, , .j t j t j tv v v− − − − − −  Since 
1 2 3 3, , ,j t j t j tv v v S− − − − − − ∉  we have 1 2 3 1 2, , .j t j t j tv v v S S− − − − − − ∈ ∪

Assume that 1 1j tv S− − ∈  (if 1 2 ,j tv S− − ∈  the proof would be analogous 
since we do not use the fact that v0 Œ S1 in the rest of this proof). We 
distinguish 4 subcases.
Case 2a :  2 3 1, .j t j tv v S− − − − ∈

From (3) we know that 1 3 2 3 3 3( | ) ( | ) ( | ) 2,j t j t j td v S d v S d v S− − − − − −= = =  so 

1 1 2 2 3 3( | ) = (0, , 2), ( | ) = (0, , 2), ( | ) = (0, , 2).j t j t j tr v a r v a r v a− − − − − −Π Π Π  From (5) 
we know that 1 2 3a a a≤ ≤  and the difference between a3 and a1 is at most 
one, which implies that two vertices from the set 3 2 1{ , , }j j jv v v− − −  have the 
same partition representations with respect to P.
Case 2b :  2 3 2, .j t j tv v S− − − − ∈

By (3), we have 2 3( | ) ( | ) (1,0, 2).j t j tr v r v− − − −Π = Π =
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Case 2c :  2 1j tv S− − ∈  and 3 2 .j tv S− − ∈
We have 2 3 1,j jv v S− − ∈  (otherwise if 2 2jv S− ∈  or 3 2 ,jv S− ∈  then we 

would obtain 1 2( | ) = ( | ) = (0,1, 2)).j t j tr v r v− − − −Π Π  Consequently, vj–1 ŒS1 
(otherwise if vj–1 ŒS2, then from (3) we would obtain 2 3( | ) ( |j jr v r v− −Π =

) (0,1,1)).Π =  But then the vertices 1 2 3, ,j j jv v v− − −  cannot be resolved by P, 
since 1 1 2 2 3 3( | ) = (0, ,1), ( | ) = (0, ,1), ( | ) = (0, ,1),j j jr v a r v a r v a− − −Π Π Π  where 
a1 = a2 or a2 = a3.
Case 2d : 2 2j tv S− − ∈  and 3 1.j tv S− − ∈

We have 3( | ) = (0,1, 2)j tr v − − Π  and 1( | ) (0, , 2).j tr v a− − Π =  So a must be 
at least 2, which implies that none of vj – 3, vj – 2, vj – 1 can be in S2. Thus vj – 3, 
vj – 2, vj – 1 Œ S1 and these vertices cannot be resolved by S2, which means that 
they cannot be resolved by P, a contradiction. 			              

From Theorem 2 and Table 3 we obtain exact values of the partition 
dimension for Cn(1, 2, 3) and Cn(1, 2, 3, 4).

Corollary 4 : Let n ≥ 10. Then pd(Cn(1, 2, 3)) = pd(Cn(1, 2, 3, 4)) = 4. 

Our Corollaries 1 and 2 give strong upper bounds for the partition 
dimension of the directed graphs Cn(1, 2,, t). Corollaries 3 and 4 yield 
exact values of pd(Cn(1, 2,, t)) for t = 2, 3 and 4 which means that our 
lower bound on pd(Cn(1, 2,, t)) (Theorem 2) is best possible for t = 3  
and 4.
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