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Abstract

Graph theory has supported chemists with topological indices which predict different
physicochemical properties such as boiling point, entropy, acentric factor, etc. of chemical
compounds. In this article, we introduce two new topological indices called degree locating
indices, based on the degree and location of the vertices. We present exact expressions for
some families of standard graphs and we get the exact values of these indices for any graph
of diameter two. Finally, we compute these indices for join graphs and book graphs.
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1. Introduction

Topological indices are important in chemistry, medicine, and other
fields (see [5-9, 12, 18, 19]). Many of the topological indices that are
currently of interest in mathematical chemistry are defined in terms of
vertex degrees of molecular graphs. The first and second Zagreb indices,
established by Gutman and Trinajstic in [10], are two of the most well-
known topological indices of graphs. They are defined as: M,(G) =
ZMGE(G)(d(u)z) and M,(G) =%, d(u)d(v), respectively. The Zagreb
indices have been intensively explored due to their multiple applications
in place of existing chemical procedures, which take longer and are more
expensive. For similar reasons, many new reformulated and expanded
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versions of the Zagreb indices have been introduced (cf. [1, 2, 4, 11, 13, 15,
16, 21-23]).

By defining the locating matrix Lo (G) over G, one of the current
authors, Saleh [17], has recently presented a novel matrix representation
for a graph G. This representation will be redefined in the following ways.

Definition 1 : Let G=(V,E) be a connected graph with vertex set
V={v,,v,,..,0,}. A degree locating function of G denoted by Ld(G) is a

function Ld(G): V(G) — (Z* u{0})"" where d is the diameter of the graph
G such that Ld(v,) = a =) T,(©),..T (), where I'/(v,) is the
number of vertices of distance i from the vertex v, in G. The vector ZT] is
called the degree locating vector corresponding to the vertex v,. Then we
define first and second degree locating indices of G as

£G)= Y @) and LG)= Y 97,

v, €V(G) 0,9, eE(G)

respectively, where vT . vj is the dot product of the two vectors 271 and ZT/
Based on the degree locating vectors, we introduced two new
topological indices, the first and second degree locating indices.
Unless otherwise mentioned, all graphs in this work shall be assumed
to be simple, undirected, and connected. We direct the reader to [3] for
graph theoretical terminologies.

2. Some exact values of locating indices

In this section,we determine the first and second degree locating
indices for some standard graphs like K , C , K W, P,

n’ n,m?’ n’

Theorem 2 : Let G=K, be the complete graph with a vertex set
V(G)={v,,v,,",v,}, where n>2.Then

i. L(G)=n’-2n+2n.

2
ii. ﬁZ(G) _ n(n—l)(n2 —2n+2)

Proof : Let G=K, be the complete graph with vertex set V(G)={v,,

v,,..,v,}, 122 and obviously, for any vertex v, e V(G) the corresponding

07

— —2
degree locating vector v, =(1,n-1) so v, =1+(n- 1)%.



DEGREE LOCATING INDICES OF GRAPHS 257

Hence,

L(G)=n’>-2n"+2n.

Similarly,
n(n-1)(n* -2n+2)

£,6)= . -

Proposition 3 : For an even integer n>2, let G=C,. Then
L (G)=L,(G)=2n(n-1).

Proof : By labeling the vertices of the cycle C, as {v,,v,,--,v,} in the
anticlockwise direction, we can see that for any vertex v, the degree
locating vector will be in the form

()
vi=L1,2,---,2,1J,fora11i=1,2,...,n.

So, v =2+4(n/2-1)=2(n-1).

Hence,
L (G)=L,(G)=2n(n-1).

Proposition 4 : For an odd integer n >3, let G=C, . Then
L (G)=L,(G)=n2n-1).

Proof : By labeling the vertices of the cycle C, as {v,,v,,---,v,} in the
anticlockwise direction, it is easy to see that for any vertex v, the degree
locating vector will be in the form

(o=
v, 1,22 forall 21,2,

—2

So, v, =2n-1.

Hence,
L(G)=L,(G)=n(2n-1).
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Theorem 5: Let G =K, be a complete bipartite graph. Then
i. L(G)=a’+ab>-2a>+2a+a’b+b’ —2b +2D.

ii. L,(G)=ab(2ab—-a+2-Db).

Proof :Let G = K, ,, with two partite sets A and B such that | A|=a and
| B|=b, by labeling the vertices as V(G) ={v,,..v,,u,,...u,}. Obviously for
any vertex v, the corresponding degree degree locating is of the form

v, =(1,b,a-1),foralli=1,2,..,a,
and
u, =(1,a,b-1),forall i=1,2,...,b.
Therefore

—2
v, =1+b*+(a-1°=a*+b*-2a+2,foralli=1,2,..,a,

1

and
—2
u, =1+a’>+{b-1"=a’>+b*-2b+2foralli=1,2,..,b.

In the same way we have for any adjacent vertices v,,u,,

v, =1+ab+(a-1)(b-1),for alli=1,2,..,band j=1,2,..,b

Hence,
L(G)=a’+ab’> -2a> +2a+a’b+b’ 20 + 2,

and

L,(G)=ab(2ab—-a+2-D). O
Since the following consequences of Theorem 5 are special cases and

clear, we will omit their proofs.

Corollary 6 : Let G = K be complete bipartite graph. Then

a,a’

L(G)=2a*(a* —a+1), and L,(G)=4a(a* —a+1).

Corollary 7 : Let G = K, , be a star graph with a+1 vertices. Then

la’

L(G)=d’ —a* +3a+1, and L,(G)=a(a+1).
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Proposition 8 : Let G be wheel graph W with n+1 vertices, where
(n 2 4). Then we have

i. L(G)=n’-5n"+19n+1.

ii. L,(G)=n(n*-3n+20).

Proof : Let G = W, _for n>4, where W is the wheel graph with n+1
vertices. By labeling the vertices of V(G) in the anticlockwise direction as

v,,9v,,--,v,,0, ., such that v __ isthe center of the wheel, we obtain

1 1

v, =(1,3,n-3), fori=1,2,..,n

and
v =(1,1,0).
So we get for i=1,..,n, 17,,2 =n*-6n+19, ;,a =n*-6n+19,
;;ZZ =3n+1 and az =n”+1. Hence,
L(G)=n’-5n"+19n+1,
and

L,(G)=n(n* - 3n+20).

Theorem 9: Let G = P, be path of even number of vertices (n > 4). Then

i L£(G)="2

3n(n-2)+4

i, £,(G)="""

Proof : Let G is be a path P, with even number of vertices (1 >4). By

labeling the vertices from left to right as v,,v,,---,v,
=l o=l
_ 8 L
02 = 1/2/1/“'/1/0 7 Un—l = 1/2/1/"'/1/0 7
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n-5 n-5
v, =(1,2,2,1,---,1,0,0), v, =(1,2,2 1,-~~,1,0,0),
( 5 g—l 3 ( 51 ny)
v =k1,2,~--,2,10,---,0J, v =L1,2,---,2,10,- ~,0J.

0,=0,, 0,=0,4, "'/zﬂ’z]
N N e L N
U]. :kllzl...12111.../1101...10)I
-.2 . . .
v, =1+4(j-1)+(n-2j+1)=n+2j+1.
Therefore,
)
£(G)=2D (n+2j-2)=n? + 42025 5,
j=1
Hence,
n3n-2
51((;)=¥_
2
Now to prove part (ii), we have, for j=1,2,.. g—l
_ (2 L%i S Y (R N . N
0 =\1,2,--,2,1,--,1, 0} \1, 2 -,2,2,1,---,1,0,---,0/
Thus,
0.0 =1+4(j—1)++2+n-2j-1=2j+n-2.
But, for
( L1 7 Y[ L 771 3
2
v, L 0“12 ,2,10,- J 2(n-1).
,_1 =
2

Then we get

That means, for j=1,2,...,;, we
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n-2
2 _
LZ(G)=2(n—1)+22(n+2j—2)=wg
=1
Hence,
3n(n—-2)+4
52((;)=%,
O

Theorem 10 : Let G = P, be path of odd number of vertices (n > 5). Then
i LI(G) _ 3n? —2n+1 )

i (G) _ 3n’ 6n+3 )

Proof : Let G is be a path P, with even number of vertices (n >5). By
labeling the vertices from left torightas v,,v,

i),

n

( /11

=

n-3 _n3
=(1,2,1,--.,1,0), v = (1 21,1 o),
n-5 . n-5
= 1/2/2/1/”'/1/010)/ Un—z = 1/2/2/1/"'/1/0/0 ’
(s e )
v 1,202,100, v . 1,202,100
2 2

By symmetry on components between the vectors easy to see that

— n— 1
v,=0, U,=0,,, , 0, =v+3 That means, for j=1,2,..,——, we
have :
( j-1 n-2j+1 j-1 \
_ S AT e
v,=\1,2,,2,1,--,1,0,--,0/,
and

0 =1+4(j-D+(n-2j+1)=n+2j+1.

For the remaining vertex v,,,, we get
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n-1 n-1

So,
2
n+1l = 27’1 - 1
2
Therefore,
n-1
2 2 _2n+1
L,(G)= 2n—1+2Z(ﬂ+2j—2)=3nTn+.
j=1
Now, to prove part (ii), we have, for j= 1,2,...,"—;3
_ e S S N N D < T N b

v, =\12,-21,,1,0,-,0.1,2,,2,2,1,-,1,0,-,0/

Thus,
0.0, =1+4(j—1)++2+n-2j-1=2j+n-2.
. n-1 n+l n+3
But, for ==~
(N
vn_l.vm:vm.vws:Ll,Z, ,2,10,---,0J Ll,z, ,2,0,~--,0J=2n—3
2 2 2 2
Then, we get
n-3
2 2 _
EZ(G)=2(2n—3)+22(n+2j—2)=2n+w
j=1
Hence,
2_
EZ(G)=3n 6n+3‘
2 O

Proposition 11 : Let G be k-regular graph of n>2 and with diameter two.
Then

i.  L(G)=n(n®-2nk-2n+2k*+2k+2).
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. nk(n®-2nk-2n+2k?+2k+2)
ii. L,(G)= 5 .

Proof : Let G be k-regular graph of n>2 vertices and with diameter two.
Then clearly for any vertex v € V(G), we have
v=(Lkn-k-1) and 0 =14k +(n—k-1)*, Hence,
L(G)=n(n* —2nk —2n+2k> + 2k +2),
and

nk(n® —2nk —2n+2k* + 2k +2)

£2 (G) = > O

Proposition 12 : Let G be a graph of n>2 and with diameter two. Then
i. L(G)=n+2M,(G)+(n-1)(n-2m-1).

ii. L,(G)=2M,(G)—(n-1)M,(G)+mn*+2m—2mn.

Proof : Let G be a graph of n>2 vertices and with diameter two. Then
clearly for any vertex v € V(G), we have 0= (1,deg(v),n—deg(v)—1) and
v =1+ deg(v)* +(n—deg(v)-1)’, then

LG)= Y v =n+2M,(G)+(n-1)(n-2m-1).

ueV(G)

Similarly,
LG)= Y uv="Y (1+deg(v)deg(u)+(n—1-deg(v))(n—1-deg(u))).
uveE(G) uveE(G)
Hence,

L,(G) =2M,(G) - (n—=1)M,(G) + mn* + 2m — 2mn.

3. Locating indices of the join of two graphs

Thejoin G =G, +G, of graphs G, and G, with disjoint vertex sets V,
and V, and edge sets E, and E, is the graph union G, UG, together with
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all the edges joining V, and V,. In the following theorem we find first and
second locating indices for the join graph G.

Theorem 13 : Let G =G, +G, such that G, and G, are both connected graphs,
such that G, has n, vertices and m, edges while G, has n, vertices and m,
edges. Then

L (G)=2(M,(G,))+M,(G,))+(n,m, +nm,)+4(m, +m,)—4(nm, +n,m,)

H? + 1)+ (nynl +nynl)=2(n) +n3)+2(n, +n,).

and
L,(G) =(n, —n, +1)(M,(G,)+M(G,))+2M,(G,)+m, (n* +n> —2n, +2)
+m,(n} +n; —2n, +2)+nn,(m, +m,)
+2mm, +nn,2nn, +2-n, —n,).

Proof : Let G =G, +G, such that G, and G, are both connected graphs,
such that G, has n, vertices and m, edges while G, has n, vertices and
m, edges. Then.by labeling the vertices of the graph G as

V(G)= {vl,vz,---,vnl,ul,uz,---,unz}

where 01,0y, eV(G,) and Uy Uy, 0, eV(G,). we get the degree
locating vectors in G as following;:

0, = (L,m, +deg, (v,),m, ~deg; (v))-1),
and
LZ =(1,n, + degG2 (u,),n, - degG2 (u,)-1).
So,
;iz = 2degG1 () + 2nzdegGl (v,)+ 21713gGl (v,)- 2n1degG1 (v)+n} +n+2-2n,

and

n
1—2
— 3 2 2
Zvi =2M,(G,)+4n,m +4m —4nm +n +nn, —2n; +2n,.
i=1

In the same way
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—2
u, =2deg. (u,)* +2n,deg. (u,)+2deg. (u,)—2n,2deg. (u,)+n;+n: +2-2n,
2 2 2 2
So,
",
S, =2M,(G,)+4n,m, +4m, — An,m, + 1) +n,n’ +-2n +2n,.
i=1

Clearly,

then
L (G)=2(M,(G))+ M, (G,)) +(n,m, +nm,)+4(m, +m,)—4(nm, +n,m,)

Hn? + 1)+ (nnl +nynl)—2(nl +nl)+2(n, +n,)

To prove (ii), according to different types of edges in G, we have

LE)= Y @o)+ X (u)+ Y @)

0,0, eE(G) i €E(G) vl eE(G)

Since,
77107 =1+(n, +deg., (v,))(n, + degc1 (ZJ]. )

+(n, —deg.,(v,)-1)(n, —deg, (U].) -1),

S0,
UT. 771 =n,deg, (v], )+n,deg. (v,)+2deg,. (v, )degGl(vj)
+deg., (v,)+ degGl(v]. )—n,deg., (v].) -n,deg.,(v,)
05+ 1l +2-2n,.
Then

> @)

vl.vj. eE(G)

= Z (nz(degcl (v,.)+ulegGl (v}.))+2(degGl (vl.)degGl (vj))

v].vj. eE(G)

+ (degcl (v,)+ degc1 (v,)-n, (degcl (v,)+ degc1 (v,)+n; +ny +2-2n,)
= (n, —n, +1)M,(G,) +2M,(G,) +m,(n] + n; —2n, +2)
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Also, since
u‘luj =1+(n + degG2 (u,))(n, + deng (u]. )
+(n, - degG2 (u,)-1)(n, - degG2 (u].) -1)
In the same way we get,

Y ()= (n, —m, + )M, (G,)+ 2M,(G,)+ m,(n? +ni —2n, +2).

u, <E(G)
Similarly, since,
0,11, = 1+ (n, +deg; (0)(n, +deg; (1))
+(n, —deg,, (v,)-1)(n, ~deg, (0)~1)
We get

> @u)=3X0m),

vl €E(G) i=1 j=1
and
ﬂl Hz . Hl
ZZ(vi .u].) = Z(nzmZ + nlnzde(grGl (v,)+ ZmZdegGl (v,)+ nzdegGl (v,)
i=1 j=1 i=1
+m, — nzdegG1 (v,)-nm,+n,2nn, +2-n, —n,))
=nn,(m +m,)+2mm,+nn,2nn, +2-n —n,)).
Hence,

L,(G) =(n,—n, +1)M,(G,)+2M,(G,)+m,(n} +n2 —2n, +2)

(n, —n, +1)M,(G,)+2M,(G,) + m, (n} +n; —2n, +2)

+n,n,(m, +m,)+2mm, +nn,2nn, +2-n, —n,).

4. Locating indices of the book graph

Theorem 14 : Let G be a book graph B, = P, x S, with (2t +2) vertices. Then,
i. L(G)=4t+16t+4.

ii. L,(G)=4t +4* +14t+2.
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A Book Graph B,.
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Proof : Suppose, we have G is the book graph B, = P, xS, with (2t +2) by
labeling the vertices as V(G)={v,u,v,,v,,...v,,u,,u,,...,u,} asin Figure 1,

we get,

o=(Lt+1,t,0) , w=(Lt+1,10)

And for i=1,2,...,m, we have

0, =(,2,6t=1) , u=(1,2tt-1),

Then,

~2 -2
v =u =1+{t+1)7 +* =2 +t+1),

and for i=1,2,3,...,t

1

Hence,
L(G)=4t +16t+4.

—2
v, =u, =1+4+£+(t-1) =2(t"-t+3).

Similarly, to prove (if) we have, z;.;t=2(t2+t+1), and for any

i=1,2,3,..,t,
0.1, =2(F —t+3)

and in the same way,

V.Y, = ;tu—, =1t*+2t+3.
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Hence,

L,(G) =4t +4t* +14t+2.
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