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1. Introduction

The modal @ -valent sets denoted m @ sets for short are defined
by F.AYISSI ETEME in [1]. The subset of modal @ -valent invariants of
am@ setis a classical set. Thus a m@ set appears as an modal 6 -valent
chrysipian extension of a classical set, so an enrichment of the classical
set in the logic view. From finite m @ sets F.AYISSI ETEME and J.A.TSIMI
defined the notions of m@ codes, of m @ linear codes and of m@ cyclic
codes in [2, 3, 4].The chrysipian modal 6 -valent codes design is defined
in [5]. Thus, m @ sets can be realized as the objects of some category ENS
6 which will be a basic object of our study. In this paper we intend to
present explicitly the category of m @ sets and investigate if it is a topos. In
the section 2, the definition of a topos is given. The section 3 presents and
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defines the notion of m @ sets. In the section 4, we present the chrysipian

completion of a @ -valued Lukasiervicz algebra as an example of m § sets.

In the section 5, we define the category of m @ sets ENS@ and investigate

on how properties of toposes can be satisfied.

2. The definition of a topos

Definition 2.1 : A topos is a category denoted € that satisfies the five

following properties.

1.

There exists a final object in € i.e an object F such that for every
object A there exists one and only one morphism from A into F
(morphism denoted 1%).

In ¢, one can define the product of two objets A x B, with the usual
morphisms projections.

If f and g are two morphisms from an objet A into an object B, then
there there exists an equaliser i.e an objet C and a morphism u from
Cinto A such that fou=gou.

If a morphism u':C'—> A is such that fou'=gou’, then there
exists a unique morphism u':C' — C such that u' =uou'.

C—“>A:f>>B

o A

C/

¢ has exponential i.e: if A and B are two objects, there exists an
object denoted B* and a morphism

e: AxB* > B, called evaluation such that for every object X and
every morphism f:AxX — B, there exists a unique morphism

f:X — B" satisfying f=eo(1, x f).
A X BAC—>B

"%

Ax X
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5. € has a subobjects classifier i.e an object Q and a morphism

V:F—>Q such that for every monomorphism m:A"— A; there

exists a unique morphism @® :A—Q such that the following
diagram is a pullback i.e

(a) the following diagram is commutative

, 1
Al——>F

wl 1V

A—Q
(I)m
(b) For every object B and every morphism n:B— A such that the
following diagram is commutative, there exists a unique morphism
n:B—> A’ suchthat n=mon

1B
B——F

N

A 2F

L m \Y
A

~

e —
(pﬂ'l,

Proposition 2.1 : The category of classical sets denoted ENS is a topos. The
final object of ENS is every set of one element denoted F = {1}.

The subobjects classifieris Q=1{0,1} with V definesby V(1)=1. If m
is an injection from A’ into A, the classifier of m, ®  is the characteristic

function of m(A’) considered as a sub set of A.
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3. Them@ sets [1]

Definition 3.1 : A modal & -valent set is defined as a tuple (E,(F)),_ )

where E is a non empty set, I a closed chain with first element 0 and last
element1,and (F)),_ afamily of applications from E into E satisfying the

following pro-perties:

L Nea E,(B)=<; I, =1\{0}

2. azf=F, ¢Fﬂ.

3. Va,pel =I\{0}, F,oF =F,.

4. Vx,yeE, (F,(x)=F (y), Vael)=x=y.

Definition 3.2: Let (E,F ) beam@.
One calls the modal & -valent determination theorem in (E, F,) what
follows:

vx,y€E, x=y=Vael, ,F (x)=F (y)).

Proposition 3.1 : Let (E,F,) be a m@. The following properties are

equivalent.
(i) xen.FEE)
(2i)) Va el,, x=F (x).
(Bi) Va,p el Fa(x)zFﬂ(x).
(4i) uel,, x= Fﬂ(x).

Proof : [1] O

Notation 3.1 : For short, we will write F E for F (E); F x for F (x) and
C(E, E,)=N.E,(E).

Definition 3.3 : Let (E,F ) beam@ set.
One calls:
1. a-modality of (E,F)), themap F_;
2. Modality of (E,F,) every F ,Va €l;

3. a-modality of x €E, the element F x.
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4. The sub-set of modal @ -valent invariant elements of (E,F,), the set
C(E,E)).

Definition 3.4 : Let (E,F,) and (E',F]) be twom @ sets.
An application f:E — E' is called am @ morphism from (E, F,) into
(EE))if Vael,, Flof=foF,.

Remark 3.1: Let (E,F,) beam@ set.

Let (C(E,F, ))I* be the set of I, -families of elements of C(E,F).

Let (x,),, in (C(E,Fa))l*. Va eC(E,F,), one can identify a with a
I, -family of ele*ments of C(E,F)), (a,),, where VAiel, a,=a Vacel,
letdefine ' : (C(E,E,))" — (C(E,F,))"* suchthat E ((x,), , )=x, eC(E,E,).

Then ((C(E, ﬁa ))I* ,ﬁa) isamé setand x> (F x), is an injection from
E into (C(E,F,))".

We also have Va €1, l:"a o(x+(F x),)=(x(F x),)°F . Therefore
x> (F x), isanm @ injective morphism.

In what follows, we will denote the m @ set (C(E,F, )I* ,1:““) for short
by B’(E,F,); so, one can identify the m & set (E,F,) by its m@ injective
image by the application (x > (F x),); then one can consider the m @ set
(E,F,) asam@ sub-set of B’(E,F,).

Definition 3.5 : One calls m @ completion of the m @ set (E,F,) any mé
set (E',F]) inm@ isomorphism with B’(E,F,).

4. Chrysippian completion of a 6 -valued Lukasiewicz algebra [2]

Definition 4.1: Let I be a € -valued closed chain.
Let I, =1\{0}.

A @ -valued Lukasiewiez algebra is a structure (L, v, A,1,0,(®_)__, )

where:
(L, v, A,1,0) is a closed distributive latice.
Va el,, ®, is an endomorphism that conservs 0 and 1.
Va,Bel,, O, oCDﬂ :CDﬂ.
Va,pel,, (a Sp=>90, <O).
(Vael, @, (x)=d, (y)=x=y.

S N
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6. Va el ,®, isanchrysipianoperator (i.e Vx €L, ® (x) ischrysipian
ie W(CDa(x)) exists in L).

Proposition 4.1 : Let (L,v,A,1,0,(®,), _ be a #-valued Lukasiewicz
algebra.
(L,(®,),, ) isamé set.

Remark 4.1: Let (L,® ) be a 0 -valued Lukasiewicz algebra.

Let set B=C(L)={® (x); €I,,x €L} the boolean ring of chrysipian
elements of L.

For any x eL, let set x, =(®_(x)),_, the I -family of decreasing
elements of B defined by x. '

One can observ that x, e€B", and according to the modal @ -valent
determination theorem in (L,® ), the maps x> x, is an injection from
Linto B".

Definition 4.2 : x, is called the chrysipian expression of x.

Proposition 4.2: Let ¢ €I, and U =(U) eB".

ael*
Let define the map Q_ .B"* - B* by Q (U)=U,.
(BI* ,Q )isamé@ set.

Proof :
e Vael,VU=(U,))
e Q (U)=U, eB.
e C(B",Q)=B=@.
* Va,fel,axf=Q, #Q,.
¢ Q00 =0,
e (Vael (Q,(u)=Q,(v))=u=0). O

I
eB*,

acel
*

Remark 4.2 : According to the injection x > x, from L into B" , one can
identify (L,®_) toam@ sub-set of (BI* Q).

Definition 4.3 : (BI* ,Q ) will be defined as the m & completion of m & set
(L,®,). Therefore B(L, D )= (BI* ,Q).
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Example 4.1:
1. LetIbeamé closed chain 0, 1.
Let a €l, and F, :I — I definesby F (x)={1 ?f o=
* * 0 if not.
One observs that if < £ then F,<F. Therefore I, =(I,F)) is a

6 -valued Lukasiewicz algebra, soam € set

C(I,F,)=1{0,1}, B’(I,F,)=({0,1}* E,).

2. Let X be a non empty set.
LetIbeamé closed chaine 0, 1.

Let P(X x1,) be the set of sub-sets of the cartesian product X xI..

Let denote /\f c P(X x1,), defines by:

A e A iff A verifies:

If (x,a),(y, B) € A thennecessary x #y. Thus, if A e A] then we can
not find in A distincts elements like (x,a) and (x, 3).

If xeX and a €1, let denote the element (x, @) E/\;( by J?a.

When one writtes X, x will be called the support of X and « its
value.

X, canbe represented by 87 : X — I defines as follows.
a ifa=x

VaeX, 6(a)=
“ 0 if aeX\{x}.

By convention, one will identify % by x. Let A e’ and let set
Supp(A)={x X /%, €A}. Let h:A} —>I* the application defines as
follows:

a if aeSupp(A)and a, €A

h(A)(a) = {0 if a e X\ Supp(A).

Let ¢:I¥ - A themap definesby VA eI*,g(A)=1{a, / A(a)=a #0}.

Onehas goh = IdA,X and hog=1Id . Accordingly, it follows that g and
h are the reciprocal bijections.

As I canbe endowed with the structure of the 8 -valued Lukasiewicz
algebra I, =(I,F ) defines as precedently, one can conclud by the bijection

hthat AY isa 6 -valued Lukasiewicz algebrasoamé set.
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Let denote X, = (/\f,d)a) the m @ set defined as above.
By convention C(X,)=C(A],®,)="P(X) the set of sub-sets of X.
Therefore B’ (X 0)= ((P(X))I* ,Q ) is them & completion of X,.

Notation 4.1 : In what follows, we will denote the m @ completion B’(I 0)
by (27, @,).

Definition 4.4 : Let X’ be the set of sub-sets of X x2? defined as follows:
27 =27\ {0}.

If Ac Xx2’, then A eX’ iff A verifies: if (x,a) and (y, 1) are two
elements of A then x #y. We will denote again X =(x,7) e X x 2°. One
will call again x the support and 7 the value of the element X, .

If AeX’ and a €I, one defines the map Q_ : X’ — X’ by:

Q,(A)=lw,&)=%, . /o (r)=1andX cA).

By definition Q_(A) e P(X) the set of sub-sets of X. As I and A}
are in bijection according to the example that preceeds, X’ and (P(X )™
are also in bijection then Eza are m ¢ morphism imported from BH(XH)
on X’ by this bijection.

Remark4.3: B’(X,) isthem 6 completion whom elements are chrysippian
expression of elements of X’.

Proposition 4.3 : Let X be a non empty set.
Let x €X and x’ ={%_ /7 €2’} where 2°,@,)=B’(l,).
Let for a €I, F, :x” > x’ by Fa(fcr):fc%(r).
(x’,F)) isam@ setand C(x’,F,)= {5(1,920} ={x,%,}.

Proof : Let (29,0)(1) be the m @ completion of I, =(I,F,).
Let 7: 2° — «°
T o X
y isam@ bijection from (2°,®,) into (x°,F,). Indeed, V7 €2’, one

has F oy(r)=F (x)=%, (r)=ycw (7), Va el
Thus y transportson x’, the structure of m @ completion of (2%, ).

O
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Definition 4.5 : If X is a non empty set and x € X.
One will call the mé set (xg,Fa) an atom of @ -valent structure set
of X.

Definition 4.6 : Let (E,F,) beam@ set.
Let X c E such that X = &.
Let x €eE and (29,a)a) be the m & completion of I, =(I,F,).
1. One calls the m @ belonging of x to X, the element of 2° denoted
v%(x) and defined as follows:
1 if FxeF X#C(EF))
o, @0(x)=1 {Fax ¢F X #C(E,F,) or .
0 if not
F X=C(E,E))

2. One calls mé characteristic function of X the m & morphism from
(E,E,) to (2’,@,) denoted v}, and defines as follows.
(i) If Vael, F(X)=C(E,F,), then v} =y
function of X.

¢ the characteristic

(2i) Ifnot Juel, Fﬂ(X) #C(E,F)), then vf( is the application from
E into 2° such that the value in x, x €E is v} (x).

Definition 4.7 : Let be X a non empty set and (E,F,) am#é set.
X isam@ sub-setof (E,F)) if X E; (X,Fn‘ ) isamé set.

Theorem 4.1: Let consider (E,F,) and (E',F)) twom @ sets.
Let set
e (E,F)x(EE)=(ExE',F,xF!)
. F xF'=(F ,F'): ExE" —  ExE

(x,y) = (ExFy)
(ExXE',F,xF!) isam@ set.
Proof :
1*) C(ExE',F xF))={(x,y) eExE'/Va €l,, Fx=x, Fly=y}
={(x,y) eExE'/x eC(E,F,), y eC(E',F )} = C(E,F,) xC(E',F!) = @.
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2) a#p=(F,#F, and F/ #F))=F, xF #F xF,.
3%) F,xF,oF xF =(F,F)e(F, F)=(F,cF, FoF)=(F, F)=F, xF,.
4%) Va el,, F, xF/(x,y)=F, xF/(a,b)= (F,x,Fy)=(F,a,Fb)= F x

=Faand Fly=F b= (x=a and y=b)= (x,y) =(a,b).

5. The category of m & sets ENS &
5.1 Definition of ENS 0

Let denoted by ENS & the category of m 6 sets.

* The objects are m @ sets (E,F).

e A morphism from (E,F,) to (F,F)) is a m6# morphism ie an
application f:E—F suchthat Va €I, F.of=foF,.

* The composition of morphisms is defined as follows.
If f:(E,F)—>(FF) and g:(F,E))—(G,F") are two morphisms,
then gof:(E,F,)—(G,F/) is defined by: gof:E—G such that
Vael, Ele(gof)=(g°f)F,

e The identity morphism i:(E,F,)—(E,F) is the identity map:
ld,:E—E. Indeed, Va €1, Id.oF =F old,.

Indeed, if f:(E,F,)—>(F,F) and g:(F,F))—(G,F') are two
morphisms of ENS6, we have Va €l,, F,of=foF and F'og=goF .

Let o €1,
Fozlo(gof)z(F:og)of
=(goF!)o f because F, og=goF!
:gO(Faycf)
=go(foF)) because F/of = foF,
=(gof)oF,.

“"_r

The composition “o” of morphisms is associative and we also have
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ld,of=f=fold,.

Definition 5.1: Let (X,F ) and (Y, Fa') be twom @ sets.

1.

One says that f eEnd, . ((X,F,))=Hom,, (X,F, ) (X,F)) is an

mé endomorphism.

Let f:(X,F,)— (Y,F) beam® morphism.

A m@ retraction or a left m@ inverse of f is a mé# morphism
g:(Y,F))—> (X,F,) such that go f =1d,.

Am@ sectionorarightm@ inverseoffisamé g:(Y,F')—>(X,F,)
such that fog=1d,.

If f:(X,F,)>(Y,F)) has at once a m@ retraction § and a m&
section i, then these are unique and /= g. One then says that fis a
m @ isomorphism and we writte f:(X,F, )—2(Y, (F)))

Letset f' =g, itisthem@ inverse of f.

f:(X,E)— (Y,Fa,) is a mé@ monomorphism if for every
g h:(Z,F')—>(X,F,) such that fog=foh, then g="h.
f:(X,E)— (Y,Fa’) is an mé@ epimorphism if for every
g h:(Y,F))>(Z,F) such that go f =ho f, then g=h.

Proposition 5.1 :

1.
2.

m @ isomorpismsare m § monomorphismsandm @ epimorphisms.

The composition of m & monomorphisms( resp. m@ epimorphism)

isamé monomorphism (resp. an m & epimorphism.)

If go f isam @ monomorphism(resp. go f isanm @ epimorphism),
then fis a m @ monomorphism(resp. g isan m@ epimorphism.)
A mé section is amé monomorphism.

A mé retractionisan m@ epimorphism.

Proof : As in the category ENS6 a m € morphism is first an arrow of the

category of classical sets ENS, the proof is done as in ENS. O
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Proposition 5.2 : The following properties are equivalent:
1. fisanm@é isomorphism.

2. fisam@ retraction and a m § monomorphism.
Proof : It is done as in ENS O

Observation 5.1 :

1. If 8=2, then ENSO =ENS the category of classical sets.

2. If 6>2, then for every (A,F,) object of ENSO, |A|>2.
Indeed,
if 8=2, then I=1{0,1}, and I, ={1}, so for every
(A,F)e|ENSO|, F =F =1d,, therefore C(A,F)=A €|ENS|
If 0>2, then |I, |>2.
Let , B €1, such that a # 8, we have, F  # Fﬂ = dx € A such that
F, (x);tF/j(x); as F (x) and Fﬂ(x) arein C(A,F))G A then [A[>2.
Thus, there not exist terminal or initial objects as defined in the

category of classical sets ENS.

5.2 The m @ topos ENS 6

Let suppose that 8 > 2 in what follows.
Let recall that if (A,F ) is an object of ENS@, then A is an object of
ENS the category of classical sets.

Definition 5.2 : Let ((Xl,,(F:) )uar )., be afamily objects of ENS 6.

A mé@ product of ((X[.:(F:))ad )., is an object (X,(F), )
with mé@ projections P :(X,(F)) ;—>(Xl.,(P:)) such that fz)r
each f, :(Y,(F)),. )—)(Xi,F;“), there exists a unique mé@ morphism
f:(Y,E))> (X,Fa)* fulfulling Viena, Pof=f. The dual concept is the

mé sum.

a el* acel, )

Definition 5.3 : Let (A,F,) and (B,F)) be two objects of ENS 6.

Let fand g be two m & morphisms from (A, F,) into (B, F)).

The equaliser of f and g is the tuple ((K,F))k) such that
K={aeA/ f(a)=g(a)} and k:K — A is the natural inclusion.
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Proposition 5.3 :
1. Kisam@ sub-setof (A,F)).
2. kismé morphism from (K, Fa‘ ) into (A,F)).

Proof :
1. K c A by definition.

Let (a,a) eKxI, and let show that F (a) eK. As fand g are m&

morphisms from (A, F,) into (B,F/), then

Vael, Flof=foF and F/og=goF .

a €K = f(a)=g(a) (accordind the definition of K)

= F/(f(@)=F/(3(a)), Ve .
= (feF)a)=(g°F,)a,), Va €l,

= f(F, (@) =g(F,(a)), Va €1,
=F (a)eK, Va €l,.

Thus (K,Fa‘ ) isamé set.

2. Vael,F, ok=koFa| , 80 k is m@ morphism from (K,Fa‘ ) into
(AF).
O

(AE,

Proposition 5.4 : Let (A,F,), (B,F/) e|ENSO|. Let (B,F/)™"«' ={f: A
B/Va el F!(f)= f(E,)}.
Let F" :(B,F/)*") — (B,F/)"" definedby: Va €I, Vf e(B,F/)*"

E'(f)=F!(f)= f(E,). (B,E)"",E) isam8 set.

Proof:Let a €I, E'(f)=F!/(f):A——>B—“>B

EF!(f) eB* and F!(F/(f))=E(f)(FE,). Therefore, Va €l ,Vf (B,
F)*') One has F(f) e(B,F/)"'). As (A,F,) and (B,F]) arem6 set,
then C(A,F))# @ and C(B,F)) = J.

Let f € B" suchthat Im(f) eC(B,F)), fIC(A . eC((B,Fa’)(A’F”),Fa" ), thus

Ta

C(B,EN",F') % @; Va,Bel, F'oF'=F and a#f=F"=+F,. -
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Notation 5.1: If (A,F)) and (B,F/) are m& set then in what follows, we
will denoted (B,E/)*" =B*" and (B ,E")=((B,E/)**,E").

Proposition 5.5: Let (A,F)) and (B,F/) betwom& sets.

. A?
Let ¢: AxB - B be the classical evaluation .

@f) = f@

eisamé morphism.

Proof : Letrecall that if (A,F,) and (B,F,) arem @ sets then (B ,F") and
(AxB" ,E,xF) arem® sets.Letshow that Va el,, F/oe=eo(F, xE").
Let a €I, and (a, f) e AxB".

Floe(a, f) = F(f(a)
= f(F, (a)) because Vo €1, F/of = foF
= f(F,(F (a))) because F oF =F,
= o(F,(a), f(F,) = e(F, (@), F/(f)) = e(F, (@), F ()
= eo(F, xF)(a, f).

O

Definition 5.4 : The application e defined as above will be called the m &

evaluation.

Proposition 5.6 : Let (A,F,),(B,F]) and (X,F) be three m @ sets.
Let (AxX,F, x FX) be the product m @ setof (A,F,) and (X,E).
Let fbe am @ morphism from (AxX,F, x FX) into (B,F)).
There exists a single m@ morphism f from (X,FX) into (B ,F")
such that f =eo(1, x .

Proof : f is a m6@ morphism from (AxX,F, xFX) into (B,F!), so
Va el ,Flof=fo(F,xFS). As the category ENS is a topos, then there
exists a single morphism f:X — B’ such that f=eo(l, x f). Let show
that f isam@ morphismie Va €I, F'of=foF*. Let @ el,, x eX

and a € A.
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(F o fO))E, (@)

e(F, (a), E" (f(x))
= eo(F, xF")(a, f(x))
= F! oe(a,?(x)) because eo(F xF")=F e

according to the above proposition
= F!of(a,x) because f=eo(1, x?)
= fo(F,,FX)(a,x) because F'of = fo(F, xFX)

= f(Fa(a),ff(x)) B
= eo(l, x f)(E, (a), E) (x)) =eo(F, (a), f(E;(x)))
= f(E (x))(E, (a).
Thus F o f = foFX. Therefore f isam @ morphism. O

Observation 5.2 : Let (x°,F,) be an atom of {x}.
Let (2°,®,) be the m@ completion of I, =(I,F,).

A
Let recall that ” . isam@ bijection.
T P X

Thus, y ' :x* > 2% isalsoam@ bijection.
According to the m @ chrysippian logic, (2°,,) is considered as the
m@ setof m@ truth values. So, if *_ ex’, then y (X )=r is considered

as them@ truth value of X .

Proposition 5.7 : Let (A,Q_) beam@ setand (x’,F,) defined as above.
Let f, be the map defined from A into x’ such that for every a € A

f,(@)=x_suchthat Vg el,, Qﬂ(a)=x f, isam@ morphism.

wy(7)"

Proof:Let acA and A1 €l,.
F (f,(@)=F,(x,)= X, o) = f,(Q,(a)). Therefore VAiel, F of, =
fAOQ},' D

Corollary 5.1: Let Im(f,)= f,(A) the image of the map f, .

(Im(f,),E, . )) isamé sub-setof (x’,F,).
Im(f,
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Definition 5.5 : Let denote 1% = (Im(f,), F, g ))- One will call 1V
Im(f,
the A-m# terminal object.

Proposition 5.8 : Let (B,F’) be a the m @ sub-set of the m & set (A,FaA ).
The following diagram is a pullback diagram.

(B FD.)L,EB.FE)

A1
/‘Im(fB)

(‘43 E;4J—629 ‘Uu)
0

XB

where ;(g is ch @ -characteristic function of B.

Proof : Let y €B,
Let recall that f,(y)=x_ suchthat VA el F/(y)= X, o

v )=y (x)=7=x2,()= x5 °i(y).
Im(fz) Im(fg)
Thus 7'1::(f) of,=xsoi, and we have the commutativity of the
diagram. ’

Let set g=y"1 . As g is injective, then there exists an mé
Im(fy)

isomorphism between 1% ) and (Im(g),a)a” ( ))~ As (x5)"(Im(g))=B,
m g

then accor-dingly the commuting diagram above is a pullback. O

Remark 5.1: f, is a unique m @ morphism such that the above diagram
is pullback diagram.

Indeed,let h, be am & morphism such that the following diagram is
a pullback.

hs  (pps
o >
(B. FA——
1
/\Ime)

(A, F&%—H(Q(’,wa)

XB

Where 1) = (Im(h,),F;, ).



CATEGORY OF M6 SETS 27

We have goh, =yl oi=gof, = goh, =gof, = h, = f, because g =
:7'_1(1 ) is injective.
Im(fy
Definition 5.6 : Let (A,F.') be an object of ENS 6.
Let X ={x} annon empty set of one element. Let (x’,F,) be an atom
of X ={x}. Them@& set (x’,F,) will be called the m#@ extension of A-m

0 terminal objects.

Definition 5.7 : Every m @ set that is m@ isomorphic to (2°,w,) will be
called the m @ subobjects classifier in ENS 6.

Definition 5.8 : We call the category ENS6 amé topos.

6. Conclusion

In this paper we have presented the notion of mé set as defined
in [1] by F.AYISSI ETEME. It appears that the m@ sets are objects of a
category denoted ENS 8. We have investigated if properties of toposes are
verified in the category ENS 6 . It appears that the category ENS & isnota
topos as in the classical view, but it looks like a topos in the m & approach.
Thus, we have defined notions of m @ terminal object, of m # subobjects
classifier and of m @ extension of A-m @ terminal objects. So the category
ENS@ isam@ topos.
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