Journal of Discrete Mathematical Sciences & Cryptography
ISSN 0972-0529 (Print), ISSN 2169-0065 (Online)

Vol. 26 (2023), No. 1, pp. 29-46

DOI : 10.1080/09720529.2021.1876293

Implicative equality algebras and annihilators in equality algebras

M. Aaly Kologani®

Hatef Higher Education Institute
Zahedan

Iran

M. Mohseni Takallo"

R. A. Borzooei*

Department of Mathematics
Faculty of Mathematical Sciences
Shahid Beheshti University
Tehran

Iran

Y.B.Jun*

Department of Mathematics
Faculty of Mathematical Sciences
Shahid Beheshti University
Tehran

Iran

and

Department of Mathematics Education
Gyeongsang National University
Jinju 52828

Koren

Abstract

In this paper, the concept of an implicative equality algebra is defined and related
properties are investigated. Characterizations of an implicative equality algebra and the

SE-mail: mona4011@gmail.com

'E-mail: mohammad.mohsenill22@gmail.com

*E-mail: borzooei@sbu.ac.ir (Corresponding Author)
'E-mail: skywine@gmail.com

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
dx.doi.org/10.1080/09720529.2021.1876293

30 M. A. KOLOGANI, M. M. TAKALLO, R. A. BORZOOEI AND Y. B. JUN

relation among implicative and positive implicative equality algebras are discussed. Also, we
define the notion of annihilator of equality algebras and investigate some traits of it and prove
that annihilator of any nonempty set of equality algebras is a deductive system. Moreover, by
using this notion, we define the operation % and prove that for any commutative equality
algebra £, (DS'(€), *, {1}) is abounded implicative BCK-algebra.
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1. Introduction

An equality algebra is defined by Jenei in [7] and studied by other
researchers in [1, 2, 3, 4, 5, 8, 13]. The basic idea for examining equations
of equality is taken from EQ-algebras of Novak et al. [11]. The equality
algebra has two main operations which are called meet and equivalence,
and one integral element. Novdak et al. [11] discussed relations among
equality algebras and BCK-algebras by introducing a closure operator
in the class of equality algebras. The relation between equality algebra
with other algebraic structures are obtained in [12, 13] such as residuated
lattice, MTL-algebra, BL-algebra and etc. They showed that under special
conditions, they are equivalent. Moreover, commutative equality algebras
and characterizations of them are discussed by Zebardast et al. in [13]. In
[1], Aaly Kologani et al. introduced the concept of &-equality algebras,
and investigated related traits. Using &-equality algebras, they induced
(commutative ordered) semigroups. They provided conditions for an
equality algebra to be an &-equality algebra, and also fined conditions
for an equality algebra to be a commutative ones. They introduced the
notion of terminal section of an element and investigated several traits of
it. Using the notion of terminal section, they considered conditions for
an equality algebra to be a commutative equality algebra. Given a subset
of an equality algebra, they defined an o-set and #*-set, and then they
investigated several related properties. They considered conditions for the
o-set (resp., *-set) to be deductive systems.

In this paper, the concept of an implicative equality algebra is
defined, and related properties are investigated. Characterizations of an
implicative equality algebra and the relation between implicative and
positive implicative equality algebras are discussed. Also, we define the
notion of annihilator of equality algebras and investigate some traits of it
and prove that annihilator of any nonempty set of equality algebras is a
deductive system. Moreover, by using this notion, we define the operation
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% and prove that for each commutative equality algebra &, (DS *(QE), x,
{1}) is a bounded implicative BCK-algebra.

2. Preliminaries

In this section, we refer to the basic concepts and features required in
the field of hoop and fuzzy sets that we will use in the following sections.

Definition 2.1 : (7). An equality algebra is an algebra structure
¢ =(&,A,~,1) such that

(E1) (&,A,1) is a commutative idempotent integral monoid (i.e., meet
semilattice with the top element 1),

(E2) The operation “~ " is commutative,

(E3) (Vie®)(i~1=1),

(E4) (Vie®)(i~1=0),

(E5) (Vi, ,e @)= e i1~ex{~eg i~vexR1~G),
(E6) (Vi,¢,6 €)i~g 2 (1ne)~ (S nE)),

E7) (Vi,¢, e €€)i~ g 2 (1~ e)~ (S~ &),

where 1 <X¢ iff ind =1

Note : From now on the symbol & means an equality algebra such as
(€, A,~,1).
In &, we define two operations “—” and “< ” on € as follows:
1> =1~01nQG), (2.1)
1SE=1->0)nE —>0). (2.2)

Proposition 2.2 : [(7)]. For any 1,4, ¢ €€, the next assertions are valid:

1>¢=1=1=<¢g, (2.3)
1> —>e)=C>0—>¢), (2.4)
l1->i=1,1>1=1,1—>:1=1, (2.5)

IRl Ri1—>e, (2.6)
120>, (2.7)

1=2(1—>¢)>¢, (2.8)

1> —>e)>—>e), (2.9)
(=15 =1>0=1~(, (2.10)

i~ 214, (2.11)
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{oeli1—>e,

(2.12)
E>13e>C

12{=> {
The structure € is said to be bounded if it has the least element 0 €&
such that 0 < for every 1 €€&. If &€ is bounded, then the operation “ ="
on & can be defined as —1=1—>0=1:~0, forevery  e€.
A @ #H c € issaid to be a deductive system of € (see [8]) if:

leH, (2.13)
Vi, €e®)ieH,1=x¢{=>¢ €H), (2.14)
Vi, €®)eeH, i~ eH=>E eH). (2.15)

All deductive systems of € is shown by DS(€).
Lemma 2.3 : ([6]). An H < & is a deductive system of & iff it satisfies (2.13)

and

Vi, €e®)ieH, 1> eH=>( eH). (2.16)

Definition 2.4 : ([13]). A structure ¢ is said to be commutative if it satisfies:

Vo, @ €€)((0 > @) > @ =( > 0)—>0). (2.17)

Definition 2.5 : ([2]). A structure € is said to be positive implicative if:

Vo, @,0 €&)(o—> (@ —>0)=(0—> w@)—>(0—09)). (2.18)

3. Implicative equality algebras

Here, we study the concept of an implicative equality algebra and
survey some properties of it and the relation among implicative and
positive implicative equality algebras. Also, we study that under which

condition, an equality algebra can be an implicative equality algebra.

Definition 3.1 : A structure € is implicative if it satisfies:

(Vo,@ €€)(0 > @) —>0=0). (3.1
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Table 1
Cayley table for the implication “ ~ ”

o~ |N|~|o
=Y~ o

l
¢
1
0
l

=y~ O
N = || ~ |

Example 3.2 : Consider € =1{0,,4,1} has the next Hasse diagram.

1

0

Then define an operation ~ on €& by Table 1.
Thus € is an implicative equality algebra, and the implication (—)
is given by Table 2.

Lemma 3.3 : ([2]). An equality algebra £ is positive implicative iff
Vo,@m €€)o> (0> @)=0—> @). (3.2)

Lemma 3.4 : ([13]). For any equality algebra &, the following are equivalent.
(1) € is commutative,

2) (Vo,me®)((0o—>@)> o =(@—>0)—>0)

Theorem 3.5 : The structure & is implicative iff it is positive implicative and
commutative.

Table 2
Cayley table for the implication “—”

~ | ==~

»—\\I\NOJ/
o~ [N~ |o
N[ = [N = (Y
== ===
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Proof : (=) For each g, €&, we have
0> @@-oa)=(e>o)>0)>@@>o)=0->a,

forall o, @ €. Hence €& ispositive implicativeby Lemma 3.3. Let p, @ €.
Using (2.9) and (3.1), we have

(7 —>0)>o=(@—>0)—>(c>a)>0)2(0>o)> T,

and so € is commutative by Lemma 3.4.
(<) Suppose g, @ €€&. Then by using (2.5), (2.17) and (3.2), we get

((e—>@)—>0)—>0
=(e>@>a)>@>a)=@>@>a)>@>@>o)=1,

and so (0 & @) = ¢ = . Hence € is an implicative equality algebra. [

Proposition 3.6 : If € is implicative, then the following assertions hold:

(Vo,@ €€)((@ — 0) > (@ —>0) > 0)=(0 > @) > o). (3.3)
(Vo,@ €€)(0> a)—> (@ —>0)—>0)=(0—> @) o). (34)
(Vo,@ €€)(o>m)> (0> w)>o)=(F>0)—>((@—>0)—>0) (35

Proof : Assume € is implicative. Then € is positive implicative and
commutative by Theorem 3.5. Hence

(0»@)>w=(@—>0—>0=(@—>0)—>(@—>0—0),
- w)oa=(->a)>(c»>a)>a)=(c>a)>(@—>0)—>0),
and
(- @) (e @)>o)=(c>o)>a=(@->0)>0=(@>0->(@—>0-0),
for each o, @ e€. O

Lemma 3.7 : If an equality algebra & satisfies the condition (3.3), then it satisfies
the condition (3.4).

Proof : Assume € satisfies the condition (3.3). Then,

(0= @)>o=(@—>0)—>(@F—>0—>0)2(@—>0 0

and so (9 > @) > @ =(@ —> ) > ¢ forall g,w €€&. Thus



IMPLICATIVE EQUALITY ALGEBRAS AND ANNIHILATORS 35

(e—>o)»o=@>ad)>(c>a)>a)=(0—>o)> (>0 —>0),
forall p,@ €€. O

Lemma 3.8 : Consider & satisfies in the condition (3.4). Then it satisfies the
condition (3.5).

Proof : Suppose € satisfies in the condition (3.4). Then, forevery p, @ €€,
by (2.7), we have,

(0e—@)»o=@>a)>(7>0—>0)2(@>0) >0

and so (9 > @) > @ =(@ — 0) > o forall g,w €¢. Thus,
(0> @)>((e»a)>@)= (0> a)>(@—>0)—>0)
=(p>o)>o
=(@—>0)—>0
= (@ >0)—>(@—>0)—>0)
= (@ >0~ (0> a)> o)
= (@ —>0)—>(@—>0)—>0)

Hence, the condition (3.5) holds. O

We provide a condition for an equality algebra to be implicative.
Theorem 3.9 : If & satisfies in the condition (3.5), then & is implicative.

Proof : Assume € is satisfing (3.5) and ¢, @ €€&. Then
go0=1->0->(z—>0)
== (@—>0)>(e—>(@—>0)—>(@—0)
=(@—>0)—>0)=>{(@—>0—0)—0)
=(@—>0)—->0)—>(@—>0)

@ — (@ —>0)—>0)—0)

@ — (@ > 0),

which implies that

(o> o)>o=0>o)> (0> w)> o)
=(@ > 0)> (@ > 0)>0)=(@>0)>o0.

This showes that € is positive implicative and commutative, and so
¢ is implicative by Theorem 3.5. O
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Corollary 3.10 : If & satisfies in the condition (3.3) or (3.4), then € is
implicative.

Proof : By Lemmas 3.7, 3.8 and Theorem 3.9, the proof is clear. O

4. Annihilators

Here, we define the concept of annihilator of equality algebras and
peruse properties of it and prove that annihilator of any non-empty set of
equality algebras is a deductive system. Moreover, by using this notion,
we define the operation % and prove that for any commutative equality
algebra €, (DS'(€), %, {1}) is a bounded implicative BCK-algebra.

Given a subset ‘H of &, consider the sets

(Hy={pe€li, > (> (1, > (y, > 0))=1for some 1,1,,---,1, €H}. (4.1)
Ann(H):={o €€ |(o > 1)—> 1=1for all 1 e H}. (4.2)

If H={d, then Ann({z}) is simply denoted by Ann(z), that is,
Ann(t)={o eC|(o>1)>1=1}, (4.3)
respectively. Thus Ann(H)= () Ann(z). Since 1 <p — 1 for all 7,0 €€, the

1eH
sets (4.2) and (4.3) are equivalent to the following sets.

Ann(H):={o €€| o — t=1for all 1 eH}. (4.4)
and
Ann(1)=fo €€lo—>1=4, (4.5)
respectively.

Example 4.1: Let € ={0,1,¢, ¢,1} has the next Hasse diagram.
1

g

0
Then define a binary operation ~ on & by Table 3.
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Table 3
Cayley table for the implication “ ~”

N ~|—|on oy

M=~ ||| ™

o [Ny~ |0

oclo|lo|lo|r|O
~ N[ &= ||~
= |, (YN~ ||

Thus, £:= (&, A, ~, 1) is an equality algebra, and the implication

“ ”

—" is given by Table 4.

Table 4
Cayley table for the implication “—”

ol|lo|lo|lo|~|o
S = N = =~
W= | = [ = [y
M|~ U= | ™
e e e N e = ==

%
0
l
¢
&
1

If X={0,i}, then Ann(X)={¢,1}. If X={,{} and Y ={g}, then
<X>={lr§rl} and <Y>={l/§/811}-

Theorem 4.2 : Given a subset 'H of &, the set (H) is the smallest deductive
system of € which contains H.
We call (H) € DS(€) which is generated by H.

Proof : Clearly 1e(H). Assume p,@ €& such that ¢ > @ €(H) and
0 €(H). Then there exist ¢,1,,-++,¢,,¢,,&,,---,¢, €H such that

t, > (>, > —>0))=1
and { —> (> (¢, >, > (@e—> @))--)=1. Using (2.8) and (2.12), we
have

=1 5>, =@ —>0) )2, =>(—>@ > > (0> a)>@)))

andso ¢ = (- = (1, > (1, > ((¢ » @) = @)))---) = 1. From (2.4), we obtain

(6= a)>@ (>G> >a))=1,
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thatis, o > @ <1, = (- —> (1, > (y, > @))---). Hence

1=¢, > (=& > € > > @)
<G, (GG (4, (o (> > @),

and so
£y (G (G > (> (o (> (> @) ) =1,

which shows that @ €(H). Therefore, (H) e DS(€). Clearly, H < (H).
Consider Q € DS(€) such that H < Q. Suppose p €(H). Then there exist
4,4, ,1 €H such that 1 = (= (3, >(y > 0))--)=1. Thus, 0€Q
since Q@ e DS(€) and H < Q. Therefore, (H) is the smallest deductive
system of & which contains F. O

Proposition 4.3 : Given subsets ‘H and Q of &, we have
1) HceQ = Ann(Q)c Ann(H) and Ann(Ann(H)) < Ann(Ann(Q)).
(2) If ¢ is commutative, then H < Ann(Ann(H)).
(3) If & is commutative, then Ann(Ann(Ann(H)))= Ann(H).
(4) If ¢ is commutative, then

Voe®)VieH) o eAnm(H) S o> 1=1,1—> 0 =0). (4.6)

Proof :

(1) Straightforward.

(2) Let teH. Then (1> 9)—>o=(0—>1)—> =1 for all p € Ann(H).
Hence 1 € Ann(Ann(H)), and so ‘H < Ann(Ann(H)).

(3) If we replace H by Ann(H) in (2), then Ann(H)c< Ann(Ann
(Ann(H))). Combining (1) and (2) induces Ann(Ann(Ann(H)))
c Ann(H). Thus Ann(Ann(Ann(H))) = Ann(H).

(4) Assume that € is commutative. If oeAnn(H), then
(t>0)>o=(@—>1)—>1=1 for all 1eH. By (27), we get
i1Rp—>1=1 and 1—>p=p. Hence p—>1=1 and 1—>p=9p. The
converse is obvious. O

Lemma4.4:If Hc €, then Ann(H) € DS(€).
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Proof : Obviosly, 1 € Ann(H). Suppose p € Ann(H) and p - @ € Ann(H).
Then p—>i1=1 and (¢ > @) —> 1= for all 1 e’H. By (2.4), (2.7) and (2.9)
we consequence

IRoo>izoa)>Eeon=(@-ood)>1=1

Hence @ —» 1=1, and so @ € Ann(H). Therefore, Ann(H) € DS(€).
O

Theorem 4.5 : If H e DS(€), then Ann(H) is the greatest deductive system of
€ such that Hn Ann(H) = {1}.

Proof : Let H eDS(€). Then Ann(H)eDS(€) by Lemma 4.4, and
obviously {1} ¢ H " Ann(H). Let @ e Hn Ann(H). Then @ — 1=1 for all
1 €'H. Since @ € H, we obtain @ =@ — @ =1. Hence Hn Ann(H)={1}.
Suppose Q €DS(€) such that HNOQ={1}. Let 0€Q. If p=1, then
0 € Ann(H). Assume that p#1. Then p ¢H since HNnQ={1}. From
0=(e—>1)>1 and 1=(0—>1)—>1 for all 1eH, H,QeDS(E), thus
(0>1)>1eHNQ={1}. Hence, poeAnn(H), and so Qc Ann(H).
Therefore, Ann(H) is the greatest deductive system of €. O

Lemma 4.6 : If € is commutative and & # H < €, then Ann(H)= Ann((H)).

Proof : Since H c (H), we have Ann((H)) < Ann(H) by Proposition 4.3(1).
Let p e Ann(H). Then p - 1=1 and 1 — p=p forall : e H by Proposition
4.3(4). Suppose @ €(H). Then there exist ¢ ,---,1,,2, € H such that

L, >(—> > —>a))=1
Hence
=1, 5 (>0 >0 2>a) )2, >(-=>(@ > > (>0 —0) ),

by (2.8) and (2.12). By (2.4) and (2.17) we consequence
I =, 5(¢ >0 ->(@—>0-0)))
=1, > (> > (@ >0 >4 —0)))
=1, > (2 (4, > (@ > 0) > 0)+)

=(w—>0)>o=(0>v)>o.

Thus p € Ann({H)), and therefore Ann(H)= Ann((H)). O
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Table 5
Cayley table for the implication “ ~ ”

~ 0 t g 1
0 1 0 0 0
! 0 1 l 7
4 0 ! 1 4
1 0 [ ¢ 1
Table 6
Cayley table for the implication “—”
- 0 l g 1
0 1 1 1 1
l 0 1 1 1
¢ 0 ! 1 1
1 0 [ 4 1

The following example shows that Lemma 4.6 is false when the
commutativity of & is missed.

Example 4.7 : Consider € ={0,¢,£,1} is a toset where 0 <:=<¢ < 1. Define
“~”and “—” on & by Tables 5 and 6, respectively.

Routine calculationshows that € := (&, A, ~, 1) isanequality algebra
where p A@ =min{p,w} forall p,@ €€. Since 1> 0)>0=0—> 1) >y
it is not commutative. If H ={i}, then Ann(H)=1{{,1} # {1} = Ann((H)).

Theorem 4.8: If & :=(&, A, ~, 1) is commutative, then

Ann(H) = {p e€[{p)n(H)={1}}
for any subset H of €.

Proof : If p¢Ann(H), then (9 —>1)—>i1#1 for some :e€H. Since
1=(0>1)—>1and p=(0—>1)—> 1, weobtain 1# (0> 1) >1e{o)n{H),
and so

{o e€[{o)n(H) = {1}} ¢ Ann(H).

Let o e Ann(H). Then (p)c Ann(H). If @ € Ann(H)n(H), then
there exist ¢,1,,---,1 € H such that

1>, > > @))=1 (4.7)
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and
MieH) (> o)>o=(@d—>1)>i1=1). (4.8)

The condition (4.8) implies that 1 > @ =@ for all : e’ H. From (4.7),
we get @ =1. Therefore

(@) (H) < Ann(H)N(H) ={1}.
This completes the proof. O

Proposition 4.9 : If H and Q are two subsets of &, then
Ann(H v Q)) = Ann(H) N Ann(Q). (4.9)

Proof : Since H,QcHwuQ, by Proposition 4.3(1), we have
Ann(Hu Q) c Ann(H) N Ann(Q). Now, suppose p € Ann(H)N Ann(Q).
Then for any e and { €Q, we have p—>i1=1 and p—>{=¢. Let
a e HUQ. Then o €e’H or @ €Q. Thus o > a = «. Hence p € Ann(Hu Q).
Therefore, Ann(H w Q)= Ann(H) N Ann(Q). O

Proposition4.10:If € iscommutativeand H,Q € DS(€), then HNQ = {1}
iff H < Ann(Q).

Proof : If ' Hc Ann(Q), then HNQ c QN Ann(Q)={1} by Theorem 4.5.
Conversely, if HNQ ={1}, then H < Ann(Q). |

For any 1,0 €€ and any natural number 7, we denote
[L,o]"=1>(->>(—>0)) (4.10)

where 1 occurs n times. Using (2.7), we know that

0=[1,0] =10 =< =<[r,0]" <.

Definition 4.11 : An equality algebra € is said to satisfy Decending Chain
Condition (DCC) if there is n €N such that [z,0]""" =[1,0]".

Example 4.12 : Every positive implicative equality algebra satisfies the
DCC since

[Lol'=t>@—>0)=1t>0=[10]

for all 7,0 €€ by Lemma 3.3. Therefore any implicative equality algebra
satisfies the DCC.
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Theorem 4.13 : Suppose € is commutative such that it is satisfying the
DCC. If H e DS(€), then H = Ann(Ann(H)).

Proof : Suppose H €DS(€). Then H < Ann(Ann(H)) by Proposition
4.3(2). Let p¢gH. Then t—>p¢gH for all 1eH, and so [1,0]" ¢’ H for
neN. Since ¢ satisfies DCC, there is k €N such that [z, 0] =[z, 0] .
From Proposition 4.3(4) that [z,0]" € Ann(H) . Hence [z, 0] & Ann(Ann(H))
since Ann(H)N Ann(Ann(H)) = {1}. Since 1 e H < Ann(Ann(H)), we have
[1,0]" & Ann(Ann(H)). Continuing this process, we get o ¢ Ann(Ann(H)),
and so Ann(Ann(H)) < ‘H. Therefore, H = Ann(Ann(H)). O

Corollary 4.14 : Consider & is implicative such that it is satisfying the DCC.
Then H = Ann(Ann(H)) for any ‘H € DS(€).

Proposition 4.15 : If ¢ is commutative such that
(VH e DS(€))(H = Ann(Ann(H))), (4.11)

then Ann(Ann(Q))=(Q) for all subset Q of €.

Proof : Let Q be a subset of €. Since Q c (Q), we have
Ann(Ann(Q)) < Ann(Ann({Q))) =<Q).

by Proposition (4.3)(1) and (4.11). Using Proposition 4.3(2),
we get Qc Ann(Ann(Q)), and so (Q)c Ann(Ann(Q)) since
Ann(Ann(Q)) € DS(€). This completes the proof.

Proposition 4.16 : Assume & is commutative which satisfies the condition
(4.11), then Ann(HNQ)=(Ann(H)w Ann(Q)) for all H,Q € DS(€).

Proof : Since HNQc™H,Q, by Proposition (4.3)(1) that
Ann(H) c Ann(HnN Q) and Ann(Q) < Ann(HN Q). Hence
Ann(H)w Ann(Q) ¢ Ann(H N Q), and so

(Ann(H)uw Ann(Q)) < Ann(H N Q).
Since Ann(H) < Ann(H)w Ann(Q) < (Ann(H)w Ann(Q)) and
Ann(Q) < Ann(H)u Ann(Q) < (Ann(H)u Ann(Q)), We have
Ann({Ann(H)w Ann(Q))) ¢ Ann(Ann(H))="H
and
Ann({Ann(H) v Ann(Q))) < Ann(Ann(Q)) =Q

Hence
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Ann({Ann(H)u Ann(Q))) c HNQ

which implies from Proposition (4.3)(1) and (4.11) that
Ann(H N Q) c Ann(Ann({Ann(H)w Ann(Q)))) = (Ann(H)u Ann(Q))

This completes the proof. O

Proposition 4.17 : Consider ¢ is commutative. If H,Q € DS(€), then
HnAnn(H N Q) < Ann(Q).
Proof : It H,Q € DS(€), then

{1} =(HNQ)NAnn(HN Q) =(HN Ann(HNQ))NQ,

which implies from Proposition 4.10 that H " Ann(HNQ) < Ann(Q). O

Assume ¢ commutative and
DS’ (€):= {H e DS(¢) | Ann(Ann(H)) = H).
Clearly {1},€¢ € DS’ (¢). Define a binary operation “x ” and an order
“<”on DS (&) by
(VH,Q e DS (&))(H % Q = Hn Ann(Q)) (4.12)

and
(VH,Q eDS (€))(H=2Q=HCQ), (4.13)
respectively. We will show that (DS'(€¢), %, {1}) is a BCK-algebra.

Lemma 4.18 : Suppose € is commutative. The set DS (€) is closed under the
operation “x”.

Proof : Let ‘H,Q e DS (€). Using Proposition 4.16, we have
Ann(Ann(H x Q)) = Ann(Ann(H N Ann(Q)))
= Ann({Ann(H) v Ann(Ann(Q))))
= Ann({Ann(H)uU Q)))
= Ann(Ann(H N Ann(Q)))
= Hn Ann(Q)
=HxQ,

and so H%Q DS (€). O
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Lemma 4.19 : Assume & is commutative. Then
(VH,Q e DS (&))(H=<Q < H%Q=({1)). (4.14)

Proof : If H=Q, then HcQ=Ann(Ann(Q)) and so
Hx%Q=Hn Ann(Q) = {1} by Proposition 4.10. Conversely, if H xQ = {1},
then HnAnn(Q)={1} and so ‘H c Ann(Ann(Q))=Q by Proposition 4.10.
Hence H < Q. (|

Theorem 4.20 : If ¢ is commutative, then (DS (¢), %, {1}) is a bounded
implicative BCK-algebra.

Proof : Let H,Q,K e DS (€). Then

(H%xQ)x(HxK) = (Hn Ann(Q)) N Ann(H N Ann(K))
(H N Ann(H N Ann(K))) N Ann(Q)
Ann(Ann(K)) N Ann(Q)
KnAnn(Q)=KxQ,

-
c

and so (H x Q)x (H % K) < K% Q. Using Proposition 4.17, we have
Hx(HxQ)=HnAnn(H % Q)="Hn Ann(H N Ann(Q)) c Ann(Ann(Q))=Q,

and thus Hx(H%Q)<Q. Obviously H<H and {1}<H for all
H eDS (¢). Let H,Q eDS (¢) such that H<Q and Q=<H. Then
HcQ and Qc H, and so H=Q. Thus ¢ e DS (¢) and H<¢& for all
H eDS (€). For any H,Q eDS (€), we have Qn Ann(H)c Ann(H),
and so H=Ann(Ann(H)) < Ann(Q N Ann(H)). Hence H=HnNAnn
(QN Ann(H)) = H % (Q % H). Therefore (DS (¢), %, {1}) is a bounded
implicative BCK-algebra. O

5. Conclusion

In this paper, the concept of an implicative equality algebra is
introduced, and some properties of it are investigated. Characterizations
of an implicative equality algebra and the relation between implicative
and positive implicative equality algebras are discussed. Also, the notion
of annihilator of equality algebras are defined and some properties of it are
investigated and proved that annihilator of any nonempty set of equality
algebras is a deductive system. Moreover, by using this notion, the new
operation x is introduced and proved that for any commutative equality
algebra €, (DS'(€), %, {1}) is a bounded implicative BCK-algebra.
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