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Abstract

The concept of congruence kernels and congruence cokernels are studied in
pseudocomplemented almost distributive lattices. A set of equivalent conditions are derived
for a given subset | of a pseudocomplemented ADL L to be a congruence kernel (resp. a
congruence cokernel). Moreover, for a given congruence kernel | of L the smallest and the
largest *— congruences on L having | as a kernel are given and characterized in various
forms.
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1. Introduction

The concept of an almost distributive lattice (in short an ADL) was
introduced by Swamy and Rao [11] as a common abstraction of most of the
existing ring theoretic and lattice theoretic generalizations of a Boolean
algebra. An ADL is an algebra with two binary operations “v” and “A”
which satisfies most of the properties of a distributive lattice with smallest
element 0, except possibly the commutativity of the binary operations
“v” and “A”, and the right distributivity of “v” over “A”. The notion of
pseudocomplementation on ADLs was introduced in the paper [12]. Later
on, Swamy, Rao and Rao [13] introduced a class of algebras called Stone

ADLs as a generalization of Stone lattices.
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T. P. Speed [9] introduced two special congruences: P(S) and R(])
on a distributive lattice L, which are defined as follows:

(x,y) e¥(S) iff xna=y ra for somea eS
(x,y)eR())iff forallael:anxe] anye]

where S is a nonempty multiplicatively closed set in L and | is an ideal
of L. It is shown that the congruence R(]) is the largest congruence on
L having | as a zero congruence class, and if S is a filter, then ‘¥(S) is
the smallest congruence on L having S as a unit congruence class. These
congruence relations are further studied by Cornish [3] in the class of
pseudo-complemented distributive lattices. In his paper, Cornish defined
and characterized congruence kernels and congruence cokernels in
pseudo-complemented distributive lattices. Several defining properties
has been given for the largest *— congruence having a given congruence
kernel as a kernel.

In [1], we have studied the congruence R(J) and the generalization
of the Glivenko’s congruence to the class of ADLs. In the present paper,
we study congruence kernels (resp. congruence cokernels) in a pseudo-
complemented almost distributive lattice. A set of equivalent conditions
are derived for a given subset | of a pseudo-complemented ADL L to be
a congruence kernel (resp. a congruence cokernel). Moreover, for a given
congruence kernel | of L, the smallest and the largest *— congruences on L
having | as a kernel are given and characterized in various forms.

2. Preliminaries

This section contains some necessary definitions and results from [1,
6,8, 11, 12] which will be used in the text. We refer to [2, 4] for the standard
concepts in distributive lattices.

Definition 2.1: [11] An almost distributive lattice (or shortly an ADL) is an
algebra (L,v, A,0) of type (2,2,0) satisfying the following set of axioms:

(1) av0=a,

(2) 0na=0,

(B3) (avb)yac=(anc)v(bnc),
4) an(bvc)=(anb)v(anc),
(5) av(bac)=(avb)a(avc),
(6) (avbyab=D
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forall a,b,c L.
The binary relation “<” on L defined by:

a<boanb=asavb=>b
is a partial ordering on L.

An element m in L is said to be maximal if it is maximal with respect
to the partial ordering < on L.

Lemma 2.2: [11] Let L be an ADL and m € L. Then the following are equivalent:
* m is maximal
e mvx=m forall xeL

e max=x forall x eL

Definition 2.3 : [11] A nonempty subset I of an ADL L is called an ideal
(resp. afilter) of L,if avb,anx €l (resp. anb,xra €l) forall a,b €l and
all x eL.

If I is an ideal of L, then it is observed that x Aa €I for all a el and
all x eL. Moreover, for any a,b €L, it holds that aAnb el if and only if
brael.

Definition 2.4 : [11] A proper ideal P of an ADL L is called prime if:

anbeP=>aeP orbeP
forall a,b L.

Definition 2.5 : [8] Let L be an ADL and | an ideal of L. A prime ideal P of
L is said to be a minimal prime ideal belonging to ] if ] € P and there is no
prime ideal Q such that ] € Q ¢ P. That is P is minimal among the prime
ideals of L containing J.

Lemma 2.6 : [8] A prime ideal P of an ADL L containing an ideal | is a minimal
prime ideal belonging to | if and only if, for each, x € P, there exists y e L—P
such that x Ay €.

Theorem 2.7 : [1] For any ideal | of L, if h(]) denotes, the set of all minimal
prime ideals belonging to |, then

J=({P:P eh())}

Definition 2.8 : [6] For any nonempty subset S of L, define
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S ={xeL:xay=0forall y €S}

We call S the annihilator of S. If S={a}, then we denote S™ by (a) .
An ideal I of L is called annihilator ideal if I=S for some nonempty
subset S of L.

Definition 2.9 : [12] A pseudo-complemented ADL is an algebra
(L,A,v,",0,m) of type (2,2,1,0,0) in which (L, A,v,0,m) is an ADL with
maximal elements and the unary operation x — x~ satisfies the following
conditions:

(1) anb=0=a Ab=b

(2 ana =0

(3) (avb) =a Al
forall a,b eL.

Note that, m in (L, A,v, ,0,m) is a fixed maximal element treated as
anullary operation. It is also clear to see that m =0" and hence x" <m for
all x e L. Furthermore, the set

S(L)={x":x eL}

is called the skeleton of L. It is observed that (S(L), A, v, *,0,m) is a Boolean
algebra where the binary operation v is defined by:

avb=( Ab’)

for all a,beS(L). An element x €L is called dense if x" =0. The set
D={xeL:x =0} of all dense elements is a filter in L. The following
lemma is analogues of the Lemma 1.1 (iii) of [3] in the class of almost
distributive lattices.

Lemma 2.10 : If L is a pseudo-complemented ADL, then a prime ideal P of L
is a minimal prime ideal if and only if x~ €P for each x €P; and the set of all
minimal prime ideals of L endowed with the hull-kernel topology, is a compact
Hausdorff space.

Definition 2.11 : [1] Let L be an associative ADL and | and ideals of L.
Define a relation 6(J) on L by:

(a,b) €0()) if and only if xva=xvb for some x €]
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In an associative ADL L, it is observed that 6(]) is the smallest

congruence on L containing | in a single congruence class.

Definition 2.12 : [1] For an ideal ] of L and each a €L define a subset (1)’
of L by:

(@) ={xeL:anxe]}

It is observed in [1] that, (a)’ is an ideal of L containing J. Moreover,
the binary relation R(J) defined by:

(a,b) eR(J) if and only if (a) = (b)

for all a,b €L, is the largest congruence on L having | as a congruence
class. Furthermore, the set D(J)={x eL:(x) =]} (if nonempty) is a filter
and it is the unit congruence class of R(J). For simplicity, we denote R({0})
and D({0}) by R and D respectively.

Lemma 2.13 : [1] If h(]) denotes the set of all minimal prime ideals belonging
to |, then

R(J)=[R(P): P eh(])}

3. Congruences in Pseudocomplemented ADLs

An equivalence relation @ on L is a congruence relation on a pseudo-
coplemented ADL (L, v, A,*,0,m) if and only if it is a congruence on the
ADL (L,v,A,0,m) which also has a substitution property for the “*”
operation. For specificity it will be convenient to refer such a congruence as
a *— congruence. From now on, L stands for pseudo-complemented ADL
(L,v,A,*,0,m) unless and otherwise it is specified. For a *— congruence 6
onL, ker(6)={x eL:x=0(0)} and coker(d) ={x €L :x =m(0)} respectively
are called the kernel and cokernel of 6. A subset | of L is called a
congruence kernel (respectively a congruence cokernel) if ] =ker(0)
(respectively | =coker(@) for some *— congruence 6 on L. It is easy to
verify that congruence kernels (resp. congruence cokernels) of L are ideals
(resp. filters) of L.

If F is a filter in an ADL L then the relation y (F) defined by:

(x,y) ew(F) if and only if x A f =y A ffor some f €F
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is the smallest congruence on L having F as a congruence class. In fact, it is
the special case of the congruence y° generally defined for multiplicatively
closed sets in [5].

Lemma 3.1 : For any two filters F and G in an ADL L the congruence relations
w(F) and w(G) are permutable to each other.

Proof : It is enough if we show that y(F)oy(G)=w(FvG). Let
(x,y) ey (F)ow(G). Then there exists z €L such that (x,z) ey (G) and
(z,y) ey (F); thatis, xAb=zAb and zAa=yAa for some aeF and
b €G. This gives the equality

xAnanb=ynranb=zranb

and aaAbeFvG. This means (x,y)ew(FvG) and hence
v (F)ow(G) cw(F vG). To prove the other inclusion let (x,y) ey (F vG).
There exists a€F and beG such that xAanb=yAaab which is
equivalent to xAbaa=yAbaa. If we put z=(yAra)v(xab), then it
can be verified that zaa=yAa and xAb=2zAD, ie., (z,y) ey(F) and
(x,2) ey (G). Therefore (x,y) ey (F)ow(G) and hence the equality holds.
Since FvG=GvVF, we can further conclude that w(F) and w(G) are
permutable to each other. O

The next theorem describes congruence-cokernels in pseudo-
complemented ADLs.

Theorem 3.2 : Let (L, v, A,*,0,m) be a pseudo-complemented ADL. A subset F
of L is a congruence cokernel if and only if F is a filter in L. Moreover, the smallest
*— congruence on L having F as its cokernel is y (F).

Proof : Suppose that F is a filter in L. It is known that the relation y (F) isan
ADL congruence on L having F asits cokernel. So, itis sufficient to prove that
w(F) has a substitution property for the *— operation. Let (x,y) ey (F).
Then x Aa=y ra for some a eF, which gives x" na” =y~ Aa” so that
x'va =y va in the skeleton S(L) of L. Since S(L) is a Boolean algebra it
follows that x" Aa” =y Aa~ which is equivalent to x" Aa=y Aa. Thus
(x',y") ew(F). Therefore y(F) is a *— congruence on L having F as its
cokernel and it is the smallest of such *— congruences. O

For an ideal | of a pseudo-complemented ADL L, let us define a set
J. as follows:
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J.={xeL:xAa =a'for some a €]}

Lemma 3.3 : For any ideal | of L, the set ], is a filter in L.

Theorem 3.4 : Let | be a nonempty subset of L. Then the following conditions are
equivalent:

(1) ] is a congruence kernel
(2) Jis an ideal of the ADL L and x™ €] forall x €]

(3) ] is an ideal of the ADL L and each minimal prime ideal belonging to | is a
minimal prime ideal.

(4) J=n\{P:P is a minimal prime ideal of L}

Moreover, if | satisfies any one(and hence all) of the above conditions, then
0(J)=w(],). In other words, the smallest *— congruence on A having | as its
kernel is w(],), where

w(J,)=1{(x,y) eLxL:xna" =y na for somea ]}

Proof: (1) = (2) is clear.

(2)=(1). Assume (2). By Lemma 3.3, ], is a filter in L and hence
by Theorem 3.2 the relation y(J.) is a *—congruence on L such that
coker(y (J.)) = J.. Itisalsoclear that (x,y) ew(J.) ifand onlyif x Ab" =y Ab’
for some be]. We show that ker(y(].))=]. Let x eker(w(].)). Then
xAb =0Ab for some be]; thatis, xAb =0 for some be], which
gives that b~ Ax=x and by our assumption b~ €]. So that x €] and
hence ker(y(J.))< J. To prove the other inequality, let x €]. We have
xAx =0=0Ax", which gives (x,0) ey (].) and hence x eker(y(].)) and
the equality holds. Therefore | is a congruence kernel and y (J.) = 6(J).

(2) = (3). Assume (2) and let P be a minimal prime ideal belonging
to J. If x €P, then there exists zeL—-P such that xAze]. By (2)
x" Az" €] ¢ P. Since P is prime either x~ €P or z~ €P. If z~ P, then
z € P, which is a contradiction. So z~ ¢P and hence x~ €P. By Lemma
2.10, P is a minimal prime ideal.

(3) = (4). The proof follows from

J=n{P:P eh())}

(4) = (2). Suppose that
J=n{P:P is a minimal prime ideal of L}
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Let x €J. Then x €P for each minimal prime ideal P of L. By Lemma
210, x” €P for each minimal prime ideal P of L. So that x” €] and (2)
holds. Therefore the equivalency (1) to (4) is proved. Furthermore, if one
(and hence all) of the above four conditions is satisfied, then as we see in
the proof of (2) = (1), the relation w(J,) is a *— congruence on L such
that ker(w(J,))=]. O

Because of the previous theorem, it can be deduced that the
congruence-kernels of a pseudocomplemented ADL are precisely its o —
ideals, in the sense of [7].

Let us recall an important relation 7 on L from [10] defined as follows:

(x,y)enif and only if xAy=yand yAx=x
It is observed that, 7 is the smallest ADL-congruence on L such that

L/n is a distributive lattice. Since (x Ay) =(yAx) forall x,y €L, itis
easy to verify that 7 is also a *— congruence on L.

Theorem 3.5 : Let L be a pseudo-complemented ADL. The following conditions
are equivalent:

(1) Every ideal in L is a congruence kernel.
(2) Every prime ideal in L is a congruence kernel.
(3 Rca.

(4) The interval [0,m] is a Boolean algebra together with the induced operations
on L.

(5) Every principal ideal in L is a congruence kernel.

Lemma 3.6 : If {], :a €A} is a nonempty family of congruence kernels in L,
then n_, ], is a congruence kernel.

This lemma confirms that for a given ideal | of L (not necessarily a
congruence kernel) always there exists a smallest congruence kernel
containing J. We denote by k(J), the smallest congruence kernel
containing J.

Theorem 3.7 : For an ideal | of L,

k(J))={x eL:a” Ax=x for some a €]}

Proof : Letus put E={x eL:a” Ax=x for some a €J}. We show that E is
the smallest congruence kernel in L containing J. Clearly ] c E. Let x €E.
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Then 4~ Ax=x for some a €], which gives a” Ax" =x" andso x~ eE.
That is, x €E implies that x €E. To say that E is a congruence kernel,
it remains to show that E is an ideal. Clearly E is nonempty. Let x,y L.
Then

a Ax=xand b Ay=y

for some a,be]. If we take c=avbh, then ce] such that ¢” Ax=x
and ¢ Ay=y. This implies that ¢~ A(xvy)=xvy. So, xvy eE. Also
if xeE and z €L, then there exists a €] such that a~ Ax=x, which
gives a” A(xAz)=xAz and hence x Az €E. Thus E is an ideal of L and
therefore it is a congruence kernel. Now let I be any congruence kernel in
Lsuchthat JcI. If x €E, then a4~ Ax=x forsome a €]. Since [ < I and
I'is a congruence kernel, we get that a el and hence x €l. Thus Ec I;

that is, E is the smallest congruence kernel in L containing | and the result
holds. -

In the following theorem we give another characterization for k(J).

Theorem 3.8 : For an ideal | of L,

k(J)={x eL:x" =a forsome a €]}

Proof : Let us put

E={xelL:a Ax=xforsomeac]}and G={x eL:a =x"for some a €]}

It is enough to show that E=G. Let x eE. Then there exists a €]
such that 4~ Ax=x, which gives that 4~ Ax” =x"; thatis, (aArx)" =x",
which is equivalent to (aax) =x". If we put b=anx, then be] such
that b =x". Thus x €G and hence Ec G. Alsoif x €G, then x" =4 for
some a€]. So, x =a  and that 4~ Ax=x" Ax=x. Thus x €E and the
equality holds. O

Lemma 3.9 : The following holds
(1) J < k(J)
(2) I ] implies k(I) < k(])
(3) k(k(]))=k(J)

It follows from this lemma that the map | - k(J) is a closure operator
on the class of all ideal of L and the congruence kernels of L are precisely
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those closed elements of the class I(L) of ideals of L with respect to this
closure operator.

Lemma 3.10 : The set CK(L) of all congruence-kernels of a pseudocomplemented
ADL L is a complete distributive lattice, where the meet is set-theoretic intersection
and the join of a family {], : A € A} of congruence-kernels is

VAT, i A €A} = k(AT : A €A))
= |x eL:(al1 v..va, )Y Ax=x

forsome a, E]A""’ain e]lnand Aen A, €A}

Theorem 3.1 : Let I(S(L)) be the lattice of ideals of the skeleton S(L). If
7 :CK(L) — I(S(L)) is defined by:

7())=1{b eS(L):b=x"for some x €]}

forall | eCK(L), then it is a lattice-isomorphism between CK(L) and the lattice
of ideals of the skeleton S(L).

Proof : We first show that = is well defined. For this, it is enough to show
that z(J) is anideal of S(L) for all ] e CK(L). Let | e CK(L). Clearly z(])
is a nonempty subset of S(L). Let a,b ex(]). Then a=x" and b=y~
for some x,y €]. If we put z=xvy, then ze] and av b=2z", which
gives that avb en(]). Also let aex(]) and beS(L). Then a=x" for
some x €] and b=y forsome y L. If we take z=x Ab, then z €] and
anb=z" sothat aanb ex(]); thatis, 7(]) is an ideal of S(L) and hence
7 is well defined. Next we show that z is a lattice homomorphism.
For each I,] e CK(L), it is clear that #(In])=z(I)nz(]). It remains to
show that z(Iv])=7(I)v z(J). Remember that the supremum in the left
hand is the supremum in CK(L) and the supremum in the right hand is
the supremum of ideals in S(L). Let z ez(Iv]). Then z=x" for some
xelv]. By Lemma 3.10 x=(avb)" ax for some ael and be]. Now
we have:

z=x =(@arx)"v(barx)" inS(L)

If we put x, =anx and x,=baAx, then x eI, x,e] and
z=x, vx,, which gives that z e z(I)v z(J). Thus z(Iv]) < z(I)v z(]).
To prove the other inclusion let z e z(I)v z(J). Then z =z vz, for some
z, ex(l) and z, ex(]); thatis, z, =a  for some ael and z,=b" for
some be]. If we put x=avb, then xelv]cIv] in S(L) such that
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z=x". Thus z ez(Iv]) and hence the equality holds. Therefore 7 is a
lattice homomorphism. To prove that 7 is one-one let us take I,] € CK(L)
such that z(I) = z(J).

Claim. [=]. Let x €l. Then x~ ez(I)=z(J) so that x" =y~ for some
y €]J; thatis, x ek(J). Since ] is a congruence kernel we have k(J)=] and
hence x €]. Thus I < J. By symmetry, | €I and so the equality holds.
Therefore 7 is one-one. It remains to show that 7 is onto. Let | be an
ideal of S(L). Put

I={xeL:x" €]}

It is clear that I is a nonempty subset of L. Our aim is to show that
I eCK(L). We first show thatlisanideal of L.Let x,y €I. Then x",y" €].
Since | is an ideal of S(L), we get x vy~ €] which is equivalent to
(xvy)" €] sothat xvyel. Alsolet x el and y L. Then x~ ] and
y~ eS(L), whichgives (x Ay)" =x" Ay~ €]; thatis, xAy €l and hencel
is an ideal of L. Moreover, if x €I, then x =x" €] andso x~ €I; mean
that I is a congruence kernel in L. It is also routine to verify that z(I)=]
and hence 7 is onto. Therefore 7 is a lattice isomorphism. Furthermore,
if 7 :1(S(L)) - CK(L) is defined by:

;(I)z{x eL:x" el}

for all I eI(S(L)), then one can verify that z and 7 are mutually inverse
lattice-isomorphisms between CK(L) and I(S(L)). O

Lemma 3.12: Let 6 bea *— congruence on a pseudo-complemented ADL L and
let @:L—L/8 be the canonical epimorphism. Then the set-function induced
by @ and the inverse image map 0 are mutually inverse lattice isomorphisms
between the interval [ker(6),L]=1{] € CK(L):ker(0) <]} of the lattice CK(L)
of congruence-kernels of L and the lattice CK(L/ @) of congruence-kernels of
L/ 6. Hence the map P+ O(P) is a bijection of the set of minimal prime ideals
of L which contain ker(8) onto the set of minimal prime ideals of L/ 6.

4. The congruence R(])

In this section, we give several characterization for congruence
kernels in pseudo-complemented ADLs. For a given congruence kernel
J, we give a better description of the largest * — congruence R(J) having |
as its kernel.
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For an ideal | of L, we begin by defining the following binary relations on
L which will be used to characterize congruence kernels.

(1) @ is the largest *— congruence on L such that ker(®)=J.

(2) For x,yeL, (x,y)e®, if and only if x" Ana =y~ Aa for some
ae].

(3) For x,y €L, (x,y) e®, if and only if xAbaad =yAbaa for some
a €] and some b eD.

(4) For x,yeL, (x,y)e®, ifandonlyif x" Ay €] and x" Ay~ €].

Theorem 4.1 : An ideal | of L is a congruence kernel if and only if R(]) isa *—
congruence on L. In this case R(J)= ®.

Proof : For any ideal | of L, it is shown in [1] that R(J) is the largest ADL-
congruence on L having | as its kernel. If R(J) is a *- congruence, then it
is clear that ] is a congruence kernel. Suppose that | is a congruence kernel.
It remains to show that R(J) is compatible with the unary operation *. By
Lemma 2.13, we have:

R(J) = n{R(P): P €h(])}

Let P be a minimal prime ideal belonging to J. By the equivalency
in Theorem 3.4, P is a minimal prime ideal of L. Let (x,y) € R(P). Then
()" =(y)". We show that (x')" =(y")". Let ae(x’)". Then x AaeP,
and so either x" €P or aeP. If aeP, then y AaeP holds and hence
(x)’ =(y")" and by symmetry the equality holds. Suppose that, a & P.
Then x" € P. We use contradiction. Assume that y* ¢ P. Then y €P and
so (y)" =L=(x)", implying that x €P, Since x" €P, we get xvx €P.
By Lemma 2.10 we have (xvx')” € P, which gives that 0" € P which is a
contradiction. Therefore ¥y € P and hence the equality holds. This gives
(x",y") eR(P); thatis, R(P) is a *- congruence for each P eh(]). Since
the lattice of *— congruences on L is complete, R(J) is a *— congruences
onL. O

Theorem 4.2 : For an ideal | of L, ®, = ®,.

Proof : Let x,y €L and suppose that (x,y) e ®,. Then there exists a €],
such that

XH /\ll* _ y** /\l,l*
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If b=(xvx )A(yvy’), then b eD. By operating b from the left with
the binary operation A on both sides of the above equality, we get

x"Abaa =y Abaa

We know that x” A(x v x")=x. Now consider the following;:
xabad =x" A(xvx)Abaa
=x A(vx)AxvX)Ayvy )aa
=x" A(xvx)a(yvy)ad

=x" Abnd

Similarly we can verify that y Abaa =y~ Abaa’. Now consider;

xAbaad =x" Abaa =y Abaa =yabaa

Therefore (x,y) e ®, andso @, ¢ ®@,. To prove the other inequality, let
(x,y) €®,. Then x Abaa" =y abaa forsome a €] andsome b €D. Since
b is dense element, b~ is maximal and we get x~ Ab" Aa =y" AL Ad
which is equivalent to x~ Aa" =y~ Aa. Thus (r,y) e®, and hence the
equality holds. O

Theorem 4.3 : If | is a congruence kernel, then ®, = ®,.

Proof : Let (x,y) e®,. Then x" Aa =y aa for some a e]. Operating
x" with a binary operation A on both sides of this equality gives
x' Ay Aa =0andsoa A(X Ay )=(x Ay"). Since by our assumption
J is a congruence kernel, it follows from Theorem 3.4 that 4~ €] and hence
x Ay~ €]. Similarly we get x~ Ay €] and therefore (x,y) e®,. Thus
®, c @,. To prove the other inclusion, let (x,y) e®,. Then x Ay~ €]
and x" Ay e]. If we put a=(x" Ay )v(x Ay’), then ae] and
a = Ay ) A(x" Ay’). Moreover, we have x A(x Ay ) =x" and
x"A(T AY) =x" Ay”. Now consider the following:

g = /\(x* /\yﬁ ) /\(x” /\]/*)* " /\]/“

Similarly, we get y~ Aa' =x" Ay, ie, x Aa =y Aa where ae]
and hence (x,y) € ®,. Therefore the equality holds. O

Theorem 4.4 : For an ideal | of L, ®, (and hence ®, and ®, are) is a *—
congruence on L.



60 G. M. ADDIS

Proof : Clearly @, is reflexive and symmetric. We show that it is transitive.
Let x,y,z €L such that (x,y),(y,z) e®,. Then there exist a,,a, €] and
b,,b, €D such that:

xAb na,=yab ra and yAb, na,=zAb, na,

If weput a=a,va, and b=b Ab,, then ae], beD and we get the
following:

xAbad =yAbaa =zabaa,

which gives that (x,z) e ®,. So that @, is transitive. Similarly we can show
that @, is compatible with the binary operations A and v; thatis, @, is
an ADL-congruence on L. It remain to show that it is compatible with the
unary operation *—. Let (x,y) e®,. By Theorem 4.3, there exists a €]
such that x" Ana =y~ Ada’, which gives (x Aa') =(y Aa). This is
equivalentto x'va =y va inthe skeleton S(L). Since S(L) is a Boolean
algebra it follows that x" Aa" =y  Aa’; thatis, (x',y ) € ®,. Therefore @,
isa *— congruence on L. O

Theorem 4.5 : An ideal | of L a congruence kernel if and only if R(J) = @, (= D,).

Proof : If we are assuming that R(J)=®,(=®,), then it follows from
Theorem 4.2 and Theorem 4.4 that R(J) isa *— congruence on L and hence |
isa congruence kernel. Suppose that ] isa congruence kernel. Itis enough to
prove R(]) = @,. Suppose that]is a congruence kernel. Itis enough to prove
R(J) = @, only. By Theorem 3.1 and 4.4 respectively, both R(J) and ®, are
*— congruences on L. We flrst show that ker(®,)=]. Let x eker(dD ) Then
(x,0) eCD and hence x" Aa =0 for some ae]. This gives a~ Ax" =x"

and 4" e ] So, x” €] and hence x €]. Therefore ker(®,) < J. To prove
the other inclusion let x €]. Itisclear that x™ Ax =0=0" Ax  and hence
(x,0) e®,. Thus x eker(®,) and so the equality holds. That is ®, is a
*— congruence on L having | as its kernel. Since R(J) is the largest *—
congruence with this property we get that ¢ < R(J). To prove the other
side of the inequality, we first show that; for each minimal prime ideal P
belonging to ], (x,y) e R(P) ifand only if x~ Ana’ =y" Ada" forsome a eP.
Let P be any minimal prime ideal belonging to J. By Theorem 3.4 P is a
minimal prime ideal of L containing J. Let (x,y) € R(P). Then (x)" =(y)";
mean that, either x,y €P or x,y eL—P. Assume the first case and put
a=xvy. Then aeP and x” Aa =0. Similarly, ¥~ Aa =0 and hence
x"Aa =y Aa’. On the other hand, assume that x,y eL—P. Then
x Ay &P, which gives that (xAy) €P. If weput a=(xAy), then a el
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and x" Aa' =x" Ay =y Ad. Thus x" Aa =y~ Aa. If we denote by
®, the binary relation:

®, ={(x,y) eLxL:x" Aa =y Aa'for some a P}

Then it is a *— congruence on L having P as its kernel. Since R(P) is
the largest *— congruence having P as its kernel, we get that ®, < R(P).

Conversely, let (x,y) eR(J]) and h(])={P, : A €A} be the set of all
minimal prime ideals containing J. By Lemma 2.13, (x, y) eR(P ) for all
A €A. Thenforeach A €A thereexists a, e P, suchthat x” Aa, =y~ Aua,
For each a €L let us consider a subset g(a) of the space of mlmmal prime
ideals of L defined by:

g(a)=1{Q:Q is a minimal prime ideal and a ¢ Q}

Remember that; sets of the form g(a) for a €L are basic open sets
and the set h(J) is a closed subset of the space of minimal prime ideals
endowed with the hull-kernel topology. By Lemma 2.10, h(J) is compact.
Since each a, € P, and hence a, ¢P,, we get P, €¢(a,); thatis, the family

{g(a;):/l eA}

is an open cover for the closed subset h(]). Then there exist 4,,.., 4, €A
such that

hh<J 8@,)=gl@, va, v..va,)
i=1

Put b=a;1 v...va;n. Then h(J)c g(b) and b en{Q:Q eg(b)}. To
verify this, Q e ¢(b) implies b ¢Q and hence b €Q. Since h(])c g(b),
we have the inequality

MQ:Q egt)} = NQ:Q eh(]))

Since [ =n{Q:Q eh(])}, it follows that b’ —11j1 A. a e] Again if we
put, for simiplicity, a=b" =a, W A a then a e] anda’ =4’ Y va, 1n the
skeleton S(L) of L. Moreover, x”~ nd’ =y aa. Thatis, x" Aa’ —y na

where a €]. So that (x,y) e®, and hence R(J) c @,. Therefore R(]) =

Theorem 4.6 : | is a congruence kernel if and only if ® =6(])v R; where the
supremum is taken in the lattice of *— congruence relations on L.

Proof : Suppose that | is a congruence kernel. We first show that R =y (D).
Let (x,y)eR. Then (x) =(y). Since L is pseudo-complemented it
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is equivalent to that (x']=(y’], which gives x Am=y am for all
maximal elements m of L. In particular, x A0 =y A0. So x =y
and hence x" =y". If we put b=(xvx )A(yvy'), then beD and
x" Ab=b=y" Ab. By applying the same procedure as in Theorem 4.3 we
get that x Ab=y Ab, where b eD. This means that (x,y) ey (D). Thus
R c y (D). To prove the other side of the inequality, let (x,y) ew (D). Then
xAb=ynab for some beD, which gives x" Ab” =y~ Ab". Since b is
dense element b~ =0" and we get that x” =y~ which is equivalent to
x =y . Therefore (x,y) eR and hence the equality holds. By Theorem
3.2, w(D) and w(].) are *— congruences on L. Moreover, it is observed in
Theorem 3.4 that 6(J) =y (J.). Now consider the following:

O()vR=y(].)vy(D)=w(]. v D)

where [, vD={anb:ae],,beD}. Now it remains to show that
®,=y(J.vD). Let (x,y) e®,. Then xAbaa =yAbna’ for some beD
and some a €]. If we take z=baa’', then ze],vD and XAZ=YAZ,
which implies that (x,y) ew(J.vD). Also let (x,y)ew(J.vD). Then
xAz=yAz forsome ze], vD=Dv],; thatis, z=bAaa for some b eD
and some ae] . There is some ie] such that aai =i. This gives
xAbAi =yAbnai, where beD and ie]. Therefore (x,y)e®, and
hence the equality holds. O

Corollary 4.7 : | is a congruence kernel if and only if R(J)=6(])v R.
Theorem 4.8 : | is a congruence kernel if and only if D < D(]).

Proof : Suppose that | is a congruence kernel and let x € D. Then x~ =0".
Let y €L such that xAy €]. Then x” Ay~ €], which gives that y~ €]
and hence y €. This means x € D(J) and therefore D c D(J). Conversely
suppose that the inclusion holds. Let x €. By Theorem 3.4 it is enough
to show that x" €]. Put y=xvx. Then yeD and hence by our
assumption y € D(]); that is, for any z €L, zAy €] implies that z ].
Since x” Ay=x €], we getthat x~ e]. This completes the proof. O

Theorem 4.9 : | is a congruence kernel if and only if D(J)= ], v D in the lattice
of filters.

Proof : Suppose that | is a congruence kernel. Let x € D(J). Then for each
ael, xnae] implies that x €]. Since xAx =0¢€], we get x e]. If
we put a=x" and b=xvx', then ae], and beD such that x=anb
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and so that x €], vD. Thus D(J) c J. vD. To prove the other inclusion,
let x €], vD. Then x=y Az forsome y €], and z €D; i.e.,, yaa =a for
some ae] and z' =0. Let b eL such that x Ab €]; thatis, a AzAb€e],
which gives that 4" Ab™ €]. Since ae], we get av(a Ab")e] which
implies that b €] and hence b e]. Therefore x e D(]) and hence the
equality holds. The converse part follows from Theorem 4.8. O

Theorem 4.10 : | is a congruence kernel if and only if R(J) =y (D(])).

Proof : Suppose that | is a congruence kernel. It follows from Corollary 4.7
and Theorem 4.9 that

R(J)=0())vR=y(]. vD)=y(D(]))

Conversely suppose that R(J) =y (D(J)). By Theorem 3.2 y(D(J) is a
*— congruence on L, and hence R(J) is a *— congruence. This completes
the proof. O

Theorem 4.11: | is a congruence kernel if and only if R < R(J).

Proof : If | is a congruence kernel, then it follows from Corollary 4.7 that
R c R(J). Conversely suppose that Rc R(J). Let x €]. Since x =x"",
we have (x,x”") eRc R(J). Then for each aeL, anxe] if and only if
anx e]. Ifwetakeatobe x~ weget x” €]. This completes the proof. CI

Theorem 4.12 For an ideal | of L, the following are equivalent:
(1) ] is a congruence kernel.
(2) For any filter F, the congruences R(J) and w(F) are permutable.
(3) R(J) and R are permutable.

Proof : (1) = (2). Suppose that | is a congruence kernel. By Theorem 4.10
R(J) is a *— congruence on L such that R(J)=w(D(J)) and it is known
that D(]) is a filter in L. If F is any filter in L, then it follows from Lemma
3.1 that R(J) and y(F) are permutable. Since R=w(D), (2)=(3) is
clear and we proceed to prove (3)=>(1). Assume that R(J) and R are
permutable and let x € J. Then (0,x) e R(J). Also, since x~ =x" we have
(x,x7) e R which gives that (0,x”) e RoR(J) = R(J)oR. Then there exists
y €L such that (0,y) eR and (y,x) eR(J); thatis, y" =0, which gives
y=0 and hence x~ €]. Therefore | is a congruence kernel. a
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Theorem 4.13 : If | is a congruence kernel, then R(J) is the smallest (or
equivalently the unique) *— congruence on L such that ker(R(J))=] and the
quotient L/ R(]) is a Boolean algebra.

Proof : Suppose that | is a congruence kernel. Then by Theorem 4.1
R(J) is a *—congruence on L having | as its kernel. We show that the
quotient L/R(J) is a Boolean algebra. Clearly L/R(J) is a bounded
distributive lattice with least element ker(R(J))=] and with unit element
coker(R(J)) = D(J). To verify that L/R(J) is a lattice it suffices to show
n < R(J). Now for each x €L, consider:

(xvx) =x"Ax" =0

sothat x vx" €D. By Theorem4.8wehave D c D(J) andhence x v x" € D(J).
This confirms that the quotient L/ R(J) is a Boolean algebra. Furthermore,
suppose that ¢ is any *— congruence on L such that ker(¢)=] and L/ ¢
is a Boolean algebra. Then 7 < ¢ and xvx ecoker(¢)={x eL:(x,0") e}
for all x €L; that is, D < coker(¢). Since every maximal element m is
dense, it holds that m ecoker(¢); thatis, (m,0") e¢ (or m= ’ 0"). For each
x €L, always we can find a maximal element m_eL such that x <m_.
This can be obtained by using Zorn’s lemma. Now let (x,y) € R(J). By the
equality in Theorem 4.5 we get the following;:

xAbaa =yabaa

for some beD and some ae]. Since D c coker(¢), b= ’ 0" and since
] = ker(¢), we have a" =, 0. It follows that (x,y) €¢ and hence R(]) c ¢.
Therefore R(]) is the smallest *— congruence on L such that ker(R(J)) =]
and the quotient L/ R(J) is a Boolean algebra. Furthermore, since R(]) is
the largest congruence having | as a kernel it is equivalent that R(J) is the
unique *— congruence on L with the given property. O

We summarize all the above results in the following theorem.

Theorem 4.14 : Let | be an ideal of F. Then the following conditions are equivalent.
¢ Jisa congruence kernel
* R(J) isa *—congruence on L.

e For x,yeL, (x,y)eR(J) if and only if x" Aa =y~ Aa for some
ae]l.
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For x,y €L, (x,y) eR(J) ifand only if x Abaa =y Abaa" for some
a e] and some b eD.

R(J) =y (D()))-

Dc D(])

D()=].vD

R(J)=6’ vR in the lattice of *-congruences.

Rc R())

For any filter F, the congruences R(J) and y (F) are permutable.
R(J) and R are permutable.

References

(1]

(2]

(3]

[4]
[5]

(6]

[7]

(8]

(9]

(10]

G. M. Addis, Congruence relations on almost distributive lattices-II,
Asian-European Journal of Mathematics, Vol. 14 No. 1 (2021), 2150005
(17 pages). https:/ /doi.org/10.1142 /51793557121500054

G. Birkhoff, Lattice theory, Amer. Math. Soc. Colloq Publ., 24 (1967)
204-206.

W. H. Cornish, Congruence on pseudocomplemented distributive
lattices, Bull. Austral. Math. Soc., 8 (1973), 161-179.

G. Gratzer, General Lattice Theory, Academic Press, New York, (1978).

Y. S. Pawar, 1. A. Shaikh, Congruence Relations on Almost Distributive
Lattices, Southeast Asian Bull. Math. 36(2012), 519-527.

G. C. Rao, M. S. Rao, Annihilator Ideals in Almost Distributive
Lattices, International Mathematical Forum, 4 (2009) 733-746.

G. C.Rao, M. S. Rao, « — Ideals in Almost Distributive Lattices, Int. |.
Contemp. Math. Sciences, 4 (2009) 457-466.

G. C. Rao, S. Ravikumar, Minimal prime ideals in almost distributive
lattices, Int. |. Math. Sciences 10 (2009) 475-484.

T. P. Speed, Two congruences on distributive lattices, Bulletin de la
Société Royale des Sciences de Liege, 38e année, 3-4 (1969) 86-96.

U. M. Swamy, S. Ramesh, Birkhoff center of an almost distributive
lattice, Int. Jour. Algebra 11(2009) 539-346.



66 G. M. ADDIS

[11] U. M. Swamy, G. C. Rao, Almost Distributive Lattice, J. Aust. Math.
Soc. 5(section -A) 31 (1981) 77-91.

[12] U. M. Swamy, G. C. Rao, G. N. Rao, Pseudo-complementation on
almost distributive lattices, Southeast Asian Bull. Math. 24(2000), 95-
104.

[13] U.M.Swamy, G. C.Rao, G.N. Rao, Stone Almost Distributive Lattices,
Southeast Asian Bull. Math., 27 (2003) 513-526.

Received July, 2020
Revised November, 2020



