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Abstract

A dominating set S in a graph G is termed a Triple Connected Certified Dominating
Set (TCCD-set) if, for each vertex v in S, either the number of neighbors of v in V - S is zero
or k where k > 2, and any three vertices of S are positioned on a path within the subgraph
induced by S. The minimum size of a TCCD-set is known as the Triple connected certified
domination Number (TCCD-number) and is symbolized as 7y, (G). This study explores the
TCCD number for triangular grid of rectangular and square border.
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1. Introduction

This article delves into various graphs, including finite, non-trivial, and
simple ones. The concept of triple connected graphs was initially introduced by
Joseph et al. [1], followed by the introduction of the triple connected domination
number [2]. A dominating set S is termed a triple connected dominating set if the
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subgraph induced by S is triple connected. The minimum size of such a set is
called the triple connected domination number, denoted by y;.(G). A dominating
set S is considered as a certified dominating set if, for each vertex v in S, the
number of neighbors of v in V — § is either zero or k, where k is greater than
or equal to 2. The minimum size among all certified dominating sets is the
certified domination number, denoted by ¥,.-(G) was introduced by Dettlaff et
al. [3]. Building on this previous research, a new domination parameter was
studied [4]. A dominating set S is termed a triple connected certified dominating
set (TCCD-set) if, for each vertex v in S, the number of neighbors of v in
(V = S) is either zero or k, where k is greater than or equal to 2, and the (S) is
triple connected. The minimum size of a TCCD-set is called the triple connected
certified domination number (TCCD-number), denoted by y7¢cc(G). The TCCD
number for a strong product of graphs was generalized in [5], which also extracted
Yrce values for Cartesian, corona, and lexicographic products of paths and
cycles. The yr¢c number of power graphs of certain special graphs has been
studied in [6]. This article defines the triple connected certified domination
number for the triangular grids with boundaries. The triangular grid with a square
boundary is known as a square triangular grid and denoted as ST, ,, same as a
triangular grid with rectangular boundaries with r < s is known as a rectangular
triangular grid and denoted as RT, s, where V(ST,.,) = {v4,:0 < a,b < 1} and
EST, ;) = (VapVap+1:0<a<10<b<r—-13U{v,pvs41:0<a<r—
L0<b<1r}U{vgpVai1p+1:0=ab<r—1} The V(RT,;)={0<a<
1,0=b <5}, ERT.;)={VipVap+1:0<a=<1,0<b<s5s—1}U{vgpV541p:
0<a<r—10=b=<s} U {vpVa41p+1:0<a<r—-1,0<b<s-1}.
There are some works in triangular grid with borders which can be referred in
[7]-[11]. The relationship between a triangular grid and a network application lies
in how triangular grids can be used to model, optimize, or visualize network
structures especially when dealing with mesh networks, wireless communication,
routing, and graph theory applications. Figure 2 is the example of square
triangular grid and rectangular triangular grid. Some recent results of graphs and
domination can be studied in [12]-[15].

2. TCCD- number on square triangular grid
Observation 2.1: For a square triangular grid ST, ., 7 = 2, then yrcc(STz,) =

3, Yrcc(STs3) = 6.

Figure 1
STZ,Z and ST3’3

Ilustration: In Figure 1, the set of lightened vertices denote the TCCD-set.
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Theorem 2.1: For a square triangular grid graph ST.,, v =4, the triple
connected certified domination number

r-DI+T+1 if r =6l
- +6[ ifr=6l+1,
-] +4]5+2[H ifr=6l+2,

VeeSTD) = - D[ +3[E + 35 + 5| irr=61+3,
=D +3[F+3]H+2 ifr=61+4
-] +3[F]+3]5+4 iFr=61+s.

Proof: Define the set S, constructed based on whether S based on modulo 6.

Case 1: If r =6, define S; ={v,p:1<a<r—-1,b=3l1+11<b<r-
3Y3Uu{v} Sa={vgpra=r—1,b=6lor6l+20r6l+52<b<r-2}
Sy ={vg,bka=1b=6lor6l+20r6l+32<b<r—2}, S,={vop:b=
r—=1Lr=2}u{v, Juf{vy,:b=r1r—-1}, Ss={vgp:a=1b=rr—-2}U
Wap:b=7r—1,a=2l+13<a<r}, then S=U;,; S;. This ensures that
for any vertex in ST, , is either adjacent to S or in S without having one
neighbor in V — S and any of the three vertices of S are located along a path,
making S as a TCCD set. Hence the vertices in § forms a TCCD set in ST, ;.

The cardinality of S is given by |S| = (r — 1) g + 32—r + 1.

Case 2: If r=6l+1, define Sg ={v,,:0<a<r—1,b=r—1}, then
S = UL, S; U Ss. This ensures that for any vertex in ST, is either adjacent to S
orin S without having one neighbor in V — S and any of the three vertices of S
are located along a path, making S as a TCCD set. Hence the vertices in S forms

a TCCD set in ST, .. The cardinality of S is given by |S| = (r — 1) E] +6 EJ

Case 3: If r =61+ 2, define S; ={vy,:1<a<r—-1,b=31+11<b<
r—1}U{v, 1}, Sg ={vgp:a=1,b=06lor 61+ 2o0r6l+3,2<b <r}, then
S =U%, S; US,. This ensures that for any vertex in S T, iseither adjacentto S
or in S without having one neighbor in V — S and any of the three vertices of S
are located along a path, making S as a TCCD set. Hence the vertices in S forms

a TCCD set in ST,.,. The cardinality of S is given by |S| = (r — 1) E] +
T T
sfel+2[]

Case 4: If r = 6l + 3, define Sg ={v,p:b=7—1,a=2[,2<a <7}, then
S =Uj_, S; US,. This ensures that for any vertex in S T, is either adjacent to S
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orin S without having one neighbor in V — S and any of the three vertices of S
are located along a path, making S as a TCCD set. Hence the vertices in S forms

a TCCD set in ST,,. The cardinality of S is given by |S|= (r — 1) E] +
T T r

3l + 33l +

Case 5: If r = 6] + 4, define S;g ={vg:1<a<r-1,b=31+11<b <

YU {1}, Sii={Vep:ia=0b=r—1,r—2} then S=U},SUS;,j=

10,11. This ensures that for any vertex in ST, is either adjacent to S or in §

without having one neighbor in V — § and any of the three vertices of S are

located along a path, making S as a TCCD set. Hence the vertices in S forms a

TCCD set in ST, .. The cardinality of S is given by [S| = (r — 1) E] +3 E] +
T

3| +2.

Case 6: If r=6l+5, define S;, ={v,p:a=0,b=7r—-17r—-2}U
Wap:b=1,a=12}, Sz={vgp:l1<a<r—-1,b=3l+1 1<b<r-
13N {vy -1} U {v,1}, then S = Ui, S; U S;,j = 12,13. This ensures that for
any vertex in ST, is either adjacent to S or in S without having one neighbor
in V — S and any of the three vertices of S are located along a path, making S as
a TCCD set. Hence the vertices in S forms a TCCD set in ST, ... The cardinality
of § is given by [S| = (r — 1) E] +3 E] +3 EJ + 4. Thus a TCCD set S has
been constructed for all the cases, and the cardinality of S is given by

r-DI++1 if =6l
- +6[ ifr=6l+1,
=1 [F]+4[5| +2[H ifr=6l+2,

SI=ye -0 5[ +3[f|+3[5+ 5| #r=61+3
-] +3[F|+3]5+2 iFr=s61+4
-] +3[F+3]5+4 iFr=61+s.

Take |S| =p, Suppose that a TCCD set D € ST,., exists such that
DI <d=p-1.

Since no three vertices of D do not appear consecutively along a path in
(D) or if there exists a vertex u € D, then |[N(u) N (V — D)| =1 or if there
exists a vertex v € (V — D), N(v) N D = ¢. Therefore, the cardinality of any
TCCD set D must satisfy |[D| = d + 1 = . Hence, the yp¢c(ST;,) is at least
|S|, and since it is already shown that |S| is an upper bound for y7¢c (ST, ;), then
Yrcc(STy ) = |S|. This completes the proof.
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2.1 TCCD-number on rectangular triangular grid
Observation 2.2: For a rectangular triangular grid RT,. ;7 <s, then

Yrcc(RTys) = s+ 1, yrec(RT55) = s + E] + 2, Yrec(RTys) = 2s + 1.

Theorem 2.2: For a rectangular triangular grid graph RT,;, v = 6l, 1,5 = 6,
the triple connected certified domination number

(s=DI+4C—D++>+5 if s=6lor6l+4,
-0 +6[ if s=6l+1,
-1 [F]+4]f|+ 2] if s=6l+2,
r-Di+4+2[f|+1-1 ifs=61+3,
-] +3F+3[]]+4 ifs=6r+s.

Yrec(RTys) = S

Proof: Define the set S, constructed based on whether S based on modulo 6.

Case 1: If r =6lor 6l +4, define S; ={v,p:1<b<s—-1a=31+12<
a<r-—-2} Sy ={vgpia=r—1,b=21+11<b<s—-1}U{v,_1,},
S3={vgp:b=1,a=6lor6l+3o0or6l+55<a<r—2} S,={vgp:b=
s—l,a=6l+20r6l+30r6l+52<a<r-2}, S;={vgp:a=0,b=
s—1,s=2}U{vgp:a=1,b =5}, then S = U7_, S;. This ensures that for any
vertex in RT, ; is either adjacent to S or in § without having one neighbor in
V — S and any of the three vertices of S are located along a path, making S as a
TCCD set. Hence the vertices in S forms a TCCD set in RT;. ;. The cardinality of

S isgivenby |S] = (s - DI+ 4C - D +1+3+5.

Case 2: If r =6l+1, define Sg ={vyp:1<a<r—-1,b=31+11<b<
s=1}U{v, 1}, S;={vgp:a=r—1,b=6lor6l+20r6l+52<b<s-—
2}, Sg={vgpia=1b=6lor6l+20r6l+32<b<s-—2} Sy =
{(Vap:b=s—10<a<r—1}, then S = Uj_¢ S;. This ensures that for any
vertex in RT, s is either adjacent to S or in S without having one neighbor in
V — S and any of the three vertices of S are located along a path, making S as a
TCCD set. Hence the vertices in S forms a TCCD setin RT;. ;. The cardinality of

S isgivenby |S| = (r = D[] + 6[3].

Case 3: If r =6l + 2, define S;o = {vgs_1}, then S =U%; S; US;,. This
ensures that for any vertex in RT, ; is either adjacentto S orin S without having
one neighbor in ¥V — § and any of the three vertices of S are located along a path,
making S as a TCCD set. Hence the vertices in S forms a TCCD set in RT,.

The cardinality of S is given by [S| = (r — 1) E] +4 EJ +2 [g]
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Case 4: If r = 61 + 3, define S;; = {vg:1<a<r-1,b=3l+11<b <
s=2}U{v.1}, Sip ={vgp:a=10,b=6lor6l+20r6l+32<b<s}
Siz={vgp:b=s—la=2l+1,3<a<r-—1}, then S = Ui3;S5US,
This ensures that for any vertex in R7, is either adjacent to S or in S without
having one neighbor in /' — S and any of the three vertices of S are located along a
path, making S as a TCCD set. Hence the vertices in S forms a TCCD set in R7,,.

The cardinality of Sis given by | S |=(r— 1) g + 4[%] +2 E] + % - 1.

Case 5: [f r=6/+5, define Sjy={v,p:a=0,b=5—-1,5—2},S;s={vsp:b=35,
a=1,2},86={vyp:b=5-1,2<a<r—1},thenS=8US;US;, 14<i<16,;
=17,8, k=11, 12. This ensures that for any vertex in R7, is either adjacent to S or
in S without having one neighbor in ¥ — § and any of the three vertices of S are
located along a path, making S as a TCCD set. Hence the vertices in S forms a

TCCD set in RT,,. The cardinality of S is given by | S | = (r —1) E] +3 EJ +
3 E] + 4. Thus a TCCD set S has been constructed for all the cases, and the
cardinality of S is given by

(s—1)§+4(£+1)+§+§+5 if s=6lor6l+4,
(r—1)[§]+6[§] if s=6l+1,

s1={ G- [;|+4[3] +2[f] if s=6l+2,
(r—1)§+4EJ+2E]+§—1 if s=6l+3,
(r—1)[§]+3[§]+3[§]+4 if s =6l+5.

that a TCCD set D € RT, ; exists such that |D| <d =8 — 1. Since no three vertices
of D do not appear consecutively along a path in (D) or if there exists a vertex
u €D, then INw)N(V —D)| =1 or if there exists a vertex v € (V — D),
N(@) N D = ¢. Therefore, the cardinality of any TCCD set D must satisfy
D] = d + 1 = . Hence, the yr¢c(RT; ) is at least |S|, and since it is already
shown that |S| is an upper bound for yr¢c(RT,s), then yrcc(RT,5) = |S]. This
completes the proof.

Example 2.1:

Figure 2
RTe7, RTeg, RTg9, RTg10 and RTg 14



TRIPLE CONNECTED CERTIFIED DOMINATION NUMBER 7

Ilustration: In Figure 2, the set of lightened vertices denote the TCCD-set.

Theorem 2.3: For a rectangular triangular grid graph RT,;, r =6l+1,
r,S = 7, the triple connected certified domination number

=D +3[+3]-D+[f|+4 irs=6L
-0 +3F+3(i]-n+3 ifs=6l+1,
-0 +4]5+2[ if s=6l+2,
VecRTrs) = r— )24 35+ 3 + [ if s=6l+3,
-5 +3[5+3[F]+2 if s=6l+4,
-] +35+3[F]+4 if s=6l+5.

\
Proof: Define the set S, constructed based on whether S based on modulo 6.

Case 1: If r = 6l, define S; ={a=r—1,b =6lor6l + 20r6l+52<b <
5=2}, S;={vap:b=3l+11<b<s-31<a<r-1}, S3={vg:a=
Lb=6lor6l+20r6l+32<bhb<s—-2}, S,={vp0a=0b=s5—-1,5—
2} Ss={vgspi4<a<s—-1}U{vgsia =12} U{v; s} U{rs5q},  Se=
Vapia=2Lb=s—12<a<r—1},then S = UL, S;. This ensures that for
any vertex in RT, ; is either adjacent to S or in S without having one neighbor
in V — S and any of the three vertices of S are located along a path, making S as
a TCCD set. Hence the vertices in S forms a TCCD set in RT, ;. The cardinality

of S is givenby [5] = (r = D] + 3|2 + 3¢ - » + 5 + 4

Case 2: If r=6l+1, define S; ={v,p:h=31+11<a<r—-11<b<
s—=1}U{v,1}, Sg={vgp:b=s—10<a<r—1}, then S=U%, S U
S; U S3. This ensures that for any vertex in RT, ¢ is either adjacent to S orin S
without having one neighbor in ¥V — S and any of the three vertices of S are
located along a path, making S as a TCCD set. Hence the vertices in S forms a

TCCD set in RT, ;. The cardinality of S is given by [S] = (r — 1) [£] + 3 |3] +
N

35| -1 +3.

Case 3: If r =6l + 2, define Sg ={v,,:b=3l+11<a<r-11<b<

s}U{vp1}, Sio={vgp:a=1,b=6lor 6l+2 or 6l+3,2<b <5}, then

S = U} S; U S;. This ensures that for any vertex in RT,; is either adjacentto S

or in S without having one neighbor in V — S and any of the three vertices of S
are located along a path, making S as a TCCD set. Hence the vertices in S forms

a TCCD set in RT, ;. The cardinality of S is given by |S| = (r — 1) E] +

[ +2[3)
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Case 4: If r =6l + 3, define S;; ={v ,:b=s5s—-1,a=2L,2<a<r-1}
then S = U}y S;US,. This ensures that for any vertex in RT,¢ is either
adjacentto S orin S without having one neighbor in ¥V — S and any of the three
vertices of S are located along a path, making S as a TCCD set. Hence the
vertices in S forms a TCCD set in RT, ;. The cardinality of S is given by

s1= @ =n5+3[ + 3]+ ]

Case 5: If r=60l+4, then S =5, US; US, US,. This ensures that for any
vertex in RT, s is either adjacent to S or in S without having one neighbor in
V — S and any of the three vertices of S are located along a path, making S as a
TCCD set. Hence the vertices in S forms a TCCD set in RT,. ;. The cardinality of

S isgivenby |S| = (r = D 3] + 3|3 +3[F] + 2.

Case 6: If r =6l +5, define S, ={vg,:h=3l+11<a<r-11<bh<
s=2}U{v,1}, Siz={vap:b=s5,a=12}U{v,s1:2<a<r-—1} then
§=5US;US;,3<i<6,j=12]13. This ensures that for any vertex in RT,
is either adjacent to S or in S without having one neighbor in V — S and any of
the three vertices of S are located along a path, making S as a TCCD set. Hence
the vertices in S forms a TCCD set in RT, ;. The cardinality of S is given by

S S S T
Is1= 0 =n3+3[]+3[+[5]
Thus a TCCD set S has been constructed for all the cases, and the
cardinality of S is given by

- +35+3 (]| -1)+[5|+4 irs=6L
-0 +3[5+3(]-1)+3 if s=6l+1,
-0 +4]3+2[f if s=6l+2,
|S|= s s s r .
r-D+3[]+3[5+ |4 if s=6l+3,
=D [F]+3[3+3[]+2 if s =6l+4,
=D 5] +3[5+3[F]+4 if s =6l+5.

Take |S| =, Suppose that a TCCD set D & RT, s exists such that
ID| £ d = f — 1. Since no three vertices of D do not appear consecutively along
a path in (D) or if there exists a vertex u € D, then |[N(u) N (V —D)| =1 orif
there exists a vertex v € (V — D), N(v) N D = ¢. Therefore, the cardinality of
any TCCD set D must satisfy |[D| = d + 1 = . Hence, the yrcc(RT,5) is at
least |S|, and since it is already shown that |S| is an upper bound for
Yrcc(RT; 5), then yrcc(RT,s) = |S|. This completes the proof.

Theorem 2.4: For a rectangular triangular grid graph RT,s, r =61+ 2,
1,58 = 8, the triple connected certified domination number
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(r—1)§+4[%J+2E]+% ifs=7+1,

S S S
(r—l)[§]+3lgj+3[€]+4 ifs=1+3,

S S S
(r—l)[§]+4lgj+2[g] ifs=r+6,

(s—1) [g] +5 lg] + (lg] —1)+7 otherwise.

Yrcc(RTr5) = <

Proof: Case 1: If s =r + 1, define S; = {v,,:b=3l+11<a<r-11<
b<s-2}u{v.1}, S3={a=r—-1,b=6lor6l+20r6l+52<b<s-—
2}, Sy={vgp:a=1,b=6lor6l+20r6l+32<b<s}, Sg={v,,:b=
s—1,a=3l+1,3<a<r-—1} then S = Ule S;. This ensures that for any
vertex in RT,  is either adjacent to S or in S without having one neighbor in
V — S and any of the three vertices of S are located along a path, making S as a
TCCD set. Hence the vertices in S forms a TCCD set in RT,. ;. The cardinality of

S is given by |S| = (r—1)§+4EJ+2E]+£.

Case 2: If s =1 + 3, define S5 = {v,,;a=1,b=6lor6l+20r6l+32<
b<s—-2}, S¢={vgp:b=s5—-12<a<r-1}, S;={vgp:a=0,b=s—
1,s =2} U{vgp:b=s5,a=12}, then S=5US5,5<i<7,j=12. This
ensures that for any vertex in RT;. s is either adjacentto S orin S without having
one neighborin ¥V — S and any of the three vertices of S are located along a path,
making S as a TCCD set. Hence the vertices in S forms a TCCD set in RT,. ;.

The cardinality of § is given by S| = (- — 1) [£] + 3 |5] + 3[¢] + 4.

Case 3: If s=7r+6, define Sg={v,,:b=3l+11<a<r—-11<h<
s —1}U {v,,}, then S = Uj_, S; U Sg. This ensures that for any vertex in RT}.
is either adjacent to S or in S without having one neighbor in V — S and any of
the three vertices of S are located along a path, making S as a TCCD set. Hence
the vertices in S forms a TCCD set in RT, ;. The cardinality of S is given by

s1- -0 <[ o2}

Case 4: If s#¥r+1lorr+3o0orr+6, define Sg ={v,,:<b<s—1la=
3l+14<a<r—-2}U{v,,;a=10<b<s—-2}U{y,ca=r—12<

b<s}, Sio={vgp:a=0,b=5—-15-2}U{v,,:b=5s,a=12}, S,;=
(Vapra=r—1,1r—-2,b=0}U{v,:a=rb=12} S12 ={Vgp:b=5~—
La=6l+20r6l+30r6l+52<a<r—4}, S;3={vgp:b=1a=6lor
6l+30r6l+55<a<r—2}, then S = U3, S;. This ensures that for any
vertex in RT, ; is either adjacent to S or in S without having one neighbor in
V — S and any of the three vertices of S are located along a path, making S as a
TCCD set. Hence the vertices in S forms a TCCD setin RT;. ;. The cardinality of
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S isgivenby |S| =(s—1) E] +5 EJ + (EJ - 1) + 7. Thusa TCCD set S has
been constructed for all the cases, and the cardinality of S is given by

(r-D3+al3|+2[]+2 ifs=7+1,

=[] +3[3]+3[F]+4 ifs=1+3
IS| =8 s s s ,

i(r—l)[§]+4lgl+2[g] ifs=71+6,

((s -1) E] +5 EJ + (EJ —1)+7 otherwise.

Take |S|=pf, Suppose that a TCCD set D S RT,; exists such that
ID|]<d=fF—-1. d=—1 Since no three vertices of D do not appear
consecutively along a path in (D) or if there exists a vertex u € D, then
IN(u) n (V —=D)| =1 or if there exists a vertex v € (V. — D), N(v) N D = ¢.
Therefore, the cardinality of any TCCD set D must satisfy |[D| >d +1 = .
Hence, the yr¢c(RT,s) is atleast |S|, and since it is already shown that |S]| is an
upper bound for yrcc(RT; ), then yrcc(RT, ) = |S|. This completes the proof.

Theorem 2.5: For a rectangular triangular grid graph RT,;, r = 6l+
3o0r6l+4, r,s =9, the triple connected certified domination number

(r—1)§+§+3(§—1)+[§]+4 if s =6l
- +6[ if s=6l+1,
=D +6[3+2 if s=6l+2,
yTCC(RTT',S)= s s s r .
r-D5+4l2|+ 23|+ [4] if s=6l+3,
=[] +3[5+3[F]+2 if s =6l+4,
-] +3[F]+3[5|+4 if s=6l+5.

Proof: Define the set S, constructed based on whether S based on modulo 6.

Case 1: If s = 6!, define S; ={v,:1<a<r-1,b=3l+11<b<s-
3Yu{vea} S ={vgpia=r—1,b=6lor6l+20r6l+52<b<s-—2}
S3={vgpia=1,b=6lor6l+20r6l+3,2<bhb<s5—-2} S,={vg,:4=<
a<r—1,b=s-2}U{vys_2} Ss={vgp:a=2Lb=5—-1}U{v,s 1}V
{vap:a=1,2,b =5}, then S = U?:l S;. This ensures that for any vertex in
RT, s is either adjacent to S or in S without having one neighbor in V — S and
any of the three vertices of S are located along a path, making S as a TCCD set.
Hence the vertices in S forms a TCCD set in RT, 5. The cardinality of S is given

by IS| = (r = D3+ +3C -1 + |5 +4.
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Case 2: If s=6l+1, define S¢ ={v,,:0<a<r-—1,b=s—1}, then
S = UL, S; U Sg. This ensures that for any vertex in RT, ¢ is either adjacent to S
or in § without having one neighbor in V — § and any of the three vertices of S
are located along a path, making S as a TCCD set. Hence the vertices in S forms

a TCCD setin RT, 5. The cardinality of S is given by |S| = (r — 1) E] +6 EJ

Case 3: If s=6l+2, define S; ={v,p:1<a<r—1,b=3l+11<b<
s—=1}U{v1}, Sg= {(Vapa=0b=s—1s—2}, then S=U%, 5 US,.
This ensures that for any vertex in RT, ; is either adjacent to S or in S without
having one neighbor in V — S and any of the three vertices of S are located
along a path, making S as a TCCD set. Hence the vertices in S forms a TCCD

setin RT, ;. The cardinality of S is given by |S| = (r — 1) E] +6 EJ + 2.

Case 4: If s=6l+3, define Sg={vyp:a=1,b=6lor6l+2or6l+
3,2<b<s} Sjo={vgpa=2L2<a<rb=s—1}, then S =Ui2 S; U
S, U S;. This ensures that for any vertex in RT, ¢ is either adjacent to S orin S
without having one neighbor in V — S and any of the three vertices of S are
located along a path, making S as a TCCD set. Hence the vertices in S forms a

TCCD set in RT, ;. The cardinality of S is given by [S| = (r — 1)§ +4 EJ +
N T
2[3] + i

Case 5: If s = 6l + 4, define S;; ={vy:1<a<r—-1,b=3l+11<h <
s—=1}U{v,,}, then S = S, U S3 U Sg U S;;. This ensures that for any vertex in
RT, ¢ is either adjacent to S or in S without having one neighbor in V — S and
any of the three vertices of S are located along a path, making S as a TCCD set.
Hence the vertices in S forms a TCCD setin RT, ¢. The cardinality of S is given

by |S|=(r—1)[§]+3EJ+3E]+2.

Case 6: If s = 61 + 5, define S;, ={vg,:a=0,b=5—-1,5s =2} U{v,,:h =
s,a=12} Si3={vgp:2<a<r—-1,b=s—1}, then S=5U§5,1<i<
3,j = 12,13. This ensures that for any vertex in RT, s is either adjacent to S or
in § without having one neighbor in V — S and any of the three vertices of S are
located along a path, making S as a TCCD set. Hence the vertices in S forms a

TCCD set in RT, ;. The cardinality of S is given by |S| = (r — 1) E] +3 E] +

3 EJ + 4. Thus a TCCD set S has been constructed for all the cases, and the
cardinality of S is given by
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(r—1)§+§+3(§—1)+[§]+4 if s =6l
- +6[ if s=6l+1,
|S|:<(r—1)[§]+6[§]+2 if s=6l+2,
(r—1)§+4EJ+2E]+E] if s=6l+3,
=[] +3[5+3[F]+2 if s =6l+4,
(r—1)[§]+3[§]+3[§]+4 if s=6l+5.

Take |S| =B, Suppose that a TCCD set D € RT,., exists such that |D| <d =
— 1. Since no three vertices of D do not appear consecutively along a path in (D)
or if there exists a vertex u € D, then |[N(u) N (V — D)| = 1 or if there exists a
vertex v € (V — D), N(v) N D = ¢. Therefore, the cardinality of any TCCD set
D must satisfy [D| > d + 1 = f. Hence, the yrcc(RT,. ) is at least |S|, and
since it is already shown that |S| is an upper bound for yrcc(RT,s), then
Yrcc(RT;s) = |S|. This completes the proof.

Theorem 2.6: For a rectangular triangular grid graph RT.;, r=6l+5,
r,s = 5, the triple connected certified domination number

=[]+ 4] +2[f ifs=1+3,

RT, ) =
Yrec(RTrzs) (s—1) E] +3 EJ +3 E] +4 otherwise.
Proof: Case 1: If s =1+ 3, define S; = {vy,:1<a<r-1,b=3l+11<
b<s—-1}U{v.1}, S; ={vgp:a=r—1,b=6lor6l+20r6l+52<h<
s—=2}, S3={vgpra=1b=6lor6l+20r6l+3,2<b<s} then S=
U?_, S;. This ensures that for any vertex in RT, ¢ is either adjacentto S orin §
without having one neighbor in V —§ and any of the three vertices of S are
located along a path, making S as a TCCD set. Hence the vertices in S forms a

TCCD set in RT,. The cardinality of S is given by [S] = (r — 1) [£] + 4 |3] +
S
2[2]

Case 2: If s#r+3, define S, ={a=3l+14<a<r,1<b<s-—1}
Ss ={vgp:a=10<b<s—-2}U{v,_10}, S¢ ={a=6l+20r6l+ 3or6l +
52<a<r—-1,b=s-1}, S, ={vgp:a =6lor6l + 30r6l +55<a<r—
1,b=1}, Sg={vgp:a=0,b=s—1,5s—-2}U{v,,:a=12,b=s}, then
S = UYL, S;. This ensures that for any vertex in RT, ¢ is either adjacent to S or
in § without having one neighbor in V — S and any of the three vertices of S are
located along a path, making S as a TCCD set. Hence the vertices in S forms a

TCCD set in RT, ;. The cardinality of S is given by |S| = (s — 1) E] +3 EJ +
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3 E] + 4. Thus a TCCD set S has been constructed for all the cases, and the
cardinality of S is given by

=[] +4]5+2[ ifs=r+3,
(s—1) E] +3 EJ +3 E] +4 otherwise.

Take |S| = 5, Suppose that a TCCD set D € RT, ; exists such that [D| < d =
B — 1. Since no three vertices of D do not appear consecutively along a path in
(D) or if there exists a vertex u € D, then |[N(w) N (V —D)| =1 or if there
exists a vertex v € (V — D), N(v) N D = ¢. Therefore, the cardinality of any
TCCD set D must satisfy |D| = d + 1 = . Hence, the yrcc(RT;5) is at least
|S|, and since it is already shown that |S]| is an upper bound for y7¢c(RT,.s), then
Yrcc(RT,s) = |S|. This completes the proof.

S| =

3. Conclusion

This article studies the yrcc number for triangular grids with square and
rectangular boundaries. The parameter's definition and relevance are outlined,
emphasizing its role in graph theory. Future articles will explore the behavior of
Yrcc under specific graph operations. Additionally, comparisons will be made
with other key graph theoretical parameters to highlight its significance.
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