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Abstract

For a graph A including vertex set V, and edge set E ;, the Sombor index is defined as
SO(A) =L,..c,, n, W)+ n, (z)* where n,, (w) is the degree of w in A.

This study focus on the multiplicative version of SO, namely the multiplicative Sombor
index (M,) which defined as My, (A) =I1,...., VN, (w)*+ n,(z). In this work, sharp upper and
lower bounds on M, of trees in terms of order and given diameter are obtained. We identify
the extremal trees for these bounds. Furthermore, the maximal trees are characterized with
respect to order and given number of leaves. We determine sharp bounds of simple graphs
for M, in terms of graph parameters.

Subject Classification: 05C35, 05C07, 05C90.
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1. Introduction

In this work, we deal only with graphs that are simple and finite. Consider
A=V, Ey) as a graph in which V,; and E, are the vertex and edge set,
respectively. The cardinality of V; and E, are called the order and size of A,
respectively.

The set of the neighbors of the vertex w € V; is defined by N,y(w) = {z €
Vywz €Ey} and [Nyz(w)| =n4(w) is called the degree of w. Let A=
max,ey,{Na(W)} and § = miny,ey , {na(W)}. If n4(w) =1, then w is called a
leaf in A. The graph A is called the complement graph of A with the exact same
set of vertices as A and edges between vertices in A do not exist in A and vice
versa. A path P = x;x,..x; in A is called a pendant path if n4(x;) =3,
Na(xx) =1 and n4(x;) = 2 for 2 <1 < k — 1. The diameter of A is defined as
the maximum distance (shortest path length) between any two vertices in A. For
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w € Vy, A —{w} is a subgraph of A derived by deleting vertex w and all edges
that are incident to it. Given an edge wz € E 4, the graph A — {wz} is the graph
derived by deleting the edge wz. For k edges e, e, ...,e, in E4, A+ {eq, ..., e}
(A —{eq, ..., ex}) is the graph obtained from A by adding (deleting, resp.) the
edges ey, ..., e, [1].

A topological index plays a significant role in theoretical chemistry and
different sciences. Topological indices can predict physical and chemical properties
of chemical compounds and are known as important tools in the development of
QSPR and QSAR models [2].

Recently, Gutman [3] in 2021 defined the Sombor index as

SO(A) = Zwzer, VNaW)? +1.4(2)2.

Chemical applications of the Sombor index are discussed in [4-10]. Several
topological indices of a graph motivated by the definition of SO and some known
topological indices were presented and studied. The extremal graphs in terms of SO
on the set of chemical graphs are characterized in [11]. Rada et al. [12] determined
some bounds of the Sombor indices. Also, they presented inequalities for these
indices in terms of other topological indices. Liu in [13] explored the minimum
Sombor indices of graphs with fixed order, given cut vertices, and at least one cycle.
In [14], some bounds for SO in terms of matching number, graph energy and
induced matching number are established. For more details and the mathematical
properties of Sombor indices, we refer to [15-21].

In [22], the authors extended the topological invariants by defining the
multiplicative version. Liu [32] introduced the multiplicative Sombor index as
follows

Mso(A) = [lwzer, VnaW)? +n4(2)>

He obtained extremal values of Mg, of trees and unicyclic graphs. Sharma,
Bhat, and Lal, [24] computed several multiplicative topological indices of the
crystalline structure of cubic carbon. In [25], the multiplicative versions of some
topological indices of Silicon-Carbon are investigated. Hassan in [26] calculated the
multiplicative Zagreb connection indices of some nanostructures. More results of the
applications on the multiplicative graph energy, Sombor indices are found in [24, 27,
28].

In this paper, our aim is to determine Mg, of trees and simple graphs.

In the following, some modifications that will be utilized in the main results are
defined.

Modification 1.1: [29] Let T, be a tree with a vertex u € Vy and S;,, is a star
graph where ¢t > 1 with center vertex v € V. Let T be the tree obtained from
T, and S;,; with the following vertex and edge sets (see Figure 1).
Vp =V, UVs,,,, Er=EgqUEs, U{uvk
Define T* =T — {vuy, vuy, ..., Vi1 } + {uuy, ..., uu,} in which uy, ..., u;
are pendant vertices of S;,, (see Figure 1).
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Modification 1.1
_

Figure 1
Trees T and T* in Modification 1.1.

Modification 1.2: Assume that T, is a tree with a vertex u € Vr, which ny, (u) =
3 and T is the tree obtained from T, and S;,,; byadding an edge between u and
center vertex v of S; 41, where s,t > 1.

Define T* =T — {vuy, .., VU, oo, VUgye} + {UiUy, oo, Up_q U, UpUppq, oo, Uglisg)
(see Figure 2).

v
uy
uz
Modification 1.2 :
_
Uyt ces
U1 Ugyt
T T
Figure 2

Trees T and T* in Modification 1.2.
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Modification 1.3: Assume that T is the tree shown in Figure 3 such that including
subset Ty with u € Vy, where ng (u) = 3. For t,s =1 and t; < t, we define

*
T =T = {Uey 41Uy 420 o0 Up—1Up, UeWs, oo, UWsF F {Ue, Upy 1, Ugy Upy 42 w05 Ug, U
U, W1, o, Ug, W} (see Figure 3).

' Modification 1.3
F—— 3

Wi Wy Ups1 =0e e g
wi

Figure 3
Trees T and T* in Modification 1.3.

Modification 1.4: Let T beatree and x,y € V; belonging to the path P = zy ...xv
of length at least one such that n(z) = 3, n(y) = 3, n(v) = 1, n(x) = 2 and other
vertices on P equals two.

Define T* =T — {yw:u € Vp } + {xu:u € Vr } (see Figure 4).

% v Modification 14 @'_L o

T T

Figure 4
Trees T and T* in Modification 1.4.

2. Main Results

In this section, the sharp bounds on Mig, in terms of order and given diameter
are obtained. Also, a sharp upper bound on M, of trees with given number of
leaves is presented.

Lemma 2.1: For trees T and T* described in Modification 1.1,
Mo (T) < Mo (T7).
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Proof:  Suppose that Nr (u) = {vy,...,vs} where s > 1. Since for each w €
Vi, \{u}, nr(w) = n-(w) and for t = 3, s = 1 we have nr)? + (s +1)2 <
\/nT(vh)Z + (s + 14 t)?, then

Mso(T) _ Mhza VT @R 2+ D2XY (E+ DP+(s+ DX [Tog Y (E+D7+1
Mso(T*) IT5— s VT (0R) 2+ (s+ 1+ XTI, (s +E+D)2+1
JE+1)2+(s+1)? N ( J+D)2+1 )t
J(s+t+1)2+1 J+t+1)2+1
<1
Thus, Mgy (T) < Mo (T).

Lemma 2.2: For trees T and T* described in Modification 1.2,
Mo (T) > Mo (T7).

Proof: According to the structure of trees T and T* depicted in Figure 2, we have
nr(w) =3, ne(w) =s+t+1, np(w) =2, nr(u) =1, ny~(u) =s+1 and
for any vertex x € V(Ty), nr(x) = np+(x).

Therefore, we get

+t
Mso(T) _ T @ P x(Jar@7+1)
Mso(T) *

\/nT*(u)2+4x<\/r]T*(ut)2+1) x(\/nT*(ut)2+4—)X(\/§)t_1

_ nr)?+(s+t+1)? (\/(s+t+1)2+1)s
T e s

N (\/(s+t+1)2+1>t_1 N (‘/(s+t+1)2+1)
V8 Js+DZ+4

> 1.
Therefore, Mgy (T) > Wigo (T).

Lemma 2.3: For trees T and T* described in Modification 1.3,
Mo (T7) > Mo (T).

Proof:  According to the trees depicted in Figure 3, for t,s = 1, n7(u,) = 2,
nr*(utl) =s+t—t;+1 nr(uw) =s+1, np(u) =1, Nr(Ue,+1) = 77T(ut1+2)

= =N (Umq) = 2 and Ny (Ugy 1) = N7 (Ugy42) = -+ = N+ (U—1) = 1. Therefore,
we have
meor) _ (VErtrnzen)” (VGG (v8)
Mso(T) (J(s+1)2+1)s (\/(s+1)2+4)><(w/§)t_1
_ (s+t= t1+1)2+1) % <J(s+t—t1+1)2+4)
T\ JGeZa JG+1)Z+4

< (s+t— t1+1)2 )t_tl
> 1.

Since s,t =1 and t; < t, thus PVigy (T™) > Mo (T).
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Denote T, 4 to be a family of trees with diameter d and n vertices. We
consider T, ; for the family of trees T € T, ;4 obtained from the union of path
P;_ 1 = X%, ..x4_1 and star graph S,_;., with center vertex u and pendant
vertices UjU; ... Uy_q by adding the edge x;_;u,. Therefore for T € T;, 4,

Vr = VPd—l U VSn—d+1’
Er =Ep, ,VEs, .., U{xa-1us}.

Theorem 2.4: Foratree T € T, 4 where 3 <d <n-—2,

Moo (T) < VE(VB)' “xJn—d+ D2+ 4x (Jn—d+ DZ+1) .
Equality holds if and only if T € T, 4.

Proof: To simplify the computations, we consider

fn,d) =V5(v8)' " x Jn—d+ D)? +4x (Vo—d+12+ 1)“.

Assume that T € T,, ; where d = 3 such that has the maximum multiplicative
Sombor index among all trees in T, 4. Consider the path Py = vyv; ... V4_1V4 in
T.

Using Lemma 2.1, for any w € Vz\Vp,, , n(w) =1 and w is adjacent to
exactly one of vertices P;,4.

Suppose there is a vertex vy, € Vy such that k # 1,d — 1 where n(v;) = 3.
Without loss of generality, let n(v,) = 2 for any vertex v, (h # 0,d, k). Denote
N(vy) = {uyg, ..,u,} where n(uy)=1 for 1<h<t. We take T'=T—
{veuy, ., v} + {V1Uy, ..., vyu,}. Clearly, T' € T, 4. According to the structure of
trees T and T', one can easily see that ny,(vy) =t + 1, np(v) = 2, N, (V) = 2,
Nr(vx) =t + 2 and for any vertex u € Vy\{vy, v}, nr(w) = np,(w).

With putting E' = {vov;, V1 Vq, Vi—1Vk, Vi Viks1} € E, we have

Mso(Tr) wzeng,\Er

i W)Z+n7:(2)2xV5% (J(t+2)2+1)t+1x(J(t+2)2 +4)x(\/§)2

Mo (T) 2 t 2
S0 WZEQT\E, nrw)2+nF(2)x(V5) x(V(E+2)2+1) x(V(t+2)2+4) x(VB)

_ J(t+2)2+1xV8 -1
T J(t+2)%+4x45 '
This implies that Mg(T") > Mo (T), which is a contradiction. Hence,
n(vy) =2 forany 1<h<d-—1or1<h<d-—1). Therefore, T €T, ,4.
If T € T34, then Mo (T) = f(n,d).

Lemma 2.5: For trees T and T* described in Modification 1.4,
Mo (T*) > Mo (T).

Proof: For any vertex w € Vr , nr(u) =n7+(u), and any w €V, we have

nr(w) =ng+(w). Suppose that 1y (y) =t. Then ny(y) =t + 2 =nr-(x) and
nr+(y) = 2 = np(x). Consequently, we get
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Moo (T™) /nT*(z)2+4><\/§><‘/(t+2)2+4><\/(t+1)2+1
Mso(T) - T (2)2+(t+2)2x/(t+2)2 +4xV8%V5

nrs(2)2+4 N JErE
V5 Inr(@)?+(E+2)?"

[ %2 2_
Let f(x) = \/szHz where ¢ > 2 is fixed. Since f'(x) = L% >0,
xo+c Vx2+1(x2+c2)2
f(x) is an increasing function. Therefore,

Moo (T*) _ "T*(Z)z"‘*x Jr 2z
Mso(T) 5 nr(@)2+(t+2)2

/nT* (2)2+4 V1o

>
=% X Vr(@)?+9

2< /nT*(z)2+4->
~ T Jnr@iee
Hence, Mo (T) > WMo (T).

> 1.

Theorem 2.6: Foratree T €T, 43 where n 25 and d = 4 is even,
3d

() ifd=2 then Mgo(T) = (Jn—DZ+1)"
(i) if d =4, then Meo(T) = 65(/ =52+ 1) x (=52 +9),

3d
(i) if d =6, then Mg (T) = 65\/ﬁ(\/§)7_7 x <\[(n - ?+ 1)2 + 1) X

<\[(n—%+ 1)2+4>.

Equality holds if and only if T; T, shown in Figure 5.

Vo vy vy vy v, vy vy L I 2 _ _v"" V4
d [
2z ! [
cee ;
Iﬁ._l
n-6
Ty T, 7
2
Figure S

The trees T; and T, in Theorem 2.6.
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-2
Proof: 1f d = 2, then T = §,, and consequently, [[so (T) = (\/(n -1+ 1)n .
If d = 4, then T; T, shown in Figure 5 and it is easily to check that

n—6
Mo (1) = 65 (V=57 +1)  (Jn—572+9).
Assume that T € T, ; where d > 6 is even such that T has the minimum

multiplicative Sombor index among all trees in T,,. Suppose that P, =
VoV ... Vg is the path of length d in T. by applying Lemmas 2.1-2.3, T contains a

path vjx;x; ..x; such that j ¢g , t <% and n(x;) =-=n(x_p) =2,
N(xX¢-1) 2 2 and n(x) = 1.

Let N(x;_q1) = {x:, 24, Z3, -, Zx—1} Where 1(x;_;) = k = 2. without loss of
generality, let ; <j<d.

!
We take T' =T — {1V}, Xt_12Z1, ) Xe—1Zk—1} + {X1Va, Xt 21, Z1 25, o) Zs 1200
2

d
X¢Zgrp1s -0 XeZy} Where t 4+t > =

Using Lemma 2.5, M, (T") < Mo (T) which is a contradiction. Therefore,
T; T, shown in Figure 5. On the other hand for T;T,, one can easily see that

w0 =658 x (- E 1) x| Ja-Hevres)

Denote T,; to be a family of trees with [ leaves and n vertices. Assume that
X, is the family of trees T € T,,; where 2 <1 <n — 2, formed from the path
P,_;+1 by attaching [ — 2 new vertices to one of the end vertices in Pp,_;,4.

n—

Theorem 2.7: Foratree T € Ty,

- —i-
Moo (1) <VE(VE+1) (VE+4)(V8)" ™.
Equality holds if and only if T € T, ;.

Proof: 1f | = 2, then T; P, and M, (T) = 5(«/5)”_3 = g(n,1). To simplify the
computations, we consider

-1 -1
g ) =V5(VEF1) (VE+2)(W8)" .
Suppose that 3 <1 <n—2 and T is a tree with the maximum multiplicative
Sombor index among all trees in T,, ;. We investigate the following cases.

Case 1: The tree T has a pendant path of length at least one. Suppose that xyx; ... X
is the pendant path in T rooted at x, where n(x,) =3 and k > 2. We take
T, = {x¢, x4, ..., xi }. Let T; be a nonempty graph. By applying Lemma 2.5 and by
putting xo =y and x,_; = x, we construct a tree T € T,,; where Mo (T™) >
Mo (T). It is a contradiction.

Therefore, T; is an empty graph and consequently, T € T, ;.
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Case 2: The length of any pendant path in T is one. In such a case, [ > 3. Let
XoX; - Xy be a path of length k > 2. Since all pendant paths in T are length one,
thus 7(x;),n(x,_1) = 3. Let for some vertices Xy, np(xy) =3 where 2 < h <
k —2. Among such vertices, we suppose that x; is the closest one to x;. By
applying Lemma 2.5 and by putting x = x; and y = x;, we obtain a tree T* € T, ;.
Then Mgy (T*) > Mgy (T) where is a contradiction. Using Lemma 2.7 in [23], we
canreach a tree T with Mgy (T") > Mgy (T) such that T' € T, ;. Therefore, either
Nr(x1) = 2 or ny(xx_1) = 2 where shown there is only a pendant path in T with
length n — [ — 1. Consequently, T € X, ;.

Suppose that m;; is the number of edges e = wz that {n(w),n(2)} = {i,j}.
Therefore, for a tree T € X,,;, we have m;; =1, my;=1—-1, my; =1 and
m,, = n — | — 2. Therefore, we get

Mso(T) = [wzerr VIW)? +n(2)?
= (V)" x (VE+D) "™ x (VB)™* x (VE+ 4)"
= VSWETa) x (VE+1)  x(v8)" -
Next, we determine sharp bounds on Mig, of simple graphs in terms of some

graph parameters. We establish the relationship between this index and the Sombor
index.

Theorem 2.8: For a simple graph A of order n and size m,
Mo (A) < (200 = 1)*)2.
Equality holds if and only if A; K.
Proof: Obviously, for any vertex w € V;, n(w) < n — 1. Therefore,
Mso(A) = szeEﬂ \/W
< Mwzer, V(@ = D2 + (n = 1)?
~Musee, V2=
- (2m-1Y)",

Equality holds if and only if n(w) =n — 1 forany w € V. This holds if and
only if A is a complete graph.

We present a Nordhaus-Gaddum bound for Wi, in the following theorem.

Theorem 2.9: For a simple graph A with n vertices,
n(n-1)

Mo (A) Mo (A) < (2(n —1)?)
Equality holds if and only if A; K,,.

Proof: Using Theorem 2.8, we get

Mo (A) < (V201 - D2)
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and

Mo (A) < (V20— 1)2)(2)_'”.

Therefore,

Mo (A)DMgo(A) < (\/Z(n _ 1)2)m y (\/Z(Tl — 1)2)(2)—m

- (Vo= 17)®
n(n-1)

=Q2n-1») 4
Equality holds if and only if A is a complete graph.

Theorem 2.10: For a connected graph A of size m,

(sorZﬂ))m < Mo (A) < (%)m'

Equality on the right holds if and only if A is regular graph.

Proof: For the lower bound, by applying geometric-harmonic mean inequality, we
get

m

m

Meo(A) 2| ——————

Z P
WZEEA |n(w)2+n(2)2

m
Sf—m
WZ Vn(w)2+n(2)?

Z€E 4

= (SOTZA))m ’

For the upper bound, we use the arithmetic-geometric mean inequality and we

get
g‘IRSO(‘:’Q) = HWZEEA Y U(W)Z + 77(2)2
<WZ§EﬂJn(w)2+n(z)2>m

<

m

-

The equality holds if and only if n(w) = n(z) for e = wz € E4. Therefore,
this equality holds if and only if A is a regular graph.

Lemma 2.11: [30] Let a = (ap)p=, and b = (by)p-, be decreasing sequences
where ay,, by, € R. Assume that Y h—, a, < Y-y by, for each integer 1 <t <n-—
1. Then ¥} _; f(ay) < X1 f(by), for each convex function f.
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Theorem 2.12: For a simple graph A with n vertices and size m < n — 1,
Mo (A) < (M2 +1)2.
Equality holds if and only if G = S, U (mn—m+ 1K;.
Proof: For each edge e = wz € E 4, n(w) +n(z) <m+ 1. Since,
Vw2 +1(2)? < J(w) + 07 +n(2)?,

in which x =m + 1 — (n(w) +n(2)).
Using Lemma 2.11,

Mso(A) = [lwzer,, VN(W)? +1(2)?
< Mwzer,, (W) +2)% +1(2)?
< HWZEEA mz +1
=(m? + 1)%.
Equality holds if and only if n(w) +n(z) =m+ 1 and (n(w) + x,1(2)) =

(m,1) or (W) +x)® + n(2)?> = m? + 1. Therefore, n(w) =m and n(z) =1
if m < n — 1. Consequently, G = S,,,; U (n —m + 1)K;.

Theorem 2.13: Let A be a simple graph of size m. Then
(V28)" < Mgy (A) < (V2A)™.
Equality holds if and only if A is regular graph.

Proof: Since forany w € V4, § < n(w) < A, we have

HWZEE‘A \/TSZ < EIRSO (Cﬂ) = HWZEE‘A r](W)z + TI(Z)Z < HWZEE‘,Q ‘/W

Hence,

(V28)" = (V267)" < Mo (A) < (V282)" = (VZ)".
Equality holds if and only if n(w) = § = A = n(z) for any edge wz € E,.

Concluding remarks

The extremal problem has emerged as a critical area of research, garnering
particular attention in recent times. In these problems, the extremal graphs within a
given class are characterized to maximize or minimize graph invariants. Graph
invariants play a crucial role in various applied sciences. Specifically, topological
indices serve as potent tools in the study of chemical graph theory. These indices
help characterize molecular structures, discriminate pathological structures, predict
properties or Dbioactivity of molecules for drug discovery, and quantify
intermolecular similarity.

In this work, we considered the extremal problems with respect to Mtg, among
trees of order n, diameter d and [ leaves. We determined a sharp upper bound for
Mo interms of order and given diameter and identified the extremal trees that attain
this extremal value. Moreover, the trees of order m with even diameter for
minimizing Mg, among all trees are identified.
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In addition, we determined the sharp upper bound for Mg, in trees of order n
and [ leaves. Also, we obtained sharp bounds on Ilg, of simple graphs based on the
order and size and established relations between Mig, and SO.

There are extremal problems related to the Mg, with some fixed graph
parameters that remain to be solved. For instance, a future goal could be identifying
trees of order n and [ leaves having the minimum multiplicative Sombor index.
One could also consider the extremal problem by characterizing the extremal graphs
with respect to Mg, with given degree sequence and segment sequence.

Finally, we present the following conjecture for trees of order n.

Conjecture 2.14: Let T be a tree of order n. Then

() Forn>3, 5(+8)" " < Meo(M) < (Yn—D2+1)" . Equality holds if
and only if (in left) T; B, and (in right) T; S,,.

(i) Forn=4and T # S, Meo(T) < VE(M—2Z+1)  x
(Jm=2)2+4).

Equality holds if and only if T is a tree with n vertices and diameter 4.
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