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Abstract

We define the general sum index for a graph G as follows:

GS,, G)= ansE(C) v (@) + d; 0y
where d(a) is the degree of a vertex a and, ¢ and y are non-zero real numbers. In this paper,
we consider a class CT'(n, k) of chemical trees with given order n and k vertices of maximum
degree. We find those graphs in CT(n, k) which has extremal values of CT',, when [y =1,
-1/2<t¢<0]or[y=2-1</¢<0]or[y e{l,2}) and 0 < 7 < 1/2]. Given different values
of ¢ and vy within the mentioned brackets, the GS,, coincides with the Sombor index (SO),
modified Sombor index (SO,
Furthermore, our findings reveal that in the class C T (n, k), specific chemical trees with
maximum values of SO,, H and X, (-1 < ¢ < 0) simultaneously attain minimum values of SO
and X, (0< /¢ <1/2).

), general sum-connectivity index (X,) and harmonic index (H).
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2 M. AHMAD ET AL.

1. Introduction

Throughout this paper, we consider a graph G of order n, where V(G) and
E(G) denote its vertex and edge sets, respectively. For any vertex a € V(G), its
degree in G, denoted by d;(a), is defined as the number of edges that are
incident to a. The set N;(a) is the set of vertices that are adjacent to a. A
chemical tree is a tree where the degree of each vertex does not exceed 4. A
chemical tree is called an extremal chemical tree if it has either a maximum or
minimum value with respect to an index. The notation G — ab indicates the
graph formed by removing the edge ab from the graph G. Similarly, G + ab
refers to the graph formed by adding an edge ab between two non-adjacent
vertices @ and b in G. In notation m;;(G) counts the edges whose endpoints
have degrees i and j in G. The notation n;(G) represents the number of
vertices of degree i in G. When there is no risk of confusion, we write m;; and
n; instead of m;;(G) and n;(G), respectively.

There are molecular descriptors in chemical graph theory that are called
topological indices and are used to quantify the chemical properties of the
molecules. The first ever topological index was introduced by Harry Wiener in
1947 to analyze the properties of alkanes [1]. In literature, several
vertex-degree-based topological indices have been introduced and extensively
studied [2-16]. Table 1 provides some degree-based topological indices. A
degree-based topological index (TI) of a graph G can be represented as

TI(G) = Yaber(c) F(dg(a), dg (b)), (1.1)
where F(d;(a),dg(b)) is a function with property F(d;(a),dg;(b)) =

F(dg(b),dg(a)).
Table 1

Certain vertex-degree-based indices outlined in this paper of the form (1.1). The
parameter £ is a non-zero real number.

F(dg(a),dg(b)) Name Symbol
Jdg(a)? +dg(b)? Sombor index [3] SO
1 Modified Sombor index [5] SO,
Vdg(a)?*+dg(b)?
(dg(a) + dg(b))* General sum-connectivity index [4] X,
2 Harmonic index [2] H
dg(a)+dg(b)

This paper introduces the general sum index, and our motivation for
defining this index is its role in deriving some vertex-degree-based topological
indices by assigning specific values to £ and y. We now define the general sum
index for graph G as follows:

GSsy(6) = Eavere) ¥ (dg(@)*V +dg(b)*/7)Y, (1.2)

where £ and y are non-zero real numbers. An important direction is to find trees
with a maximum or minimum index in the class of trees. Several results on
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extremal graphs with respect to indices have been documented in the literature
[13, 16-25]. However, chemical trees with the given number of vertices of
maximum degree received minimal attention in the literature. Let CT(n, k)
denotes the set of chemical trees over order n with given k vertices of degree 4,
where k > 1. For recent studies on tree class with k vertices of maximum
degree and particularly the class CT (n, k), we refer readers to [12, 15]

In this paper, we obtain trees in CT"(n, k) with extremal values of GS,,, for
certain values of ¢ and y. In particular, if [y =1,-1/2<¢<0] or [y =
2,—1 < £ < 0], then we find maximum value of GS,, among trees in CT"(n, k).
Similarly, if [y € {1,2}and 0 < £ < 1/2], then we find minimum value of
GS;, among trees in CT'(n, k). Given different values of ¢ and y within the
mentioned brackets, the GS,, coincides with the SO, SO, , general
sum-connectivity index and harmonic index. This enables us to easily find the
extremal values of these indices within CT'(n, k). Furthermore, we construct
these extremal chemical trees.

For convenience, we define the following sets:

A={y|—-1/2<¢<0and y=1}U{f,y|-1<4<0 and y = 2}
B ={£,y|0<£<1/2 andy € {1,2}}.

For n<3k+2, there can be no graphs in CT(n, k). Therefore,

throughout the paper, we assume that n > 3k + 2.

2. Extremal chemical trees in CT(n, k)

In this section, we find the chemical trees in €T (n, k) with maximum (or
minimum) values of GS;, when ¢,y € A (or ¢,y € B). Let

S={lL)H)ENXN\(LD[1<i<j<4},

where N is the set of natural numbers. General sum index for a chemical tree
T € CT (n, k) can also be expressed as

GSpy(T) = Yijyes M v (Y + j2/7)E. 2.1
In [24], following relations are given for a chemical tree T:

N =2my;+m,+myz+mg, 2.2)
2Ny =My, +2My, +My3+Myy 2.3)
3n3 =my3+My3+2my3+my, 24
4Ny, =My +Myy + M3y +2My,. 2.5
Clearly,
ny+n,+n;+n,=n (2.6)
By handshaking lemma, we obtain
2(n—1) =ny + 2n, + 3n3 + 4n,. 2.7

To establish the theorem and its corollaries, the following lemmas are
needed:
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Lemma 2.1: Let z > 1 and y = 1. The function
() fi(2) = Q¥ + z2/v)t — (32/v 4+ 22/MY s strictly decreasing if £ <0,
and it is strictly increasing if 0 < £ < 1/2

2 2 2
() fo(2)=Q@r+2zv)— (1 +2zv)° is strictly increasing ( or strictly
decreasing) if £ <0 (or 0 < ¥ <1/2).

Proof:

2 2 2 2
(i) Notethat (2v +2z7) 1= 3r+2z7)! 1> 0if £<0or 0<£<1/2. We
have

fi(z) = 2271 (zy—{) ((22/7 + z2/7)t=1 — (3217 4 z2/7)t-1)

2 2 2 2 2
If £<0, then (27 +27)*"1 > (37 + 2r)"! and z¥™" > 0. Therefore,
f'1(z) <0 and fi(z) is strictly decreasing. If 0 < <1/2, then
2 2 2 2
27 + 2v)7t < (37 + 2v)¥"t and z3/M~1 > 0. Hence, f'1(2) <0 and
f1(2) is strictly increasing.
(i1))  The proof is similar to (i).

Lemma 2.2: Suppose that T € CT(n, k) is a tree such that GS,, attains
maximum (or minimum) value in CT (n, k) when £,y € A (orf,y € B). Then
(i) ng=0.

(i) n; =2k+2 and n, =n—3k — 2.

Proof:

(i) In contrast, assume that there is a vertex u of degree 3 in T. Let Np(u) =
{uq,uy,uz}, x € Np(u) be a pendant vertex of T and P be a u, x-path.
Let Nr(x) = {x'}. Clearly, 2 < d;(x") < 4. We discuss two cases:

Case 1: When at most one neighbor of u has degree 4.

In this case, WLOG, we can assume that 1 <d;(u),dr(uy) <3,
1 < d;(us) <4 and u; donotlic on P. We obtain atree T’ as follows:

T"=T—uu+ux.
Then dp(u)=2, dp(x)=2 and dp, () =dr(v) for all ve
V(T)\{u, x}. Obviously, T' € CT (n, k). We get

GSpy(T") = GSyy(T) =y [(2§ + dT(ul)%)" — @3+ dr(ul)%)e
+(2v +dp(x' )v)*’ — (1t dp(x )V)*
+(2v + dT(uz)v)" (3V + dr(uz)y)
+(2v + dT(u3)v)" - (3V + dr(us)Y) I

(2.8)
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Firstly, let £,y € A. We show that GS,, (T") — GS,,(T) > 0 to obtain a
contradiction that T has maximum value of GS;,. By using the Lemma 2.1 (i)
for £ < 0, Equation (2.8) yields

2 2 2 2 2 2 2 2
GSpy(T) = GS; (T) >y [(27 +37) — (3Y +37) + (2 + 20)! — (¥ + 27)f

2 2 2 2 2 2 2 2
+(2r +37)° = (3r +31)° + (2r + 47)" — (37 + 41)’].
Let

0.05

0.04

o(0,2)
.03

0.5 -0.4 =03 -0.2 =01 0 -0.8 -0.6 -04 -02 o

o
(@) o(£,1) (b) 9(£,2)
Figure 1
The function ¢(€,y) when £,y € A

2 2 2 2 2 2 2 2
o, y) =y 2027 +37) =237 + 37)! + (2v + 27)! — (1v + 27)*
2 2 2 2z
+(27 4+ 4n)f — BV + 41,
where ¢,y € A. By computational software, we can see that @(€,y) > 0, as
depicted in Figure 1. Therefore, GS,,(T") —GS,,(T) >0, which is a

contradiction.

Secondly, let £,y € B. We show that GS,, (T") — GS;,(T) < 0 to obtaina
contradiction that T has minimum value of GS,,. By using the Lemma 2.1 (ii)
for 0 < £ < 1/2, Equation (2.8) yields

2 2 2 2 2 2
GSpy(T) = GSpy(T) <y [(2Y +17) = Br + 10)! + (2¥ + 47)!
2 2z 2z z2 2 2z 2z

—(1¥ +41)E + 2r + 1) = 3By + 1r)E + (2 + 17)¢ = (3Y + 17)1].

Let

2z 2 2z 2z z 2
(8 y) =y [3(2r +17)" =337 + 1) + (2 + 47)" — (1¥ + 47)7],
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where £,y € B. By utilizing computational software, we can see that ¢(£,y) <
0, as depicted in Figure 2. Therefore, GS,, (T") — GS,,,(T) < 0, which is a
contradiction.

olo.1)

(a) o€, 1) (b) $(£,2)

Figure 2
The function ¢(£,y) when ¢,y € B

Case 2: When at least two neighbors of u have degree 4.

In this case, WLOG, we can assume that d;(u,) =dr(us) =4, 1<
dr(u;) <4 and path P contains uz. Define a tree T"' from T such that
T" =T —uyu —usu +ux + uyus . Then dp(w) =2, dp,(x)=2 and
dp, (t) = dp(t) forall t € V(T)\{u, x}. Obviously, T" € CT(n, k). We get

2 2 2 2 2 2
GSpy(T'") = GSp,(T) =¥ [(27 + dr(u)) + (27 + 21)° + (27 + dr (x)V)’
2 2 2 2 2
—(1+dr (X)) + 4y + 4v)F — (37 + 4r)*

2 2 2 2
—(37 +dr(uy)Y)? — (3r + 47)°]. (2.9)
Firstly, let £,y € A. By applying software tools for analysis, we show that
GS;,(T") — GS;,, (T) > 0 to obtain a contradiction that T has maximum value

of GSp,. By using the Lemma 2.1 (i) for £ < 0, Equation (2.9) yields
2 2 2 2 2 2
GSpy(T'") — GSp\(T) >y [(27 +47)  — B +47) + (27 + 2v)¢
2 2 2 2 2 2 2 2 2 2
—(1r + 20+ + 20)8 — (37 + 47)! + (47 + 47)¢ — (37 + 47)*].
Let
2 2 2 2 2 2 2 2
WL, y) =y [(2r +47) =337 +4v)! + 227 + 2v)! — (1v + 2v)*

2 2
+(4r + 47)1],
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r T T T T r T T T
=0.5 =04 =03 -02 =01 0 e -0.8 =06 =04 -0.2 0
o o

(a) W(e, 1) (b) W{£,2)

Figure 3
The function W(€,y) when €,y € A

where £,y € A. Through the use of numerical software, we can see that
W(£,y) >0, as depicted in Figure 3. Therefore, GS,,(T"") — GS,,(T) >0,
which is a contradiction.

Secondly, let £,y € B. We show that GS,,(T") — GS,,,(T) < 0 to obtain
a contradiction that T has minimum value of GS,, . By using the Lemma 2.1 (ii)
for 0 < £ < 1/2, Equation (2.9) yields

2 2 2 2 2 2
Sey(T'") = GSpy (T) <y [(2Y +17)! — BY + 11)! + (2V + 47)f

2 2 z 2 z 2 z 2 2 2
G—(1r+4r)— B+ 4r)8 4+ (2r + 27)" — (3 + 47)! + (47 + 4r)*).
Let

Yy =vy [(ZV + 17)" - (37 + 1V)" + (ZV + 4V)f - (1V + 47){’
—2(3V + 4;)*’ + (zv + 25)4’ + (47 + 4V)f’]

where £,y € B. Using computational tools, we can obtain that P (¢,y) < 0, as
depicted in Figure 4. This yields GS,, (T"") — GS,,, (T) < 0, which contradicts
the assumption. Hence, T has maximum (minimum) value of GS,, for £,y € A
4,y € B) with n; = 0.

(ii) Using Equations (2.6) and (2.7) and the fact that n;(T) = 0 (by Part
(1)), we get
n,+2n, =2n-2-4k,

n+n, =n-k=k. (2.10)
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0.1 0.2 0.3 04 0.5 0.1 0.2 0.3 04 0.5

-0.4

Wal) W(w,2)

-0.6

=08

(a) (£, 1) (b) 2£(¢,2)

Figure 4
The function Y (£,y) when £,y € B

The solution of system (2.10) is n,(T) = 2k + 2 and n,(T) =n — 3k —
2. This completes the proof.

Lemma 2.3: Suppose T € CT (n, k) is such that GSy, attains maximum (or
minimum) value in CT(n, k) when £,y € A (orf,y € B). Let x,w € V(T)
such that dp(x) = dr(W) = 4. Let z be an internal vertex on x,w-path. Then
dr(z) = 4.

Proof: On the contrary, assume that d(z) # 4. Clearly, dr(z) # 1. By Lemma
2.2(i), d(z) # 3. Therefore, we only need to prove that d;(z) # 2. If d(2) =
2, then T possesses two vertices u and v of degree 4 on x, w-path such that
u, v-path contains z and all its internal vertices have degree 2. Let y be a
pendant vertex in T and y' be its neighbor with 2 < d;(y") < 4. Now, we
consider two cases.

Case 1: d;(u,v) = 2.

Clearly, dr(u,v) = 2 implies that N;(z) = {u,v}. WLOG, assume that
zy-path contains v. We derive a tree T' as follows:
T'=T—-uz—vz+uv+ zy.
Then dr,(y)=dr(y)+1=2, dr(2) =dr(2)—1=1 and dp,(t) =
dr(t) forall t € V(T)\{y, z}. Obviously, T' € CT(n, k). We get

2 2 2 2 2 2
GSpy(T) = GSpy(T) =y [(4 +47) + @Y + 1) + (dr (Y)Y + 27)!
2 2

5 ; ; 5 (2.11)
—(dr (") + 1) = (2r + 40)F — (2 + 40)7].
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Firstly, let £,y € A. We show that GS,,, (T") — GS,,(T) > 0 to obtain a
contradiction that 7 has maximum value of GS,,. By using the Lemma 2.1 (i)
for £ < 0, Equation (2.11) yields

2 2 2 2 2 2 2 2
GSpy(T) = GSpp(T) >y [(4Y +47) + (2 + 17)! + (2¥ +2v)F — (17 +27)*
2 2 2 2
— (27 + 4¥)F — (27 + 4¥)’].
Let
2 2 2 2 2 2 2 2

o, y) =y [(4Y +4r)° + (2v + 2v)F — (2v + 4r)¢ — (2¥ + 47)’].
where £,y € A. By mathematical tools, we can see that ¢(#,y) > 0, as depicted
in Figure 5. Therefore, GS,, (T") — GS;,, (T) > 0, which is a contradiction.

0.08
0074
0.06
005+
0.04
0.03

0.02 +

-0.5 =04 -0.3 -0.2 =0.1 [} -0.8 -0.6 =04 -0.2 0
o oL

(a) ¢(£,1) (b) (£,2)

Figure S
The function @(€,y) when £,y € A

Secondly, let £,y € B. We show that GS,, (T") — GS,,(T) < 0 to obtain
the contradiction that T has the minimum value of GS,,(T). By using the
Lemma 2.1 (ii) for 0 < £ < 1/2, Equation (2.11) yields

2 2 2 2 2 2 2 5
GSey(T) = GSey (T) <y [(47 + 40" + (27 + 1IN + (47 + 2) = (47 + 1)’

2 2 2 2
—(27 + 4r)t — (27 + 47)?].
Let
2 2 2 2 2 2 2 2

Y(Ey) =y [(47 +4)" + 2V + 1) = (47 + 1)° — (27 + 41)°],
where ¢,y € A. By utilizing mathematical tools, we can see that YP(£,y) < 0, as
depicted in Figure 6. Therefore, GS,,(T") —GS,,(T) <0, which is a
contradiction.
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0.1 02 03 04 0s 01 02 03 04 05
=0.11
=0.05
=0.24
=0.10
-0.3

(1) ‘Y(a,2)

-04+
-0.15

=0.51

=020
-0.6

(a) ¥(£,1) (b) (£,2)

Figure 6
The function P (£,y) when £,y € B

Case 2: d;(u,v) = 3.

Let u; € Np(u) and v, € Ny (v) such that lying on u, v-path. Let v'; be

the neighbor of v; other than v. Set T’ such that
T" =T —vv; —uu, + uv + wyy.

Then we see that dr,(y) =d;(y)+1=2, dp,,(vq) =dp(v;))—1=1
and dr,,(t) = d(t) forall t € V(T)\{y, v;:}. Obviously, T"' € CT (n, k). Now,
we show GS,,(T") — GS,,(T) > 0 to obtain a contradiction. By using the
similar calculations and argument used in Case 1, a contradiction arises that T
has maximum GS,,. Thus we conclude that dr(z) # 2. Hence, dr(2) = 4.

Lemma 2.4: Suppose T € CT (n, k) is a tree with 3k +2 <n < 5k + 4, such
that GS,, attains maximum (or minimum) within CT (n,k) when £,y € A
(ort,y € B). Then

(i) myz =myz =mzz =mz, = 0.

(i) myy =k —1.

(iii) m,, = 0.

(iv) mpu=n—-3k—-2, my,=n—-3k—2, myy, =5k +4—n.

Proof:

(i) This part directly follows from part (i) of Lemma 2.2.

(il) We derive this result directly from Lemma 2.3.

(iii) On the contrary, assume that T contains uv € E(T) such that d;(u) =
2 = dr(v). We first show that there exists an edge e’ = xy with d;(x) =
1 and d;(y) = 4.1f my, = 0, then we use Lemma 2.2 and Parts (i) and (ii)
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to solve the system in Equations (2.2)-(2.5) and obtain m,, = n — 5k — 4.

This implies m,, <0 since 3k+2<n<5k+4 , which is a

contradiction. Therefore, the tree T possesses an edge e’ = xy € E(T)

with dp(x) =1 and dy(y) =4. Let uy € Np(u) and v; € Np(v) .

WLOG, let P be a u, x-path containing the vertex v. We transform a tree

T' as follows:

T'=T —uu, + uyx.

Then dy(uw)=1  dp(x)=2 and dr(t)=dr(t) for all te

V(T)\{u, x}. Obviously, T' € CT (n, k). We get
6S5y(T") = 6Spy (1) =y [(dr(w)?/" + 221" 4+ (1207 4+ 22M)" 4 (2217 4 4207"
—(dp(u))?Y + 24/7)¢ — (2217 4+ 22yt — (1217 + 42/7)F)
=y [(12/1/ + 22/1/){’ + (ZZ/V + 42/]/)4 — (22/]/ + 22/J/)f — (12/V + 42/1/)%’]_

When £,y € A, we show that GS,,(T") —GS,,(T) >0 to obtain a
contradiction that T has maximum value of GS,,, (T). Let

O, y) =y [(A7 + 22/M)E 4 (2217 4 42/v)¢ — (22/v + 22/7)t

—(1%/7 + 42/V)¢’]_

where ¢,y € A. With the help of computational programs, one can see that
@(£,y) >0, as depicted in Figure 7 (a) and (b). Therefore, GS,,(T") >
GS,, (T), which is a contradiction. Similarly, we can see GSp, (T") <GS, (T)
when £,y € B, as depicted in Figure 7(c) and (d). Therefore, GS,,(T") <
GS,;,(T), which is a contradiction. Hence, m,, = 0 for 3k + 2 < n < 5k + 4.

(iv). Using Lemma 2.2 and Parts (i)-(iii) in Equations (2.2)-(2.5), we obtain
my, =n—3k—2=my, =n—3k—2 and my, = 5k + 4 —n. This finishes
the proof.

Lemma 2.5: Let T € CT (n, k) with n > 5k + 4 be such that GS;, achieves
maximum (or minimum) value in CT (n, k) when €,y € A (orf,y € B). Then
(1) myz =my3 =mzz =mg, = 0.

(i) my,=k-—-1.

(iii) myy = 0.

(iv) my, =2k +2, my, =2k + 2, my, =n—5k — 4.

Proof:
(i) It follows from Lemma 2.2 (i) that this result holds.
(i1)) This result is a direct consequence of Lemma 2.3.

(iii) On the contrary, assume that T has an edge e = xy with d;(x) =
1,dr(y) = 4. We first show that there exists an edge uv € E(T) with
dr(u) = 2 =dr(v). If m,, = 0, then we use Lemma 2.2 and Parts (i) and
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(ii) to solve the system in Equations (2.2)-(2.5) and obtain m,, = 5k + 4 —
n. This implies m;, < 0 since n > 5k + 4, which is a contradiction. Thus
m,, # 0. Now, by using the same argument and transformation used in
Lemma 2.4 (iii), we can conclude that my, = 0 for n > 5k + 4.

(iv). Using Lemma 2.2 and Parts (i)-(iii) in Equations (2.2)-(2.5), we obtain
my, = 2k + 2 = m,, and m,, = n — 5k — 4. This finishes the proof.

0.07 A
0.06
01.05
0.04 4
¢(o,1)

0.03

0.02

=0.5 =04 =0.3 =0.2 =0.1 0 =1 =0.8 =0.6 =0.4 =02 0

=]
=3

(a) (£, 1) (b) ¢(£,2)
v OIJ 0‘ 03 0‘4 DIS 0 OI] 0‘ 0.3 04 05
o o
—0.05 -0.024
=0.04
=0.10
¢(o,1) o(,2)
=0.06
-0.15
-0.081
=0.20
=0.10
(c) @£, 1) (d) (£,2)
Figure 7

The function @(£,y). When £,y € A, the graphs are given in (a) and (b). When
£,y € B, the graphs are given in (c) and (d)

Let A(n, k) denote the class of chemical trees within CT (n, k) that satisfy:
. Each tree in A(n, k) has a degree sequence (4, ...,4,2,...,2,1,...,1).
k n-3k-2 2k+2
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. If 3k +2 <n<5k+4, then the tree T € A(n, k) holds my, =k —1,
my, =0, my, =n—3k—2=my, and my, =5k +4 —n.

. If 3k +2 <n<5k+4, then the tree T € A(n, k) holds my, =k —1,
my, =0, my, =2k +2 =my, and my, =n—5k —4.

Theorem 2.6: Assume that T is a chemical tree within CT (n, k), where
n >3k + 2.

(i) If 4,y € A, then
(n — 3k — 2)(1%/Y + 22/7)f + (n — 3k — 2)(22/7 + 42/7)¢
[ +(k — D47 +4277)¢ + (Sk —n + 4) (17 +42/7)*
if3k +2<n<5k+4,
GSey(T) < { 2k + 2) (1277 + 22/M) 4 (2K + 2)(22/7 + 42/7)¢
| +(k — 1) (4217 + 42/7)¢ 4 (n — Sk — 4)(22/ + 22/7)¢
if n > 5k +4.
(i) If ¢,y € B, then
((n — 3k = 2)(12/Y 4+ 227)f + (n — 3k — 2)(2%/Y + 4%/7)*
|+ = D@ +4*7) + (5k —n + 4) (A7 + 42/7)*
GSM(T)z{ if 3k+2<n<5k+4,
' 2k + 2)(1%7 + 22/M)f + (2k + 2)(2%/7 + 4%/7)t
+(k — D)(4%7 + 42/7)f + (n — 5k — 4)(2%/7 + 22/7)¢
if n> 5k + 4.
The equality holds in each part iff T € A(n, k).

Proof: (i). Assume that T € CT'(n, k) is a tree with maximum GS,, index when
£,y €A . By Lemmas 2.2-2.3, the tree T holds the degree sequence
4,..4,2,..,2,1,..,1) and my, = k — 1, respectively. We now consider two

k n-3k-2 2k+2
cases:

Case 1: 3k + 2 <n < 5k + 4. From Lemma 2.4, we obtain T € A(n, k), and
hence the Equation (2.1) yields

GSpy(T) = (n— 3k —2)(1%/7 4+ 2%/V) + (n — 3k — 2)(22/Y + 4%/7)!
+(k — 1)(4%7 + 427y + (5k —n + 4) (17 + 42/7)¢,
Case 2: n > 5k + 4. From Lemma 2.5, we obtain T € A(n, k), and hence the
Equation (2.1) yields
GSpy(T) = 2k + 2)(A%Y + 22/7)F + (2k + 2)(2%/7 + 42/7)!
+(k — 1)(4¥7 + 42/7)! + (n — 5k — 4) (%7 + 22/7)L,

(i1). Similarly, if €,y € B, then the required result holds by Lemmas 2.2-2.5.
This finishes the proof.
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For a chemical tree T € CT (n, k), degree-based indices given in Table can
be obtained from the general sum index as follows:

SO(T)when y =1 and £ =1/2,
GS;py(T) = {S0,(T) when y =1 and ¢=-1/2, (2.12)
2X,(T) when y =2 and [-1<£<00r0<¢<1/2].

Theorem provides a general statement, determining the maximum value of
GS;y(T) when £,y € A and the minimum value of GS;, (T) when ¢,y € B
among trees in CT (n, k). Subsequently, for specific values of £ and y, we
present the following corollaries, which readily follow from Theorem and
Equation (2.12).

Corollary 2.7: Let T € CT (n, k) be a chemical tree. Then

((n =3k = 2)(V5 +v20) + (k — DV32 + (5k — n + 4)V17
i <n<

SO(T)Z{ if3k+2<n<5k+4

(2k + 2)(W5 +V20) + (k — 1)V32 + (n — 5k — 4)V/8
if n > 5k + 4.

The inequality turns into equality iff T € A(n, k).

Corollary 2.8: Let T € CT (n, k) be a chemical tree. Then we have
1 1 1 1
{(n_3k_2)(ﬁ+ﬁ) + (k- 1)E+ (5k—n+4)ﬁ
if 3k+2 <n<5k+4,

1 1 1 1

|(2k+2)(\/—§+\/7_0)+(k—1)\/%+(n—51(—4)\/—§
if n > 5k + 4.

The inequality becomes equality iff T € A(n, k).

50,,(T) <

Corollary 2.9: Let T € CT (n, k) be a chemical tree. Then
G+ (=3k—=2)+ (k=1 +: Sk—n+4)
H(T) < if 3k+2<n<5k+4,
G+ Rk+2)+: (k—1)+5 (n—5k—4) if n>5k+4.
The inequality changes into equality iff T € A(n, k).

Corollary 2.10: Let T € CT (n, k) be a chemical tree.

(i If —1<¢<0,then

(n—3k—2)(3* +6%) + (k — 1)8° + (5k — n + 4)5°
if 3k +2 <n<5k+4,

2k +2)(3° + 6°) + (k — 1)8° + (n — 5k — 4)4*
if n>5k+ 4.

(i) If 0 < ¢ <1/2,then

X,(T) <
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if3k+2<n<5k+4,
2k +2)(3% + 6°) + (k — 1)8% + (n — 5k — 4)4¢
if n > 5k + 4.
The equality holds in each part iff T € A(n, k).

(n—3k —2)(3" + 6°) + (k — 1)8° + (5k — n + 4)5*
Xo(T) = {

2.1 Construction of extremal chemical trees in CT (n, k)

Corollaries and give chemical trees attaining minimum values of SO and
X, (0 < <1/2) among the class CT'(n, k), while Corollaries 2.8-2.10 give
trees attaining maximum values of SO,,, H, and X, (—1 < £ < 0) among the
class CT'(n, k). These corollaries straightforwardly result from Theorem when
specific values of £ and y are considered. Therefore, it is evident from Theorem
that the trees with minimum values of SO and X, (0 < £ < 1/2) and maximum
values of SO,,, H,and X, (—1 < £ < 0) are the same. These extremal trees are
depicted in Figures 8-11. One can construct these extremal chemical trees by
using Lemmas 2.4 and 2.5.

1 . R k

VA4

1
Figure 8
n =3k +2.

PRI e

Figure 9
3k+2<n<5k+4 and n—3k— 2 is odd.
n—3k—4
2 T2

I s

Figure 10
3k+2<n<5k+4 and n— 3k — 2 is even.
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k

L ]

[ ]
1 2 s n—5k—3
- 2 ] L 2 -8

2
Figure 11

n > 5k + 4.

Y

3. Conclusion

In this paper, we find the extremal chemical trees for GS,, among all trees

in CT'(n, k), when £,y € Aor B. By giving specific values to ¢ and y, GS,,
coincides with the SO index, SO,, index, harmonic index and general
sum-connectivity index. In the class CT (n, k), we successfully find trees with
maximum values of SO,,, H and X, (=1 < <0) and these same trees
simultaneously attain minimum values of SO and X, (0 < < 1/2).
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