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Abstract

This paper defines and calculates the Euler Sombor energy of a graph by summing
the absolute values of the eigenvalues derived from its Euler Sombor matrix. This matrix,
constructed based on vertex degrees, is linked to the Euler Sombor index. We establish
mathematical properties for the Euler Sombor energy. Furthermore, we obtain bounds for
this energy measure in graphs. Our analysis connects this new energy measure to other graph
invariants, providing a comprehensive understanding of its characteristics and implications
within the context of graph theory.
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1. Introduction

This work focuses on a simple graph, denoted as I'. This graph T is defined
by its set of vertices, Vr = {w;, ..., w, }, and its set of edges, Er. The number of
vertices, referred to as the order of I', while the number of edges, known as its
size.

We use the notation w;w; to represent two adjacent vertices w; and w; in
graph T', meaning that w;w; € Er. The vertex w in V- has a degree represented
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by {(w), which corresponds to the number of vertices adjacent to w. If all
vertices in I' have the same degree k, we refer to it as a k-regular graph.
Additionally, the complement graph T is defined such that Vr = V., and an edge
exists between two vertices in T if and only if there is no edge between them in
I'. Graphs I} and I, are considered isomorphic, denoted as I'j; T, if there is a
bijective correspondence between their vertices and edges [1].

A degree-based topological index is a numerical parameter that
characterizes the topology of a graph. For more details on the degree-based
topological indices, one can explore the survey [2]. The topological index is
generally defined as follows

TI = TI(F) = ZmiijEr f(((wl)' c(w]))’

where f is a suitable function of vertex degree such that f(x,y) = f(y, x).

Das et al. [3] presented an adjacency-type matrix based on topological
indices which is a square symmetric matrix, denoted by Ar;(I') = (a;;) and is
defined as

g = fE@IL@) it € By,

13 .
J 0 otherwise.

The eigenvalues of the general extended matrix A; ('), are the eigenvalues
corresponding to the topological index TI of graph I' [3]. Also, the energy of the
matrix Ap; () is defined as the summation of the absolute values of its
eigenvalues. For more details and information about the general extended matrix
A7;(I) and its eigenvalues, we refer to [4, 5]. There are many graph energies
based on topological indices such as the Zagreb energies [6], the harmonic energy
[7], the Randic’ energy [8, 9] and Sombor energy [10]. Other kinds of graph
energies and their mathematical properties can be found in [11-18].

More recently, a new topological index called the Euler Sombor index,
denoted by EU(T"), by applying a novel geometric method based on an ellipse, is
introduced [19, 20] and is defined as follows

EUT) = Yoo eer JT(w)? + {(w)? + () (w)).

Motivated by the definition of the general extended matrix Ap;(I") and the
presented matrices based on degree-based topological index, we define the Euler
Sombor matrix, denoted by Agy(I) = (@;j)nxn Where

a; = {x/((wi)z + {(w;)? + {(w){(w;) if w;w; € Er,
0 otherwise.
We denote the eigenvalues of the Euler Sombor matrix by p; = -+ = p,, as
a non-increasing sequence.
The Euler Sombor energy of graph I is defined as follows

Egy(T) = Xiy |pil-
Tang et al. [19] analyzed the chemical applicability of the Euler Sombor
index, and determined the extremal values for this index among all trees with the
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corresponding extremal graphs. Gutman in [20] obtained the relations between
the Euler Sombor index and the Sombor index of the graph. Movahedi et al. [21]
investigated the EU index on chemical graphs and determined sharp bounds for
this index on these graphs. Also, they calculated the index for selected
nanostructures.

The definition of the second Zagreb index, first presented by Gutman et al.
[22], is as follows

My (T) = S e (@) (@)).

Furtula and Gutman [23] introduced the following forgotten index and
obtained some interesting results. The index is expressed as follows

F(F) = ZwiwjeEr (((wi)z + ((wj)z) = ZuEVr ((wi)3'

For more details on the second Zagreb index and the Forgotten index, we
refer to [24-28].

In this study, we investigate mathematical properties of the Euler Sombor
energy. Moreover, we present the results on the Egy of graphs and study the
relationship between this invariant and other graph invariants.

2. Some properties of Euler Sombor energy
We present here the mathematical properties of the Euler Sombor energy.

Lemma 2.1: Take a simple graph T with n vertices. If py, ..., pn represent the
eigenvalues of the Euler Sombor matrix Agy ('), then

() XiLipi =0,

(i) X, pf =2a,

where a = F(I') + My(I") such that F(I') and M,(I") are the forgotten and
the second Zagreb indices, respectively.

Proof: Suppose that p,, ..., p, represent the eigenvalues of the Euler Sombor
matrix Agy (7).

i)  Thenotation Tr(Agy(T)) isused to denote the trace of the trace of Agy (T).
Therefore, for the Euler Sombor matrix Agy(T"), we have

e pi = Tr(Agy (M) = X1 a; = 0.

ii) The sum of p?s is equal to Tr[Agy()]%. Let wy,...,w, denotes the
vertices of I'. Thus, we get

i pf = Tr(Agy()?
= i=1 Z?=1 a;;a;i
=3k, af + 2%, af
= 2 Yo ekr (Cw)? + ¢(wp)? + ¢(w)l(w)))
= 2 (Zugojerr (@)% +(@)2) + waerr {@I(@))
= 2(F () + M(I).
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With putting a = F(I") + M, (T"), the result is complete.

Theorem 2.2: Take a simple graph I' with n vertices and p; is the largest
eigenvalue of the Euler Sombor matrix Agy(I'). Then
2EU(T)

pr ==

1 =

Equality is valid if and only if T is regular graph.

Proof: Using the Rayleigh-Ritz variational principle, for any non-zero vertex X,
we have

T
p1 = p1(Agy (D) = max (FEEEDY,
in which X7 is the transpose of vector X.
With putting X = I = (1, ...,1)7, we obtain
1T Ay (D)1
121
_ T T

n

n (“’i“’jEEl" ])

=3( Y Jccwi)z+<(w,-)2+<(wi)<(w,->)

n a)ia)jEEr

[N

_ 2EU(D)
==
Recall that for a k-regular graph T, I = (1,...,1)T is an eigenvector of
A(T") corresponding to eigenvalue k.
Also, for k-regular graph T, Agy(T) = V3kA(T). Therefore, the vector I
is the eigenvector of Agy (I, associated with the eigenvalue p, if and only if T
is regular.

For the purpose of proving the next result, the following lemma is essential.

Lemma 2.3: [29] Let an eigenvalue of a graph be a rational number. Then this
eigenvalue is an integer.

Theorem 2.4: Take a graph I' of order n. If the Euler Sombor energy is a
rational number, then it can not be an odd integer.

Proof: Consider the eigenvalues py, ..., p, of the Euler Sombor matrix Agy, (I,
where py, ..., p. are positive and the remaining eigenvalues are non-positive.
Using the definition of Euler Sombor energy and Lemma 2.1 (part (i)), we obtain

Egy(T) =X |pil
= Zf=1 pPi — Z?:c+1 Pi
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=201 pi) — Xie1 P
=2%i1 pi-

Since Egy (") is a rational number, the eigenvalues of the Euler Sombor
matrix of I' are rational and consequently, using Lemma 2.3, they are integers.
Therefore, if Eg; (') is rational, then it must be an even integer.

3. Bounds for the Euler Sombor energy
We obtain here some bounds for the Euler Sombor energy.

Theorem 3.1: For a graph T of order n,

2
\/Za +n(n—1)Pn < Egy (I <V2na,

where P = |det(Agy(I'))| and a =F([)+ My(I') such that F(I') and
M, (I') are the forgotten and second Zagreb indices, respectively. The equality is
valid if and only if T;nK;.

Proof: Consider the eigenvalues py, ..., p, of the Euler Sombor matrix Agy (D).
For the upper bound, we clearly have

2
=1 ?:1 (|Pi| - |Pj|) = 0.
Hence,
n n 2 2 n n
i=1 Zij=1 (Ip:* + [o; )= 2%k, =1 pillp;l-
Using the definition of the Euler Sombor energy and Lemma 2.1(Z), we have
4n(F(T) + My(T)) = 2(Egy (1)
Therefore, we get
Epy(I) < y2n(F (D) + My (D).

With setting o = F(T") + M, (I), the result for the upper bound is complete.
For the lower bound, we apply the arithmetic-geometric mean inequality
and consequently

Yizj lpillpjl =2 n(n — 1) [ix; (|pi||pj|)ﬁ
= n(n— D(ITL; Ipil20-0)7
= n(n— DT, I
= n(n - DI, il
= n(n — Dldet(Agy (M),

since |det(Agy ()] = 1=y pi-
By setting P = |det(Agy(T))]|, we have
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2
Yizj 1oillpjl = n(n — 1)Pr. (1)
Hence
(Egg(M)? = Xl 1pi)?
=Xk, pf + Xizj oillpjl-
Using Lemma 2.1(7) and inequality (1), we get

2
Egy (D) = \/20: +n(n—1)Pxn,

where a = F(I') + M, ().

The equality in the above relation is valid if and only if |p;| = |p;| for any
i # j, that is, the graph T is an edgeless graph and consequently, I' is a graph
with n isolated vertices.

The upper bound in Theorem 3.1 is similar to the classical McClelland
bound for graph energy, namely, Er < v2nm [30].

Theorem 3.2: Take a simple graph I' of order n. Then

Epu(N) <2+ \/(n - 1) (Za - (%m)z)
where a = F(I') + M, (D).

Proof: Consider the eigenvalues py, ..., p, of the Euler Sombor matrix Agy(T).
Since YL, X, (lp:l = 1o;] )2 > 0, we can have
2(Egy(D) = |p1)? < 2(n = D(EL, 1ol = pD)-
Using Lemma 2.1(i) and since p; = 0, we have
Egy(D) < py +y/(n — DQ2a - p),
where a = F(I') + M, ().
Suppose that f(x) = x +/(n — 1)(2a — x2). The function f(x) is a

decreasing function for x > f > —. Using Theorem 2.2 and since p; =

220, then f(py) < (22

Epy(r) < 2220 4 \/(n ~1 (Za - (%m)z)

Since in bipartite graphs, [p;| = | pnl with a similar method from Theorem

3.2 and with considering this fact that Z? s (| pil — lp;j |)2 > 0, we get the
following result.

ZEU(F)

). Therefore,

Corollary 3.3: For the bipartite graph K, 4 of order n =p + q,
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B < 504 20 - (a - (7)),

where a = F(I') + M, ().
The obtained upper bound in Corollary 3.3 is similar to the Koolen-Moulton
bound in [31]

Lemma 3.4: [32] Assume that 0 < A, <t; < A; and 0< A, <5, < A,, for
1<i<k. Then,

2
(Shr (Bl s2) < 2 224 [B22) (3k, 1s)”

Lemma 3.5: [33] Assume that (t;)i=, and (s;)i=, are non-negative real
numbers. Then

ey )R $7) = (Sl 6502 < (AyA; — 12)?,

with 1, = min{t;}, A, = min{s;}, A; = max{t;}, and A, = max{s;}, where
1<i<n

Lagrange identity [34] Let (¢t;)i~; and (s;)™=; be the real sequences. Then
2
QL ts)? =k, tHQL, sP) — Yis<icj<n (tisj - thi) .

Jensen's identity [35] Consider a convex function 1 on the interval I and
ti,ty, .., ty €1. Then

. (t1+-~-+tn) < w(t1)+"'+¢(tn)_ 2)

n n
The equality is valid ifand only if t; =t, = -+ = t,,.
Theorem 3.6: Take a graph I' of order n and zero is not an eigenvalue of
Ago(D) . Let |pi| = max{lp;|} and |pp| = minflp;|} in which p; is the
<isn SIsn
eigenvalue of Agy(I'). Then
Epy(T) > 2v2na (M),

lp1l + 1ozl
where o = F(I') + M, (I').

Proof: Suppose that p,, ..., p, are the eigenvalues of Agy,(I"). With considering
t;=|p;| and s; =1 for 1 <i <n in Lemma 3.4, we obtain

s Il D < ([l i) ooy

[onl lpil

where |p;| = max{|p;[} and |pn| = mm{lpll}
Using Lemma 2.1 (ii) and cons1der1ng a = F(I) + M,(T'), we have

lp1l+1pnl
2na <3 <J|p1||pn> (Epy (D).

Therefore, we have
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— _ 10i1+Ip5
8na < pﬁvingm (Egy ().

With rearranging, the result is complete.

Theorem 3.7: Take a simple graph I' with n vertices and zero is not an
eigenvalue of Agy(I'). Let |pi| = max{|pi|} and |pp| = min{|p;|} in which
<is<n =sl=n

p; is the eigenvalue of Agy(I'). Then

2
J2na =il = 1030? < By () < fana =201 = Il

where a = F(I') + My(T'). The equality is valid if and only if T; K,, or 1";21(2.

Proof: Suppose that p,, ..., p, are the eigenvalues of Agy(I'). For the lower
bound, by setting a; = |p;| and b; =1 for 1 < i <n in Lemma 3.5,
2
Cly 1DEE D — iy 1piD? < 75 Upil = 1paD?,
in which |p;| = 1m,ax{|pi|} and |p;| = 1rn_in{|pl-|}. Using Lemma 2.1(ii) and
<isn <isn
setting o = F (') + M, (),

2
2na — (Egy(D)? < = (Ipi] = lpa D™

Therefore, by rearranging the above inequality, the result is complete.

The equality is valid if and only if p; = -+ = p,, that is T is a union of n
isolated vertices. That is to say, the equality is valid if and only if G;nkK;.

For the upper bound, using theorem 3.1,

Egy(D)? < 2n(F(T) + My(T)).

Hence 0 < 2n(F(T) + M,(T)) — Egy(T)? . By putting t; =1 and
s; = |p;| for 1 < i < n in Lagrange identity and using Lemma 2.1(ii), and the
definition of the Euler Sombor energy, we get

2
0< (Z?=1 1)(2?:1 |Pi|2) - (Z?ﬂ |Pi|)2 = lei<jsn (|Pi| - |Pj|) .
Also, we have
2 _ % *
Yacicjsn (il = 1pj1)" = 215 [Upsl — 1piD? + Upil — lpnD?]
+(p1l — lpa 2.
From (2), we have
2 -2 * * * *
Tisicjzn (1001 = 1p1)” === Uil = 1pnD? + (o5 ] = lpn?
=2 (lpil - o>
Therefore,
2na — (Egy(M)* 2% (pil = lor D2

Consequently, we get
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Bey(T) < [2na =3 (1pi1 = Ioi >

Consider a class of real polynomials denoted as P(ry, 1), where B, (x) =
X"+ X"+ a2 4 tyx™ 3 + -+ t, in which 1y and 1, are given real
numbers are defined in [35]. We suppose that x; = x, = --- > x,, are roots of
P, (x) in this class. In the next lemma, bounds for x;'s are obtained [35].

Lemma 3.8: Let P(x) =x"+rx" 1+ nx"2+t;x" 3 +-+t, be a
polynomial of class P(ry,15) in which vy and r, are given real numbers. If
X1 = Xy =+ = Xy, areroots of B,(x), then

X +=- [—<x; <x+=/(n— 1A,
n n-1 n
_ 1 | i-1 _ 1 [n-i .
- AleSx+—f2A,ZSz<n—1
n\ n-i+1 n i
_ 1| A
i — < < 5y —-=- [=
x mM—-DA<Z<x,<x N
in which
= _1lgn _ n 2 n 2
x—;Zi=1 xp A =nYisy xi — Qizg %)%
Also,

1
= —Xie X = E[(Z?ﬂ xi)z — X1 xlz]

Theorem 3.9: Take a simple graph I' with n vertices. Let ps, ..., p, be the
eigenvalues of the Euler Sombor matrix of the graph I'. Then

2a 2(n-1a
< <
n(n-1) — ! n '
_ na(i—-1) < 2a(n-i) 2<i<n-—1
nn—i+1) L= in -
2a(n-1) 2a
— < < —
n =Pn = n(n-1)’

Proof: Let P,(x)=x"+7rx" 1 +rnx"2+t;x" 3 +-+t, be the
characteristic polynomial of Agy(I'). From Lemmas 3.8 and 2.1(i), we get

n = _Z?=1 pi =0,

1

ry =[Sk p)? — By P2l = —a,

where a = F(T') + M, (D).
Therefore, ;, =0 and 1, = —a and consequently, the characteristic

polynomial P,(p) € P (0, —a). Also
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_ 1
X = ;Zln=1 pPi = 0'

A =n¥l, pf — (X, p)? = 2na.
By setting ¥ = 0 and A = 2na in Lemma 3.8, the result follows.

Theorem 3.10: Take a simple graph I' with n vertices and the largest
eigenvalue of the Euler Sombor matrix of graph I', denoted by p; with the

property py 2 R = \/Z%for any real number R. Then

Ezy(D) <R ++/(n—1)(2a — R)?,
where a = F(I") + M,(I") in which F(I') and M,(I") are the forgotten and
second Zagreb indices, respectively.

Proof: Suppose that p,, ..., p, are the eigenvalues of Az, (I"). Suppose that

FO) =TI, (x—|pi) = x™ +rx™ L+ rx™ 2+ 1ryx™ 3 + o+ 13,
From Lemmas 2.1 and 3.8, we get
= —Xis il = —Egy (D),

ry =2[E i) — By p2] =2 [(Egy (M) — 24,
where a = F([') + M,(T).
Therefore, f(x) € P <_EEU(F)l%((EEU(F))2 - 2a)>. On the other hand,

we have

- _ 1 _ Egy(@)
X —;Z?ﬂ | p: ==

A =n¥l; |pil* — k1 1pi)? = 2na — (Egy (1))
For the largest Euler Sombor eigenvalue of Agy(T), we get

Egy(T 1 [2na+(Egy ()2 Egy(T 1
o) 42 / RO < py < 2D 4 2 [ = 1) @na — B (D)D) (3)

2a

n

For each real number R with the property p; = R > and the right side
of the relation (3), we get

R < EE+(F) + %\/(Tl - 1)(27’1,(1 - (EEU(F))Z)

With simple calculate and rearranging of the above relation, the result
follows.
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