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Abstract

Consider a collection of charges {5, 26, 36, ..., B6} for an integer § > 1 and a network
I'witha = |[V(T)| and B = | E(I')|. The challenge is to create a variety of electric network
designs that allow each wire in the network to employ a single charge from the set {5, 28,
36, ..., B8} to each wire in the network, ensuring that the amount of accumulation charges at
each nodes (connection points) must vary. In this work, we developed and expanded a form
of labeling of I' entitled an edge &— graceful labeling (ES — GL) which is a bijection ¥ from
the edge set E(T) to the set {§, 26, 36, ..., B8} so that the produced transformation ¥': V(') —
{0, 6,28, ..., (B-1)8}, given by: ¥" (A) = (Xroerm ¥(Aw)) mod (8IT), where IT = max(a, ), is an
injective. We provide eight designs for electric networks associated with snake graphs and
four designs for electric networks associated with chain graphs. Every single one of these
designs matches our required features and specifications.
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1. Introduction

This paper will go over finite, undirected, and simple graphs (networks),
where the vertex and edge sets of a graph I' are denoted by V(I') and E(T),
respectively, with a = |V(I')| and § = |E(D)|[1].

The area of graph labeling is becoming more and more popular due to its
broad range of applications. Labelled graphs have proven indispensable in several
application domains [2, 3]. For example, identifying various coding strategies for
database administration and communication network security. Numerous works
structure coding through specific types of graphs with various labelling schemes.
Uma Maheswari et al. presented coding with Fibonacci web graph utilising super
mean labeling,[4]. Sun flower graphs, SE,, are a method of secret message
coding devised by Prasad et al. Moreover, GMJ coding techniques can be used to
transform any labeling graph into a code (see [5] and the references therein).

A transformation that, with some restrictions, conveys a graph's elements
(edges, vertices, or both) to positive integers is called a labeling of the graph.
Rosa's work [6] in 1967 is cited by the majority of references in the literature as
being the origin of graph labeling.

A variety of graph labeling strategies have been researched. If the vertex set
is the domain of the labeling transformation, then the labeling is classified as
vertex labeling (see [7-9]). If the edge set is the transformation's domain, then
labeling a graph is known as edge labeling (see [10-12]). If the union of the
vertices and edges is the domain of the transformation, then the labeling of a
graph referred to as total labelling (see [13]). Gallian provides a vibrant analysis
of graph labeling in which the reader may learn about all the many types of
labeling [14].

Edge graceful labeling introduced by Lo [15] in 1985 as a bijective ¥ from
the set of edges to the set {1,2,---, 8} such that the produced map ¥* from V (I)
to {0,1,2,--,a—1} given by W'(1) = Qiwerr Y(Aw))mod(a) is a
bijective. The graph that allows a graceful labeling is called a graceful graph.
Elsonbaty and Daoud [16] have created an exciting type of labeling called edge
even graceful labeling. In [17] the authors extending the edge even graceful
labeling of graphs to strong r-edge even graceful labeling.

A generalization of the edge graceful labeling, the edge § — graceful
labeling of graphs was presented by Zeen El Deen [18]. This technique employs
the numbers {6, 26, 36, ---, §6}, for any positive integer &, to identify labels to
the edges of the graph.

Definition 1.1: For any positive integer § and a graph T' with « = |V(I")| and
B = |E()|, an edge § — graceful labeling of I' (E § —GL ) is a bijection ¥
from the edge set E(I') to the set {d,28,38, :-,86} such that the produced
transformation W*:V(T) - {0,6,26,--,(f—1)8} , given by W'(1) =
Rrwerm Y(Aw))mod(811), where I = max(a, f), is an injective. A graph is
referred to as an edge § — graceful graph if it permits an edge & — graceful
labeling.
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Not every graph exhibits an edge § — graceful labeling. For several graphs
associated with cycles, Zeen El Deen [18] found an edge § — graceful labeling.
Following that Zeen El Deen and Elmahdy [19] demonstrated that there is an edge
6 graceful labeling, for any positive integer &, for the following graphs: the
splitting graphs of fans, cycles, and crowns; the shadow graphs of paths, cycles,
and fans; the total graphs and the middle graphs of fans, cycles, and crowns. Also,
they examined twigs and snails graphs.

This paper aims to demonstrate the existence of an edge § — graceful
labeling for certain snake and chain -related graphs. For instance, not all snakes
nor chains have an edge § — graceful labeling as demonstrated by the following
theorems.

2. E 6 —GL of snake graphs

2.1 E § —GL of an alternate triangular snake graph A(T))

Definition 2.1: An alternative triangular snake graph A(T,),¢ = 0 mod 2 is
generated from a path P, = {u,, u,, -, s} by joining the alternate edges
Ucllics1, K € [1,€ — 1] to a new vertex A,k € [1,£ — 1],k = 1 mod 2.

Theorem 2.2: For £ = 0 mod 2, the alternative triangular snake graph A(T,)
allows an edge § — graceful labeling for § = 1.

Proof: The graph A(T,) includes a = 3?{) vertices and § = 2¢ — 1 edges. The
labeling transformation ¥;: E[A(T,)] — {8, 24, -, (2¢ — 1)4} that we propose
is:
S@—k-1) if ke[L,L-1] k=1mod2;
Wy (Mietier1) = kS

2

W (Aet) = S(E+x—1), kK E[1L,£—1], k= 1mod 2,

if ke[2,£—2] k=0mod?2,

W, (Aers) = g(zf +rk-1), k€[1,¢—-1], k= 1mod 2.
Considering the labeling pattern above, then the produced vertex labels are;
W1 () = W1 (ebtern) + W1 (ietie—1) + 1 (edi )] mod [(2¢ — 1)4],
Wi () =
25

(~ if k=1,
§[2£+K] if Ke[2¢—2], k=0mod2;
1210+ k- 1] if ke[3,£—1], k=1mod?2;

| 2
I + EEDImod[ (2 — 1)8] = 8¢, if K =12
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Thus, (2 + 1) 0, (g + 2) 6, -, (£—=2)5,6(£{—1) are the labels of the
vertices s, Us, ***, lp—3, L1, and the labels of the vertices Uy, ty, =+, Uo—gr Ho—2
are (¢ +1),6(¢+2),,6 (37[ - 2) ,0 (3; - 1), respectively.

Wi (A) = [W1 (Aep) + W1 (g1 4i) Imod[(2€ — 1)6]
= 6(§+K—1) mod [(2¢ —1)6], k € [1,£ — 1], k = 1 mod 2.

Hence, the labels of the vertices A1, A3, As, -+, Ap_3,A,_1 are (Zi) 6, (3;

2) 6, (%’ + 4) 6, -, (; — 3) 6,0 G — 1) , respectively. The proof has been

achieved because there are no identical vertex labels.

Example 1: In Fig. 1, we propose the alternative triangular snake AT;, with an
edge 3— graceful labeling according to the labeling transformation defined above.

'?&p'm 2\/“ 39 3\/” 42 '_’T/“ 15 ,’,l]/. 18 ‘H/‘ ..';\

Figure 1
The alternative triangular snake graph AT, with an E3 — GL.

2.2 E § —GL of a triangular quadrilateral snake graph TQ,

Definition 2.3: From a path P, = {q, Uy, -+, hps1} @ quadrilateral snake is
obtained by substituting a cycle C, for each edge of the path. Stated differently,
by connecting u, and py,,; to new vertices A, and w,, correspondingly, and
connecting the vertices 4, and w, for k € [1,#]. By adding more edges
Aellies1, K € [1,4], we have a triangular quadrilateral snake graph with £ blocks,
represented by TQ,. The vertex set of TQ, is V[TQ,] = {u, k € [1,£ + 1]} U
{Aowo,k €[1,£]} and the edge set is E[TQy] = {dclhics1r lichior
){KWK’ Wickict 1, Macllic+1, K € [1: f]}

Theorem 2.4: For an integer € = 2, the triangular quadrilateral snake graph
TQ, is an edge § — graceful graph for § > 1.

Proof: The triangular quadrilateral snake graph TQ,, ¢ =2 has a =3¢+ 1
vertices and 8 = 5¢ edges.

The labeling function W,: E(TQ,) — {6, 25,36, -+ ,5¢6} that we suggest is.
Y, (Ater1) = 6k for k €[1,4],
Y,(Aepte)) =0 +k) for k€|[L,4],

6(3¢—kK) if ell1,¢-1];
lPZ(:uK.uK+1)={5{()6 ) if ﬁz[f ]

Y, Aew,) =6(4¢ —k) for k€14,
Y, (Wiethies1) = 6(5¢ — k) for Kk €]1,£].
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Following the labeling pattern mentioned above, the induced vertex labels
Yare;
Y2 (o) = W2 (Ather1) = K6,k € [1,4],
W3 (w,) = [Va (i) + Vo (@glhier1)] mod [5€ 6] = (4€ — 2K)6, K € [1,4],
q’f(#x) = [l'p(.ulc.ulﬁl) + lp(:u'lﬁu'lc—l) + lP(,uK/IK) + ly(:u;c/lk—l)
T (Uewi-1)] mod [54 5],

405 if k=1
Wy = | (120 =k + D mod [5¢6] = (20~ + )5 if K €[2,0~ 1]
2 =) (140 + 1)6 mod [5£6] = (42 + 1)8 if k=40

0 if k=0+1.

It is possible to verify that W5 has injective property since there aren't any
repeated vertex labels. Thus, an edge § graceful labeling is admitted by TQ,.

Example 2: In Fig. 2, we present the triangular quadrilateral snake 7Q; with an
edge 5— graceful labeling.

|:;a 1:3---. 125 -' @K ‘ 5@ @ 10 @) 1~:.-®

150 | 145 140

0 s\ &5 L 6 3\
(o— mu&g}— 05 an \j 80 = i) 75 175&)

Figure 2
The graph TQ, with an E5 — GL.

2.3 E § —GL of double triangular quadrilateral snake graph DT Q,

Definition 2.5: Double triangular quadrilateral snake graph with ¢ blocks,
denoted by DTQ,, is made up of two triangular quadrilateral snake that have
shared path. The graph DT Q, consists of the vertex set

VIDTQ,] = {A, Wie, Tie» 9, K € [1, 2]} U {1, k € [1,4€ + 1]} and the edge set

E[DTQt’] = {ﬂx’lw AKWK" Wiclie+1, HicHie+1 AKMK+1' KT TK{)K' {)KHK+1' Tellk+1, K €
[1,£]}, see Fig. 3.

VAR YAV

Figure 3
The double triangular quadrilateral snake graph DTQ, with ordinary labeling



6 M. R. ZEEN EL DEEN, W. A. ABOAMER AND H. M. EL- SHERBINY

Theorem 2.6: For an integer £ = 2, the double triangular quadrilateral snake
graph DTQ, is an edge § — graceful graph for 6 = 1.

Proof: The double triangular quadrilateral snake graph TQ,, £ = 2 includes
a = 5¢ + 1 vertices and f§ = 9¢ edges.

Case 1: When ¢ = 1mod 2. The labeling transformation W;: E(DTQ,) —
{6,26,:+-,9¢5} constructed by

Yo (A ptier1) = Ok for k € [1,4],
Yo (Aetle) = 6(£ + k) for k € [1,4],

(62 +x) if kel[l,£-1];
lp3 (TKI#K‘+1) - {6-€ 6' lf K= _g'
W3 (licttic+1) = (3¢ + x) for K € [1,7],

_(6(5¢—k) if kel[l,¢-1];

Fo(med) = {9{’ 5 if K=4,
Yo (Tete) = 6(6€ — k) for k € [1,7],

_(6(7¢—x) if ke[l,£-1];
llJ3 (Sknuk+l) - {Sg 6 lf K= f,
Y, (Aew,) = 6(8¢ — k) for k € [1,7],
Yo (Wiethies1) = 6(9¢ — k) for k € [1,7].

Following the labeling pattern mentioned above, the produced vertex labels

W3 are;
Y3 (Ae) = [P3(hewy) + W3 (Aettie) + W3 (Ather1)] mod [9€8] = k6, k € [1, 4],
W3 (wi) = [Ws(wiedi) + Vs (wiptes1)] mod [9€6] = (8¢ — 2K)6,k € [1, 4],

() = {(134 — k)8 mod [92 8] = (42 —K)5 if k€ [1,¢—1];
3Lk 202 5 mod [9¢ 6] = 2¢6 if k=4,
w3(9,) = {(12f —2K)6 mod [946] = (3¢ —2k)6 if ke[l,£—1];
3K 12¢ § mod [9¢ 8] = 348 if k=2¢,
+1)6 if k=1;
Wik =4 (48 + 2K — 1)8 if K €[22

13¢5 mod [9¢ 8] =4£68 if k=4+1.

Case 2: When ¢ = 0 mod 2. The definition of the labeling ¥; can be done in a
manner identical to the preceding case, but with the substitutions mentioned
below:
Yo (Tyelhierr) = 0(2¢ + k) for k € [1,4],

_(6(6f—kK) if ke[l,¢—-1];
Fo(Tebte) = {61,” 5 if K=
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6(7¢ —x) if kell,£—-1];
l'113(19Kl’tlc+1) = {Sg 5 ) lf K = |_:€ ]

The produced vertex labels W3 are;
Y3 (1,) = 18¢ 6 mod [94 5] = 0,
W () = {(16{’ —1)d mod [9¢6] = (7¢ — 1) %f K=1;
346 if k=441,
Y;(9,) = 14¢ 6 mod [9¢ §] = 546.
Since there aren't any repeated vertex labels. Consequently, DT Q, permits
an edge & — elegant labeling.

Example 3: The double triangular quadrilateral snake DTQ, with its explicit edge
2— graceful labeling is depicted in Fig. 4.

Rl ?m???m?é?m

32 04 78 34 9276 36 90 T4 3 86 70

LéLéLJ&éaé&éMé

Figure 4
The graphs DTQ, with an E2 — GL.

2.4 E § —GL of the wheel snake graph S,(W3)

Definition 2.7: An ¢ blocks snake graph where each block is W5 is called wheel
snake graph, indicated by S,(W5). This graph consists of V[S,(W5)] = {u., k €
[11 t+ 1]} U {AK' W, K € [1' ’E]} and E[SZ(WS)] = {MKAPC' HieWie, Wicllie+ 1,
Wielbies 1, Wiy Aielhes1, K € [1,€]} as in Fig. 5. The wheel snake graph
Se(W3),£ =2 has a =3¢+ 1 and f = 64.

AAAL LA A
JAVAVAVEVAVOVAN

Flgure 5
Normal labeling of the wheel snake graph S,(W3).

Theorem 2.8: For an integer £ > 2, the wheel snake graph S,(W3), is an edge
6 — graceful graph for § = 1.
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Proof: The labeling transformation W,: E[S,(W3)] = {6,26,36,-+,6€£6} that
we suggest is:

Y, (Aety) = 0k for k € [1,4],
Wy (ete+1) = 8(6€ — k) for k € [1,7],
Y,(Aew,) =6(¢ + k) for k € [1,74],
Wy (Atticr1) = 6(5¢ — k) for k € [1,4],
646 if k=1;

Palkewie) = {a(ze +K) if K€E[27]

_(6(4f—x) if ke[1,£-1];
BOntein) = {504 1) it kot

With reference to the labeling pattern above, the generated vertex labels Wy
are;

LPZ(AK) = lp‘l—(#l(/l}{) = K(S! K E [1; 'E]s
Yi(wo) = [YaWiepn) + PaWiedi) + Wa(Wielter1)] mod [6£6],

55¢ if k=1
Wi (1) = {5(7{’ + 1K) mod [6€8] = §(£ +1)5 if K€ [2,€];
S +1) if k=12,

lptt(ﬂx) = [lp‘l—(WK:uK) + ‘p4(.ux/1k) + lp4(#;c#;c+1) + q’4(#xwx—1) +
Lp4(“xlx—1) + q’4(ﬂx—1ﬂx)]m0d[6£5]n

0 if k=1;
W () = {5(17{’ + 3 —2K)mod[6¢5] = §(5¢+3 —2K)5 if Kk €[2,7];
6(5¢+1) if k=4+1.

Since no two vertex labels can be seen to be identical, then the produced
mapping W* is injective. The proof is achieve.

Example 4: In Fig. 6, we depict the wheel snake graph S,(W3) with an edge 4—
graceful labeling.

RAARRRA
PANNANEAPNPS S,

Figure 6
The wheel snake graph S;(W3) with an E 4 —GL.

2.5 E § —GL of a diagonal quadrilateral snake graph DQ,

Definition 2.9: A diagonal quadrilateral snake graph with € blocks, indicated by
DQ,, obtained from a quadrilateral snake by adding the edges A,u,,; and
Wi, K € [1,€] . Thus the vertex set is V[DQ,] = {u, k € [1,£+ 1]} U
{Aowe, k €[1,€]} and the edge set is E[DQ,] = {ehic, LcWie» Wicllics1,
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Uiellicr1 Aicthics1, Witk € [1,€]}. The graph DQ,# =2 has a =3¢£+ 1 and
B = 6¢ edges, see Fig. 7

@LAL&AHHLM S

Figure 7
The diagonal quadrilateral snake graph DQ,

,—‘P

eeoo

Theorem 2.10: For an integer £ = 2, the diagonal quadrilateral snake graph
DQ, is an edge § — graceful graph for § > 1.

Proof: Construct the labeling transformation Ws: E[DQ,] — {6, 26,36, - ,6£6}
by

Yo (Aeit,) = 0k for k €[1,4],

Ve (wieptes1) = 6(€ + k) for k €[1,4],

_(6(2¢+K) if ke[l,¢—-1];
WS(A"“"‘)_{wa if K=,

W (Aelhes1) = 6(4€ — k) for Kk €[1,4],
Yo (wep,) = 6(6€ — k) for k €[1,7],
s (tctties1) = 8(5¢ — k) for k€ [1,£].

Then the produced vertex labels W¢ are given in the following manner:
W5 () = Ps (i) = k6, Kk € [1,€—1],
Ws(Ae) = [Ws(Aepe) + Ws(Aoptos1) + W5 (Aowp)] mod [6€8] = 448,
Y (w,) = (92 + k) mod [6€5] = 3¢+ k)5, k € [1,¢£ —1],
W (w,) = 132 6 mod [6¢ 6] = 48,
Ws(u) = P(uapp) =5¢ =1, W(lpsr) = P(Aetterr) = 346,
Wi (w) = (21¢ — 2k 4+ 1)5 mod [648] = (3¢ — 2k + 1)8,k € [2,4].

The proof has been completed because there are no identical vertex labels.
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Example 5: In Fig. 8, we present DQ-; with an edge 3— graceful labeling.

@ e o Q wr
3“ I

_\éf_—\d_ A& A.L A.L _\/_ A@

Figure 8
The diagonal quadrilateral snake graph DQ; with E3 —GL.

2.6: ES —GL of the alternate wheel snake graph A[S,(W3)]

Theorem 2.11: For an integer € =2, the alternate wheel snake graph
A[S,(W3)] is an edge § — graceful graph for § = 1.

Proof: The alternate wheel snake graph A[S,(W;)] has a = 4¢ vertices and
B =7¢—1 edges, Fig. 9

Figure 9
The graph A[S,(W3)] with ordinary labeling .

(1) When ¢ = 0 mod 2, the labeling Wq: E[A[S,(W5)]] = {6,28,36, -, (7€ —
1)6} that we present is.

Y (Aew,) = 8k for k € [1,4],

Yo (o) = 6(2¢ + k) for k € [1,4],

Yo (tew,) = 0(5¢ —1—k) for k € [1,74],

We(pyete) = 6(6€ —1—k) for k € [1, 4],
(4K if ke[l,£-1];

Yo (ehe) = {a(w -1 if k=2,

6(7P—1—-k) if kell,£—-1];
Yo (Tich) ={5(2£ ) i =[{’ :
(5(3¢+K) if Ke[1,§—1];
. 4
We(Tiellicr1) = !5(74 -1 if x=z;

| ¢
l6@e+x-1) if ke [5+ 1,{)]
Regarding the labeling pattern above, the produced vertex labels W¢ are :
Lpg(wk) = l-P6(.LLK/1K,') mOd [(7€ - 1)6] = K61 S [11 ‘g]a
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We(he) = W (Aptr) mod [(7€ — 1)6] = (£ + K)8, K € [1,4],

5(2¢+1) if k=1
(12£ + 2k - 2)6 mod [(7¢— )] = if xe[2];
(52 + 2K — 1)6
Wi (1) = { = mod[(7¢ — 1D6] = & + 1)8 if k=241
(12¢ + 26 —3)§ mod [(7¢ — 1)6] = if xe[;+2¢—1];
(5¢ + 2k — 2)5
5(4¢ —2) if k=2,
((21¢ - 2 = 3)§ mod [(7¢ - 1)8] = if xe[1I-1];
(70 - 2K — 1)8
W) = E-1s if k=17
(21— 2K = H8mod (7€ - 1)8] = if kels+1,¢—1];
(74 — 2k — 2)6
54— 1) if k=42

(2) When ¢ = 1 mod 2, the labeling transformation Wy proposed as follows:
Y (A,T,) = 6k for k € [1,4],
Ye(t,w,) = 6(¢f + k) for k € [1,4],
We(tette) = 6(2¢ + k) for k € [1,74],
7¢—-1)6 if k=1;
¥o (Tutters) = {Esm - 3«) if xel24)
We(wiety) = 6(5¢ —k—1) for k € [1,4],
We(wedy) =666 —Kk—1) for k € [1,4],
We(Aiettye) = 8(7€ — 1 — 1) for k € [1,74].

Applying the labeling pattern mentioned above, the generated vertex labels
Y are;

Y (w,) = Yo (uew,) mod [(7¢ — 1)6] = (5¢ —k — 1)6, k€ [1,4],
Y (4) = Yg(Aew,) mod [(7¢ — 1)6] = (6 —k—1)6, k€ [1,4],

(14¢ —k — 2) mod [(7¢ — 1)6] = if x€[12];
oo Jae-k-1s
Ve () = J(me —2k—1)Smod [(7¢ — 1)8] = if K €[3,¢],
(40 — 2K+ 1)6

(104 + 2)6 mod [(7¢ — 1)6] = (3¢ +3)8, if K =1;
We () = {(7{’ +2K)6mod [(7¢ — 1)8] = 2k + 1)§ if k€e[2,¢—1],
646 if k=4~
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The proof is complete since the resulting mapping W* is injective due to the
absence of identical vertex labels.

Example 6: The alternate wheel snake graph A[S;(W3)] with an edge 4— graceful
labeling and the alternate wheel snake A[Sg(#3)] with an edge 2— graceful
labelling are depicted in Fig. 10, and Fig. 11, respectively.

(i) 125) : 0 ) (1) (o)
IN T\ /TN 2T /TN /TN /TN
182 g 2 128 oo 36 124 gy 40 120 e 44 116 14 2 12 | 52 108 a0 56

TN IN (XN (L (L) T
- \ ‘ pe < I‘ — ‘ =~ | ,MI‘\ ‘ ~ l
g8 4 | 184 8 | 0 12 | 7% 16 | 12 2 | f L |
60 —é 192 64 —b- 04 62 —b 1yl 72 ‘ 96 76 —@- 92 84

Figure 10

A[S;(K,)] with an E4 —GL.

AN

BIATATOTATATAN

Figure 11
A[Sg(K,4)] with an E2 —GL.

2.7. E§ —GL of the wheel snake graph S,(W,)

Definition 2.12: Wheel snake graphs, denoted by S,(W,), are snake graphs with
£ blocks where each block is W,. This graph includes V[S,(W,)] = {i, Kk €
[1, t+ 1]} U {AK' Wie, X, K € [1' f]} and E[S#(WAL)] = {:u;clxr HeWie, Wicllie+ 1,
AcWie, Aclhics1r AieXaer lier 1%, Ui Xier K € [1,€]}. The wheel snake graph S,(W,)
has « = 4¢ + 1 and § = 8%, see Fig. 12.

AR A ROA

AtV a i ranve
RO C A S S

Figure 12
The wheel snake graph S,(W,) with ordinary labeling

Theorem 2.13: For an integer £ = 2, the wheel snake graph S,(I/,) is an edge
& — graceful graph for § > 1.

Proof: The transformation W,: E[A[S,(W,)]] = {6, 26,36, ---,8¢58} that we
introduce is.
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Y, (A ) = 0k for k €[1,4],

W7 (Acbicr1) = 6(£ + 1) for k€ [1,7],

W, (Aex,) =6(2¢ + k) for k€ [1,7],

W, (Wiehyes1) = 03¢+ k) for k €1,4],
) =270 I xEDLe=)
Yo (uex,) =6(6€ —k) for k €[1,4],

Y, (wA) =6(7¢ — k) for k €[1,4],

Y, (wiept,) = 6(8¢ — k) for k €[1,7].

The generated vertex labels W; are provided as follows, taking into
consideration the labelling pattern mentioned above:

W7 (W) = [W7 (W) + W7 (Wi dye) + W7 (Wieptyer1)] mod [846] =

(22 —K)6,k € [1,4],
W7 () = [W7 () + W7 (xedie) + W7 (Xptics1)] mod [866] =

(4t +Kr)d,ke[l,¢—-1],

W7 (xp) = [W;(xpre) + W7 (xpAp) + W7 (xpphp41)] mod [8€5] = 0,
W7 (A = [V (A + P7 (Aewi) + W7 (Aettier 1) + W7 (Aex, )] mod [846] =
20 +K1)6,k €[1,4],

W7 () = [W7 (iedi) + 7 (ewid) + W7 (i) + W7 (pewye—1) +
W7 (iedie—1) + W7 (x,e_111,.)] mod [8¢ 8],

(62 —1)8 if k=1;
W7 () =14(22¢ — 3 + 2x)6 mod [8n6] = (6 — 3 + 2k)§ if Kk € [2,¢];
646 if k=¢+1.

Since there are no identical vertex labels, the resulting mapping ¥; is
injective, making the proof complete.

Example 7: In Fig. 13, we present S7(W4) with an edge 3— graceful labeling
which is consistent with the labelling considering previously.

CHHAHAHAHAH K
Lo S AN SR - SR c S

Figure 13
The wheel snake graph S;(W,) with an E3 —GL.
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2.8. E6 —GL of a diagonal pentagonal snake graph DPS,

Definition 2.14: A pentagonal snake graph, symbolled by PS,, is formed from a
path P, = {uy, Uy, -+, lhes1} by replacing every edge by a cycle C; =
{ler Aoy Wi, Ter Uier1, K € [1,€]}. A diagonal pentagonal snake graph, denoted by
DPS,, [Fig.:15]Fig. Fig. 14, is obtained from PS, by adding the edges
{11, Tl K6 € [1, €]}, this graph includes V[DPS,] = {u,,k € [1,£ + 1]} U

{/110 Wy, Ty, K € [1' 3]} and E[DPSZ] = {”K/’{K‘ ﬂxﬂx+1"HKTK'AK(UK+1'/1K#K+1'
Wy T, Trclies1K € [1,€]}. So, the graph DPS, has « =4 + 1 and f§ = 7%.

,@\

«pg oyl

@4&4@9---- e --KJ.ZS
& >@o no@'\ )

Figure 14
The diagonal pentagonal snake graph DPS, with ordinary labeling

Theorem 2.15: For an integer € > 2, the diagonal pentagonal snake graph
DPS, is an edge & — graceful graph for § > 1.

Proof:
Case 1: £ = 0 mod 2. Define the labeling Wg: E(DPS,) — {6,26,36,-+,7£5}
by

W (pcthi+1) = 6k for k € [1,4],

Wg (Aichtic+1) = 6(£ + k) for k € [1,£],

W (7)) = 6(2¢€ + k) for k € [1,74],

W (Aettye) = 6(7€ — k) for k € [1,4],

0(3¢+kKk) if kell,¢—1];
qjs(’l"“”‘)z{sga ’ x=[e !

6(4f+K) if ke[l1,£-1];
Lpg(fkw”)z{4§6 ) if K=[€ ]

’(6f—kx) if kell,¢—1];
qJB(Tx:ulHl) = {72 5 ) if i =[£ ]

The produced vertex labels Wg, given the above labeling pattern are;
Ys (w,) = [lps(lkwx) + LIJS(TKO‘)K)] mod [7¢6] = 2x6,k € [1, 7],
Wi () = [We(uieti) + W (iieltic—1)] mod [748] = (2€ + 2k — 1)§,k € [1,4],
Wg (er1) = (10£)6 mod [7£6] = 3496,
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Wi (o) = [Ws(Aettie) + We (L) + Wg(Aichticr1)] mod [745],

WA, = {(11{’ + k)6 mod [746] = (4¢ + k)6, if ke[l,¢—1];
8\ 1348 mod [7¢8] = 6£ 68 if k=4,

Wg (1)) = [Ws(Trewi) + Pa (i) + LIJS(TK#K+1] mod [746],

wi(r,) = {(12# + k)6 mod [746] = (5¢+Kk)§ if ke[l,¢£—1];

8L K 1446 mod [746] if k=¢,

Case 2: £ = 1 mod 2. The vertex labeling function Wy can be defined similarly
to the previous case, but with the replacements listed below:

S(+K) if kel[le—1];
Wohattenr) = {0 0 1 K€L=
0(2¢+k) if kell,¢—1];
%(“"T")z{zgs ) if xz[{’ :

Ys(Aew,) =832 + k) for k €[1,7],
Ys(tewy) = 6(4€ + k) for k €[1,74].

The produced vertex labels Wg in light of the labeling structure above are;
W3 (Uerq) = 1146 mod [745] = 448,
Wi (u,) = (3¢ — 1)6 mod [746] = (3¢ — 1)6.

Because there are no identical vertex labels, the injective property of Wg is
proven. Thus, DPS, allows for edge & — graceful labeling.

P A A A
o pe pe el »

192 32N / 184 10 176 18> 168 35y 196

188 a5 . < w0 80 4. > 172 gy
: 64
& 5@ d( \,b e
o o
Figure 15
DPS, with an E4 —GL.
N oN CoNY LA

Figure 16
DPSg with an E3 —GL.
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Example 8: The diagonal pentagonal snake graph DPS; with an edge 4— graceful
labeling and the diagonal pentagonal snake graph DPSg with an edge 3— graceful
labeling according to the labeling earlier are depicted in Fig. 15, and Fig. 16,
respectively.

3. E§ —GL of chain graphs

3.1 E6 —GL of the linear quadrilateral chain LQ,

Definition 3.1: A linear quadrilateral chain on the plane, shown as LQ,, is
constructed by linking £ quadrilaterals linearly by participating of a common
edge. Every two neighbouring inner faces share precisely one edge, and that edge
is parallel to the other. The graph LQ, with £ blocks includes V[LQ,] =
{the, A, k € [1, 4]} and E[LQe] = {tticttics 1)) Achierr, K € [1,€ = 1]} U {edye,
€ [1,4]}. So, LQ, has @ = 2¢ and = 3¢ — 2. A linear quadrilateral chain
L@, is isomorphic to the ladder graph L, = P, X P,

Theorem 3.2: For an integer £ = 3, the linear quadrilateral chain LQ, is an

edge & — graceful graph.

Proof: The labeling function Wy: E[LQ,] — {§,26,36,, (3¢ — 2)6} that we
suggest is.

S +K) if Ke[l,£—2], k=1mod?2;
Lp‘)(/lxlllc+1) = S5 .

E(Sf—l{—?)) if ke[2,£—1], k =0mod 2;

6(3¢—2) if k=1;

8 . —
LPQ(HK.“K+1)=!E(K+1) if k€[3,2—2], k=1mod2;

\§(2€+K—2) if Ke[2¢—1], k=1mod?2;
oK if k=1,
5 . — .
Wo(Aity) = 3(4{’ —k—1) if k€[3,¢], k=1mod 2;
§(6f—x—4) if ke[3,£—1], k=0mod2,
Following the labeling pattern previously indicated, the produced map Wg
on the vertices are;

W9 (i) = [Wo(Aedicr1) + Po(Aicttic) + o (Aiehe—1)Imod[(3€ — 2)4],
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(22)6mod [(36-2)8] =2 (£ +3) if xk=1;
(6¢-5—-4)smod [(36-2)6]= if rel2e-1]
(66 —K—4) K = 0mod 2;
Wo (Ae) = A . 3 _
(5¢-%-2)s5mod [(3¢ - 2)6] = if Ke[3¢-2]
§(4£—K+1) K = 1mod 2;
() smod [(3¢-2)8] =2(£+1) if Kk=4¢,

Lp;(.ux) = [l'p9(/1x.u}c+1) + Wo (e i) + lpf)(ﬂrc.urc—l)] mod [(3¢ — 2)4],
(32 — 1)8 mod [(3£ — 2)8] = & it k= 1;
(7¢ —5)mod [34—2)5]=(f -1 if k=2

(%1) 6 mod [(3¢ — 2)8] = S[K +1], if x€[3,¢-2],

s (uye) = . Kk = 1mod 2;
(4£+5—3)5mod [(3¢ - 2)5] = if Kkel4e—1]
226+ -2] Kk = 0mod 2;
\(32 — 2)8 mod [(3¢ — 2)8] = 0 if x=¢

It is confirmed that W5 has an injective property. Thus, an edge § —
graceful labeling is admitted by LQ,.

Example 9: In Fig. 17, we present linear quadrilateral chain LQ;; = L,; withan
edge 5— graceful labeling.

ISR AR AR AR AR SR AR GRS i

145 135 130

ST T

Figure 17
The linear quadrilateral chain LQ,; with an E5 — GL.

3.2 E§ — GL of a diagonal linear hexagonal chain

Definition 3.3: A diagonal linear hexagonal chain, indicated by DLH, as
depicted in Fig. 18, is created by linearly combining ¢ hexagons by sharing a
common edge. Any two adjacent inside faces have precisely one edge in common
and these common edges are parallel to each other. The graph DLH, with ¢
blocks consists of V[DLH,] = {i,, A, & € [1,€ + 11} U {w,, T,., k € [1, €]} and
E[DLHp] = {theWie» Wicthic+15» ArcTror Tchier 1 Hicdies K € [1, €1} U {icAye, 1 € [1, € +
11}. So, DLHy,£ 23 has a =4+ 2 and § = 64 + 1.
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. /\@/,\\q/\? o Ty (?,) fﬁc?//;\
KK KCA & & K&
o & ¥

’

o e v

Figure 18
The diagonal linear hexagonal chain DLH, with ordinary labeling

Theorem 3.4: For an integer € = 2, the diagonal linear hexagonal chain DLH,
is an edge 8§ — graceful graph for § = 1.

Proof:

Case 1: £=0mod 2. The labeling W;,: E[DLH,] = {6,26,--,(6€ + 1)6}
that we propose is.

Yo (TAes1) = 6k for k € [1,4],
Wio(ted) = 6(€ + k) for k € [1,74],

(62 +x) if ke[l,£-1];
%““%}{aw+n if K=
Wio(Wehes1) = 0B+ K+ 1) for k €[1,4],

(4 +1+k) if ke[l,£—-1];
%“W“H)=&&£+n D sy

5(32+1) if k=1;
W (o) =46(60 —k+2) if k€ [2,2];
5(3%) if k=4+1.

Considering the labeling pattern stated previously, the produced map ¥y,
on the set of vertices are;

lyl*O(Tk) = [lplo (TKAK) + lplo(‘l-;c/liﬁl)] mOd [(6{) + 1)6] = (f + ZK)6' K€ [1' {)]a
Who(he) = [Wio(yete) + Wro(AiTiemr) + Wro(Aicttie—1) + Wio(Apti)] mod [(6€ + 1)6],

(42 + 2)8 if k=1
‘W&@)=%M+2@&wﬂ@€+nﬂ if K €[22
405 if k=f+1.

Wio () = [Wro(ede) + Pro(ediesr) + Pro(@eWe—1) + Pro(@ept)) mod [(6¢ + 1)d],

(15¢ + 3 + 2k)6mod[(6¢€ + 1)6] = if ke[l,£—1];
32+ 2k +1)6

22+ 1)6 if k=4

£ if k=¢+1.

s _ ((5¢+ 2Kk +1)5 mod [(6¢+1)5] if ke[l£-1];

1““”‘{@e+1) if K=¢

Wio(te) =
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Case 2: £ = 1mod 2. The labeling W;, can be defined with the following
substitutions in place of the ones in the preceding case:
Yo (ew,) = 6(2¢ + k) for k € [1,4],
(6Bt +1+k) if ke[l £-1];
Pro(@ekis1) = {5(5# +1)  if k=2
Wio(HeAes1) = 830+ 1),
(64t +1) if k=1;
Pro(ed) = {6(6{’ +1) if k=441
then the derived vertex labels are;
Wip(we) = 246,
. _((5¢+2)5 if k=1,
Pio(he) = {(M +1)6 0f k=41,

(4¢ +3)6 if k=1,
L )Gttt if re[26—1];
Pio(ke) =1 (30 4 1)6 it K= 2
(52 +1)5 i k= f41.

Since there aren't any duplicated vertex labels, then DLH, permits an edge
6 — graceful labeling.

Example 10: In Fig. 19, we set up the diagonal linear hexagonal chain DLH, with
an edge 5— graceful labeling. Also, In Fig. 20, we set up DLH8 with an edge 4—
graceful labeling.

Figure 19
The diagonal linear hexagonal chain DLH, with an E5 — GL.
‘\

«vwvy_ovvzf)

194 188 84

d@tn@’iu@{;

Flgure 20
The diagonal linear hexagonal chain DLHg with an E4 — GL.
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3.3 E§ —GL of a linear chain [€K3|(£ — 1)K, ]

Definition 3.5: A linear chain , denoted by [¢K3|(£ — 1)K,] as depicted in Fig.
21, consists of £ copies of complete graph K5 and (£ — 1) copies of complete
graph K, linearly through collaboration of an identical edge. There is only one
edge that all neighbouring internal faces share, and that edge is parallel to the
other. A linear [fK;|(£ — 1)K,] chain consists of V[£K;|(f— 1)K,] =
{te) Ay w0, & € [1,4]} and  E[¢Ks|(£ — DK,] = {iede, Wxbhyr» Aoy, & € [1,€]}U
{1 bickics 1 Michies 1) Wiclbier1 K € [1,€ — 1]} So, the graph [£K5|(£ —
DK,],£ =3 includes a =3¢ and f =7¢—4 .

R RS RS A R AR
IRV VAV VAV RS RISV IR

Figure 21
A linear chain [£K3|(£ — 1)K ] with standard labeling.

Theorem 3.6: For an integer £ = 3, the linear chain [€K;|(£ — 1)K,] is an
edge & — graceful graph for § = 1.

Proof:
Case 1: £=1mod?2. The labeling function Wi;:E[¢K3|(£— 1)K,] -
{6,26,--+,(7¢ — 4)6} that we propose is.
I ) if ke[l1,¢—1];
Fuliewd = {5(5£ —4) if k=4
_(6(7¢—4) if k=1;
Pra (eie) = {5({} +k—2) if ke[27]
Y, (Lw,) = 6(2¢ + 2k — 3) for k € [1,74],
Y (Wedierr) = 6(2€ + 2k — 2) for k € [1,¢£ — 1],
(64t +x—3) if xke[1,£-2];
l'pll(:urc,urc+1) - {5(5€ _ 3) lf K= f _ 1,
Wi (A1) = 8(6€ — k= 3) for k € [1,€ — 1],
Wi (wetyer1) = 6(7¢ —k —4) for k € [1,£—1].
Considering the labeling pattern mentioned above, the produced map Wi,
on the vertices are;

lpfl(.ux) = [‘Pll(.ukwk—l) + Lpll(.uk)w) + q”ll(“xwk) + Lpll(.u}c)Liﬁl) +
Wi1 (ctticr1) + P11 (Uettie-1)] mod [(7€ — 4)6],
3¢-1)5 if k=1;
. ) +2xk—-3)5 if ke[2,¢-2];
Puld =1Ge—as i k=t-1;
(4¢ —4)6 if k=4,
i1 (o) = [P (Aewi) + Wiy (Aette) + Wrq (A wie—1) + Wi (Aieptye—1)] mod [(7¢ = 4)0],
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. 24 —1)6 if k=1;
%ﬂ@)=&u+4i—n5mmuwf—®ﬂ it K€ [24],
i1 (we) = [Yi1(0ede) + Wrq (0pe) + Wi (0 dir1) + Wiq (@gttr1)] mod [(7¢ = 4)6],
Wi () = {(4€ + 4k — 5)6 mod [(7¢ — 4)6] if ke[l,£—1];
1@ =125 3)s if K=

Case 2: £ = 0 mod 2. After making the following substitution, The labeling W;;
can be defined in a manner analogues to the preceding case

Sk if xe[l,¢—1];

W11 () = {5(53 3) if k=4,
_(8(20) if k=1;

W1 (Aewy) = {5(21,0 +2xk—-3) if ke([24],

Wi (W di+1) = {6(2€ ~D %f =
§(2¢+2k—-2) if ke[2,¢-1]
W (Uetierr) =648 +k—3) for k € [1,¢ —1].
The produced map Wy, on the vertices are as follows:
Wi (i) = [Wra (uewye—1) + Pra (i) + P11 (i) + Pra(UicAies1) +
Wi (Miette+1) + W11 (Ubti—1)] mod [(7¢ — 4)6],
(3¢-1)5 if k=1;
W) =@ +2k—-3)5 if ke[2,¢—-1];

4e—4)5  if k=42,
Y () = [P Aewy) + Wiy (Aett) + Wiy ewe—1) + Wiy (Ayepte—1)] mod [(7€ = 4)6],
20)8 it k=1
Wi (A) =3 (468 if k=2;

(42 + 4k —7)6 mod [(7¢ —4)6] if ke [3,4],
LPl*l (wx) = [lpll (wxﬂ'x) + LIJ11 (wxﬂx) + l'pll(wxlxﬂ) + qjll(wK#K+1)] mOd [(7[ - 4)6]9
Wi (w,) = {(41? + 4K — 5)6 mod [(7¢ —4)8] if ke[l,£—1];
1Ak (2¢-2)6 if k=4,
Because there are no repeated vertex labels. Consequently, [¢K3|(€ —
1)K,] enables an edge § — graceful labeling.

Example 11: A linear [7K; | 6K,] chain with its explicit edge 3— graceful labeling
and a linear [6Kj; | 5K4] chain with its explicit edge 4— graceful labeling, according
to the labeling earlier, are illustrated in Fig. 22 and is illustrated in Fig. 23,
respectively.

%75% R R TR

120 33 18
& - YOI AN AT AV 4/\6 5

Figure 22
[7K3|6K4] chain with an E3 — GL.
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% 88 () 92 (o) o {73} 100 (2) 104 C
152 4 1os 148’ 24 8 1z 14’ 28 12 120 M0 32 16 106 1% 36 20 112152 40 108
4s;zm|:mrr:x.|-b
Figure 23

[6K3|5K,4] chain with an E4 — GL.

3.4 E§ —GL of a linear chain [€K3|€K,]

Theorem 3.7: For an integer £ = 3, the linear chain [€K3|€K,] is an edge & —
graceful graph for § = 1.

Proof: A linear chain [£K3|fK,] consists of V[#K;|¢K,] = {w,, x € [1, €]} VU
{nuK' AK' K€ [1v t+ 1]} and E[€K3|€K4] = {wrc,umlxwm wxlx+1' Hactic 1 M
Aer1r Oicler1, K € [1, 2]} U {e A, K € [1,€ + 1]3. So, the graph [£K;|¢K,], ¢ =
3 includes a =3¢+ 2 and f =7¢ + 1.

Case 1: £ = 1 mod 2. The labeling ¥,,: E[#K;|¢K,] = {6,26,---, (7€ + 1)}
that we propose is.
Y, (w,) = 0k for k € [1,4],
_(6(7¢+ 1) if k=1;
Va2 (k) = {5(4’ tr—1) if xke[2e—1],
(622 +2) if k=1,
Pz () = {5(% +2k—1) if k€2,
_(62t+1) if k=1,
Prz(Wediss) = {5(24’ +2K) if k€[24],
Wio (Uicbics1) = 6(4¢ + k) for k € [1,7],
Wi (yedies1) = 8(6€ — K + 1) for K € [1,4],
W (Wetyes1) = 0(7€ — Kk + 1) for k € [1,4].
Following the labeling pattern described earlier, the produced map ¥y, on
the vertices are;

Wi () = [Pz (ewi—1) + Wiz (i) + Pra () + Wiz (HicAies1) +
Wio (ickticr1) + WPz (ichi—1)] mod [(7€ + 1)6],
Ge+1)5  if k=1,
W () =16+ 2c—2)8 if K € [2,4];

644 if k=4+1,
lpl*z(lx) = [IPIZ(AK(‘)K) + lp12 (Ax.u;c) + lp12 (Axwx—l) + le (AK:uK—l)] mod [(7{) + 1)6],
(2¢ +2)8 if k=1
w0 = (46 +4)8 if k=2
1237k (4¢ + 4k — 3)6 mod [(7¢ + 1)8] if k€ [3,¢];
44 6 if k=4¢+1,

Wi () = [Yia(@dy) + Pro(@ette) + Wi (Widesr) + Wi (wytt1)] mod [(7€ + 1)6],
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Y (we) = (4€ + 4k — 1)8 mod [(7¢ + 1)5] for k € [1,74].

Case 2: If £ = 0 mod 2 . After making the following substitutions, the labeling
function W;, can be defined in a manner identical to the preceding case:

Y, Awe) =802¢ +2Kk—1) for k € [1,4],
Wi (wiedis1) = 6(2€ + 2k) for x € [1,4].
The produced map Wy, on the vertices are;
¥ () = [P (Aewe) + Wio (et + Wia (Aewi—1) + Pia (Api—1)] mod [(7¢ + 1)6],

(2¢+1)6 if k=1;
Yh(A) =1(4€ + 4k —3)d mod [(7¢ + 1)6] if k€ [2,4];
4¢ 6 if k=4+1,

Upon considering case (1) and case(2), and due to the absence of duplicate
vertex labels, it can be determine that the chain [£K3|¢K,] has the characteristic
of being an edge & — graceful graph.

Example 12: A linear [6Kj3 | 6K,] chain with its explicit edge 3— graceful labeling,
according to the labeling function defined above, is illustrated in Fig. 24.

NS AT

102 120 27

0/\‘ EF- o0

Figure 24
[6K3|6K4] chain with an E3 — GL.

4. Application of E6 —GL

An electrical network is represented by a graph I' = (V(T'), E(T')) where
[V(T) | =a and | E(T) | = B. The set of vertices V(I') = A, indicates the
nodes where the wires are joined, and the set of edges E(I') = e, represents the
wires where the electric current is travelling. We examine weighted connected
simple graphs, which are weighted graphs that are connected but undirected and
do not have multi-edges or self-loops. The labeling number that indicates the
current flowing through this wire is the weight of each edge.

Let us consider a collection of charges { §,28,38,:--, £6}. The challenge
is to develop various designs for electric networks that enable the use of a single
charge from the set {§,26,36,:--, B} to each wire in the network so that the
amount of accumulation charges at each nodes (connection points) must vary.
We provide eight designs for electric networks associated with snake graphs and
four designs for electric networks associated with chain graphs. Every single one
of these designs matches our required features and specifications.
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