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1. Introduction 
In this study, we focus on the cyclic  -diagonal Toeplitz matrix of the form  
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where   (   
 )      (    ) , we assume that         and     , 

   . We undertook this work because  -diagonal matrices and cyclic 
 -diagonal matrices are frequently used in several areas of mathematics and 
various branches of numerical analysis, such as spline approximation, boundary 
value problems, and linear dynamical systems, [1-4].  

Building on the algorithms for cyclic pentadiagonal and heptadiagonal 
Toeplitz matrices established in [5-7], this work generalizes these methods to the 
broader class of cyclic  -diagonal Toeplitz matrices. 

We present a generalization of the determinant-finding process for cyclic 
 -diagonal Toeplitz matrices via two efficient computational algorithms. Some 
comparison tables have been designed in each case to compare the 
implementation of the algorithms with each other and also with the results of 
Matlab software. Here, the superscript   marked the transpose operation. Recent 
studies on related structured matrices, such as quasi anti-tridiagonal and block 
tridiagonal matrices [8, 9], further highlight the importance of this class, yet the 
generalization of efficient algorithms from the specific cases of cyclic 
pentadiagonal (   ) and heptadiagonal (   ) Toeplitz matrices to the 
general cyclic  -diagonal case remains a pertinent problem, which this paper 
addresses.  

2. Main Results 
We commence this section by extending the findings of [5-7] to the 

evaluation of the determinant for cyclic  -diagonal matrices possessing a 
Toeplitz structure, specifically for  

                         
2.1 A Determinant Evaluation Algorithm for Cyclic  -diagonal Matrices 

Let the column vectors of matrix  , defined in equation (1), be denoted by 
               . Now, consider a matrix   of the form @mathfonts  
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is achieved by repositioning the last      columns to become the first    
  

columns. This transformation yields an approximately upper triangular Toeplitz 
matrix,  , whose column vectors exhibit a structured pattern of non-zero 
elements     (   

   )    (   
   )            (   

 )   

We performed (    )   (    )  column exchanges during the matrix 
reordering mentioned above, which leads to the following relation: 

if (   
 )     then  

                (2) 

and if (   
 )       then  

         {                 
                 (3) 

when          . 
The matrix   is augmented through the addition of       rows above 

and       columns to the right. This augmentation results in zeros being 
placed in specific positions within the newly added entries. Consequently,   
exhibits a lower triangular Toeplitz form, constructed using  -by-  block 
matrices.  

    *  
  +   

                 (4) 

where  
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The matrix  , previously defined as an  -by-  quasi upper triangular 
Toeplitz matrix, will now be used. We now extend some results from [5] 
concerning cyclic  -diagonal matrices with Toeplitz structure. 

To achieve this objective, we examine a system of linear equations of 
dimension                 that possesses a lower triangular 
Toeplitz structure, expressed as  

       
where                          and   is an        -by-     
   matrix thus forms a lower triangular matrix as described in equation (4). 
Solving these equations leads to the following recurrence formula:  
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by using the forward substitution. All cases of    will be merged. Subsequently 
the following theorem is deduced:  

Theorem 1: Consider the lower triangular matrix   from (4) of dimension 
       -by-       . Its inverse,     , has a first column represented 
as. Then  
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∑       
                                              

(5) 
where 

                                       
 
  
      

for all    .  
 

Let     be partitioned in the block form  

    *  
  +  

where  ,  ,   and   are matrices of dimensions        ,    , 
            and        , respectively. Applying Lemma 2.2 of [5] 
and Theorem 1 yields  
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Thus,              for            . From Theorem 2.1 of [5] 
and relations (2), (3) in Section 2.1, we obtain that: 

if (   
 )     then  

                                        

and if     
        then  

       {                                              
                                                

 (6) 
since               . Thus,        can be determined through the 
evaluation of       . Applying the Leibniz formula,  
         ∑            ∏   

            (7) 
The        is shown by the following expression:  

        ∑              ∏     
           ∑              ∏     

               
(8) 

The results established herein apply to arbitrary complex numbers 
                         .  

The determinant of matrix   in (1) is evaluated by applying the following 
results:  
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Theorem 8: Consider an  -by-  cyclic  -diagonal Toeplitz matrix  , and let 
  be the associated lower triangular Toeplitz matrix given in (4). Let   be the 
column vector explained in Theorem 1. Then  
           

      ∑              ∏     
                

where        is the sign function of a permutation in the permutation group 
    .    

2.2 Computing the Determinant of Cyclic  -diagonal Matrices by a Numerical 
Algorithm  

In this section, we present an improved and efficient determinant 
computation for cyclic  -diagonal Toeplitz matrices, which extends the 
methodology developed earlier. The algorithm is based on an explicit formula 
derived in Section 2.1. Note that the computation of    in Theorem 2 involves 
repeated division by the constant   . Therefore, let  

        
  

       
  

               
  

       
  

         
  

 

to reduce the operation count. If we substitute the modified entries into the 
definition of matrix   (1), resulting in a modified matrix   . 

This leads to the relation  
         

          
and a corresponding lower triangular Toeplitz matrix    , defined analogously to 
  in (4) but using the updated elements                            . Applying 
Theorem 1 to the system         yields  
            ∑       

                                               
(9) 

where                                       and       for all 
   . Following the same approach, applying Theorem 2.1 of [5] in conjunction 
with relation (3) from Section 2.1, yields  

                    
with          , and  
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] (10) 

then:  
                                            
The resulting algorithm can be constructed as follows:  
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Algorithm DCMT.1 
Step 1. 
Provide as input the sequences:                      , and the integers   
and  . 
Step 2. 
Evaluate the vector:                   using equation (9) and construct the 
matrix    according to (10). 
Step 3. 
Compute:         by applying the formula given in (8). 
Step 4. 
Output: if     

      
                         

if             then 

       {    
                        

                             

2.3 On Determinant Computation Using Block Upper Triangular 
Transformations 

Let                 denote the columns of matrix   as defined in (1). 
By exchanging the last (    ) columns by swapping columns to position them as 
the initial columns, we get a Toeplitz matrix   with an approximately lower 
triangular form. Its column vectors are reordered as  

      
                               

     

forming the following structure:  
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(11) 

now we prepared (   
 ) column exchanges in the matrix reordering above, then 

we deduce the following relation: 

if (   
 )     then  
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and if (    )       we have  

         {                
                (12) 

for          . 
The matrix   from (11) can therefore be transformed into the form of a 

 -by-  block upper triangular matrix:  

    [            
    ]   

     (13) 

with     and     of sizes               and            , 
respectively. This matrix   can be derived from the original matrix   by 
selecting appropriate entries                                        in the 
following transformation matrices:  
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This holds for              , where      and          are 
identity matrices of order     and        , respectively. In general, the 
coefficients       ,       ,       ,       ,  ,          are defined by: 
          

    
  
         

    
  
         

    
  
  

          
    
  
             

  
  
  

for                   
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Defining the composite transformation matrix                  , 
we obtain the relation  

      
where matrix   is the  -by-  block upper triangular defined in (13). 

Since we can deduce from the definition of    that         , we 
directly obtain the following relations: 

If (   
 )     then  

                               
                

If (   
 )       we have 

 

       {                                              
                                                

(14) 
         . 

2.4 Numerical Algorithm via Block Upper Triangular Transformation 
To lower the operation count in the method of Subsection 2.3, we introduce 

the scaled constants:  
            

  
           

  
         

  
 

        
  

       
  

         
  

  
The scaling circumvents multiple divisions by    when converting   into 

a block upper triangular form. Applying the scaled constants to the original matrix 
definition in (1) results in the transformed matrix   . The determinants are related 
by  
                        (15) 

For the matrix   , we apply the same procedure as for  . This leads to a 
corresponding nearly matrix   , analogous to   in (11), but with the entries 
                       . Similarly, we define the transformation matrices     
analogous to   .                       we have 

       [         
 

    
 ]        (16) 

where      and    
  are matrices of size        -by-       and 

     -by-     , respectively. In addition, based on the structure of     and 
simple matrix multiplication. 

 
We have  



DETERMINANT EVALUATION OF CYCLIC M-DIAGONAL TOEPLITZ MATRICES� 11

   

[
 
 
 
 
 
 
 
 
 
 
 
  
  

      
  

       
      

  
       

       
     

    
     

    
     
     

    
         

          
    

    
         

          
    ]

 
 
 
 
 
 
 
 
 
 
 
 

   

(17) 
Finally, it follows from (15)-(17) that we obtain: 
if     

      then 

                                                     
 
and if     

        we have  
 

         {                           
             

                            
           (18) 

 
for          . We obtain          to compute       
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yields  
               

An algorithm for computing  th-order cyclic  -diagonal Toeplitz 
determinants is now described.  

 
Algorithm DCMT.2 
Step 1. 
Input the parameters            ,           , and the integers   and  . 
Step 2. Initialise: 
  

         
  

   
         

  
       

       
  

   
For                 Compute 

  
      

        
      

       
  

      
        

      
       

  
      

        
      

       
  

      
        

      
       

                                 
    

        
      

      
End.  
Step 3. Construct the      -by-      matrices in (19), (20), (21) 
                
Step 4. 
Output: 
if     

        we have 

       {              
             

              
           and k = 1, 2, 3, 4, … 

if     
      then                          

3. Numerical Experiments 
This section presents the results of numerical experiments comparing the 

performance of the proposed algorithms (DCMT.1 and DCMT.2) with 
MATLAB's built-in function       All examples were conducted using 
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MATLAB R2024a in double-precision arithmetic. The presented work 
generalizes the methodologies found in references [5-7, 10]. To ensure numerical 
stability, the same inductive process employed in these referenced algorithms is 
utilized; the details are omitted here to avoid repetition.  

Example 1: The computation starts with determining the determinant of an 
 -by-  cyclic 9-diagonal Toeplitz matrix by:  
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For matrix sizes                              , we compute the 
determinant using both the MATLAB built-in function and the proposed 
algorithms. The results are summarized in Table 1.  
 

Table 1 
Determinant computation results for Example 1 

  DCMT.1 algorithm DCMT.2 algorithm MATLAB 
                                                           

                                                          
                                                           
                                                              
                       

     
                  
     

                  
     

                       
     

                  
     

                  
     

 
The result show that our algorithms generated almost the same value as the 

MATLAB. Meanwhile, the mean value of the CPU times in the computation of 
the determinant are shown in Table 2 and then we show the results in Fig.1.  

 
Table 2 

Execution times (CPU seconds) for Example 1 
Algorithms   100 500 1000 2000 3000 5000 
 DCMT.1  0.0132 0.0034 0.0036 0.0053 0.0094 0.0166 
DCMT.2   0.0127 0.0022 0.0029 0.0040 0.0050 0.0100 
MATLAB  0.0212 0.0087 0.0098 0.0174 0.0331 0.0560 
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Figure 1 

Average CPU time (log scale) for Example 1 
 
The determinant of an  -by-   cyclic 11-diagonal Toeplitz matrix, 

structured as follows, is computed next:  
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Here, we set    
 . For                                   , we 

compute the determinant using the proposed algorithms, and the results, along 
with those from MATLAB's built-in function, are presented in Table 3.  

 
Table 3 

Determinant computation results for Example 2 

h DCMT.1 algorithm DCMT.2 algorithm MATLAB 
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The mean CPU time for computing the determinant is presented in Table 4, with 
the results visualized in Fig. 2.  
 

Table 4 
Execution times (CPU seconds) for Example 2 

Algorithms   0.05 0.02 0.01 0.005 0.002 0.001 
 DCMT.1  0.0040 0.0047 0.0048 0.0080 0.090 0.0102 
DCMT.2  0.0032 0.0040 0.0043 0.0053 0.0059 0.0085 
MATLAB  0.0052 0.0075 0.0090 0.0095 0.0102 0.0189 

 

 
Figure 2 

Average CPU time (log scale) for Example 2 

Example 3: Our computation proceeds to an  -by-  cyclic 13-diagonal Toeplitz 
matrix.  



16� M. S. SOLARY AND E. SADEGHY

  

[
 
 
 
 
 
 
 
 
 
 
 
 
 
                                      
                                     
                                     
                                     
                                     
                                     
                                     

             
             

               
                                     
                                     
                                     
                                     
                                     ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

Here, we set                               . Table 5 presents the 
numerical results obtained from MATLAB's built-in       function alongside 
the proposed algorithms (DCMT.1 and DCMT.2). The corresponding mean CPU 
times for the determinant computation are given in Table 6, and the results are 
illustrated in Fig. 3 for                               .  

 
Table 5 

Determinant computation results for Example 3 

  DCMT.1 algorithm DCMT.2 algorithm MATLAB 
 500 3.879186583187889 3.879186583187878 3.879186583187880 
1000 26.039995308460966 26.039995308460981 26.039995308460945 
2000 3.351319213216030e+002 3.351319213216018e+002 3.351319213216020e+002 
3000 6.207442548562271e+003 6.207442548562463e+003 6.207442548562406e+003 
4000 1.166386300975372e+005 1.166386300975419e+005 1.166386300975375e+005 
5000 2.137986642437513e+006 2.137986642437167e+006 2.137986642437664e+006 

 
Table 6 

Execution times (CPU seconds) for Example 3 

Algorithms   500 1000 2000 3000 4000 5000 
 DCMT.1  0.0099 0.0094 0.0113 0.0144 0.0179 0.0227 
DCMT.2   0.0050 0.0046 0.0052 0.0046 0.0045 0.0046 
MATLAB  0.0100 0.0125 0.0221 0.0351 0.0526 0.0915 

 
In this example, we demonstrate that Algorithm DCMT.2 achieves reduced 

CPU times. In summary, the computational complexity of the proposed 
algorithms is lower than, or comparable to, that of other recent algorithms 
implemented in MATLAB. 

The results indicate that our algorithms produce values nearly identical to 
those from MATLAB's built-in       function, while requiring less 
computational time. We propose the investigation of block-based structures for 
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computing determinants of cyclic  -diagonal matrices as a direction for future 
research, see [10, 11]. 

 

 
Figure 3 

Average CPU time (log scale) for Example 3 
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