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Abstract

In this paper, we classify all n-dimensional generalized Heisenberg Lie algebras of rank
(n—4), and to this end, we demonstrate that for any n-dimensional generalized Heisenberg
Lie algebra, if the rank is (n — 4), then such an algebra does not exist when n > 11. We also
show that for a n-dimensional 2-step nilpotent Lie algebra L with the derived subalgebra of

dimension r, we have r < n + [#}
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1. Introduction

Classification of algebras is one of the important and old topics in the theory
of finite dimensional Lie algebras. The first work in the field related to the
classification of Lie algebras on the field of complex numbers was done in 1896
by Cartan [1]. Then, Gantmacher classified them on the field of real numbers in
1939 [2]. The classification of solvable Lie algebras has been done for dimension
n < 5 in the field of real numbers and partially over the field of complex numbers
in [3, 4]. The first research on nilpotent Lie algebras for six dimensions was done
by Umlauf [5] in his thesis in the late 19th century, and then continued by
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Morozov [6]. Since then, many attempts have been made to complete the
classification of nilpotent Lie algebras in various fields in the literature [7]. In
dimension 7, the first classification was done according to Morozov's method [8].
However, due to the incompleteness of the results and the complexity of these
calculations, the issue of calculating complete lists was a discussed issue in the
literature. Seeley [8] and Gong [18] presented a classification of nilpotent Lie
algebras of dimension 7 in complex (C) and real (R) spaces. In dimension 8,
there are only partial results [9].

A Lie algebra A is called 2-step nilpotent if A is not Abelian and [A4, 4] is
placed in the center of A. They are useful in studying some geometrical problems
such as commutative Riemannian manifolds, weakly symmetric Riemannian
manifolds, etc. [10]. For the 2-step nilpotent case, authors in [11] present a
classification of 8 -dimensional 2 -step nilpotent Lie algebras with a
2-dimensional center. A complete classification of this type of Lie algebras with
dimension 8 and in the complex numbers is given in [19]. The 9-dimensional
2-step nilpotent 3-ary Filippov algebras is studied in [12]. Furthermore, a
classification of 2 -step nilpotent Lie algebras with 9-dimension with
2-dimensional center is presented in [10]. In addition, rigid 2-step nilpotent in a
variety of nilpotent Lie algebras has been carried out in [13]. We define a Lie
algebra L to be a generalized Heisenberg algebra of rank k if, if L? = Z(L) and
dimL? = k. For more information about Heisenberg groups, the readers refer to
[14, 15, 16]. There are the following result about classification of n-dimensional
generalized Heisenberg Lie (GHL) algebra for n = 6,7 and 8 in the literature.

Theorem 1: ([17]). If L is a 6-dimensional GHL of rank 2, then L is isomorphic
to L6‘22(E).

Theorem 2: ([18]). If L is a 7-dimensional GHL algebra of rank 3, then L is
isomorphic to 374, 37B, 37C or 37D.

Theorem 3: ([19]). If L is an 8-dimensional GHL algebra of rank 4, then L is
. . 84 p84 8,4
isomorphic to N;*, N, or N3".

We also have the following theorem about the GHL algebra of rank 1.

Theorem 4: ([20]). Every Heisenberg Lie algebra has dimension 2m + 1, and it
is isomorphic to
H(mM) = (X, X1, o, Xom* [X2i-1, X1 = x,0 =1, ..., m).
for some natural number m.
In the next section, we describe a classification of all n-dimensional GHL
algebras of rank (n — 4), and show that there is no n-dimensional GHL algebra

of rank (n —4) for n > 11. Moreover, we show that if L be a n-dimensional

GHL algebra of rank r, then r < n + [1—\/znﬁ]‘
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2. Main results

In this section, we categorize all n-dimensional generalized Heisenberg Lie
algebras that have a rank of (n — 4). To this end, we first classify 9-dimensional
GHL algebras of rank 5. Let L be a 9-dimensional nilpotent Lie algebra with
basis {e;,..,eo} and L? = Z(L) = (es, eq €7, €5, ) . Since, L/{es) is a
8 -dimensional GHL algebra of rank 4, by using Theorem 3, A/(eq) is
isomorphic to N*, NJ* or Ni**. So, we can have the following lemmas.

Lemma 1: Let L/(eq) = N18’4, then L is isomorphic to ng,s or N29’5.

Proof: Let L/(ey) = N18 **. In this situation, the multiplication table for L can be
expressed as
[er, e2] = es + aey, [ez,e3] = €5+ Beg, [e3,€4] = €7+ yey,
[e1,e4] = eg + ey, [eg, €3] = sy, [e2, €4] = azey.
By applying an appropriate change of basis, it is possible to assume that
a=B=y=1=0.
Since dim(L/(es, es, e7,e5))2 =1, we have L/(es, eq, €5, e5) = H(1) @
A(1) or H(2).
If L/(es, eq ese3)=H(1) P A(1) , according to the structure of
Heisenberg Lie algebras, the only one of the coefficients a; and «, is one and

the others are zero. We can assume that ¢; = 1 and a, = 0.
Thus,

L ={ey, ..., et [e1,€;] = €5, [e;, €3] = €6, [€3,€4] = €7, [e1,€4] = €5, [e1, €3] = €9).
This algebra is denoted by Nf s,

If L/(es, eq, €7, €5) = H(2), Based on the characteristics of Heisenberg Lie
algebras, we find that

L = (e, ..., eq9: [e1,€2] = e5,[e,€3] = €6, [€3,€4] = €7,
[e1, e4] = eg, [e1, €3] = [€, €4] = e9).

This algebra is denoted by NZ9 s,
Lemma 2: Let L/(eq) = N28'4, then L is isomorphic to Nf‘s.

Proof: Let L/(eq) = N28’4. In this situation, the multiplication table for L can be
expressed as

lerex] = es +aey, [eg,e3] =es + Pey, [ey 3] = €7 +yey,

[er,es] = eg + ey, [ey,€4] = r, [es, 4] = azeq.

By applying an appropriate change of basis, it is possible to assume that
a=f=y=1=0.

Since dim(L/(es, e, e7,e3))%> = 1, we have L/(es, e, €5, eg) = H(1) @
A(1). Based on the characteristics of Heisenberg Lie algebras, the only one of the
coefficients a; and a, is one, and the others are zero. We can assume that
a; =1 and a, = 0. Thus,
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L = ey, .., eq9:[e1,€;] = €5, [es, €3] = e, [€3,€4] = €7, [e1,€4] = €5, [e1, €3] = €9).
This algebra is isomorphic to N,

Lemma 3: Let L/(es) = N2*, then L is isomorphic to N,”° or N,°.

Proof: Let L/(eq) = N28'4. In this situation, the multiplication table for L can be
expressed as
[e1,€2] = es +aey, [eg,e3] =es + Bey, [ez,e3] = €7 +yey,
[er,e4] = eg + ey, [e1,€4] = €5+ Oy, [e3,€4] = bey.
By applying an appropriate change of basis, it is possible to assume that
a = B =y = A1 = 0. Thus, the multiplication in L can be written as follows:
[en 2] = €5, [er,e3] = e, [ea, €3] = €7,
[er,es] = €5 [en,e4] = €6 + Oeg, [e3,€4] = Feo.
Since dim(L/{es, es, €7,e5))? =1, we have L/{es, e e, e5) = H(1) @
A(1). According to the structure of Heisenberg Lie algebras, the only one of the
coefficients 6 and § is one the others are zero. We have two possibilities:

(a) If 8 =1,6 = 0, we have the following algebra:
L =(ey, .., eqt [e1, €] = es5,[e1, €3] = €, [ez,€3] = €7,
[e1, e4] = e, [€2,€4] = €6 + €9).
By replacing eq by eq + e, this algebra is isomorphic to
L ={(ey, .., 9t [e1,€;] = e€5,[e1,€3] = €g,[e2,€3] = €7,
[e1, e4] = e, [€2, €4] = e€9).
This algebra is isomorphic to N19 s,
(b) If § = 1,6 = 0, we have the following algebra:
L ={(ey, .., 9t [e1,6;] = e€s5,[e1,€3] = [3,€4] = €,
[ez €3] = e, [e1, €4] = eg, [€3,€4] = €9).
It can be easily seen that this algebra is isomorphic to N29 5. and this

completes the proof.
Now, we can have.

Theorem S: Let L be an 9-dimensional GHL algebra of rank 5, then L is
. . 95 95
isomorphic to N> or N,”.

Proof: From lemmas 1, 2 and 3, we can immediate consequence this theorem.
Now, we classify 10-dimensional GHL algebras of rank 6.

Theorem 6: If L be a 10-dimensional GHL algebra of rank 6, then L is

. . 10,6
isomorphic to Nj .

Proof: For a 10-dimensional nilpotent Lie algebra L with basis {ey, ..., e} such
that L? = Z(L) = {es, g, €7, €5, €9, €15) . Since L/{ejy) is an 9 -dimensional
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GHL algebra of rank 5, by using Theorem 5, A/(e;,) is isomorphic to N, S or
N,®. We discuss following two cases.

Case 1: Let L/(eso) = Nf 'S In this situation, the multiplication table for L can
be expressed as
[er, e2] = es + ey, [e1,e3] = es + Pery, [e2, €3] = €7 +veyy,
ler,es] = eg +Aes, [es,e4] = €9+ Ge1p,  [e3,€4] = Oeyy.
It canbe assumed that a = f =y =1=4§ = 0.
Since dim(L/{es, ec, €7, €5, 9))> =1, we have L/{es, e, e, eg,e9) =
H(1) @ A(2). Based on the characteristics of Heisenberg Lie algebras,
L = (e, ..., e10:[e1,€;] = €5, [e1, €3] = g, [ez, €3] = €7, [e1,€4] = g,
= ey, [e3, e4] = ey9).
This algebra is denoted by N, *°.

Case 2: Let L/(eqo) = N29 'S In this situation, the multiplication table in L can be
written as
[e, e2] = es + aeyo, [e1, €3] = €6+ Ber, [e2, €3] = €7 +veq,
[er, e4] = eg + Aero, [ez,€4] =€+ 8eo,  [e3,4] = €9 + Bey.
It can be assumed that ¢ = f = y = 1 = 8 = 0. Thus, the multiplication in
L can be written as follows:
[er, 2] = es, [e1,e3] = e, [e2, €3] = e,
[er, es] = es, [ez,e4] = €5+ ey, [e3e4] = e
Since dim(L/{es,eq, €7, €5,€90)% =1, we have L/(es, eq e, €5 €9) =
H(1) & A(2). According to the structure of Heisenberg Lie algebras, § = 1. By
replacing e,y by eg + ey, this algebra is isomorphic to
L = (e, ...,e10:[e1,€;] = es5,[e1, €3] = €g, [ez, €3] = €7, [e1,€4] = €5,
= eg, [e3, €4] = e49).

This algebra is isomorphic to N110'6, and this completes the proof.

In the following theorem, we show that there in no n-dimensional GHL
algebras of rank (n —4) when n > 11.

Theorem 7: There is no n-dimensional GHL algebra of rank (n — 4) for n > 11.

Proof: First, we prove that this theorem is correct for n = 11.

If L be an 11-dimensional nilpotent Lie algebra with basis {ey, ..., €1}
such that [? =Z(L) = (es, ez e, €5 €9,€10,11). Since L/{e;;) is a
10 -dimensional GHL algebra of rank 6, by using Theorem 6, L/(e{;) is
isomorphic to N11 € In this situation, the multiplication table in L can be written
as

ler €] = es +aeyy, [ere3] =eg+ Bery, [eye3] =e;+vey,

[er,es] = eg + A1y, [en,e4] = €9+ 61y, [e3,64] = €19 + Oeyy.
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It can be assumed that a=f=y=A1=§=6=0 . Thus, the
multiplication in L can be written as follows:

[61, 32] = €5, [61'63] = €, [32'63] = ey,
[eres] = eg  [ea,e4] = €9, [e3,€4] = €45.

In this algebra L? = (es, e, €7, €5, €9, €10), thus L? # Z(L). Therefore,
there is no 11 -dimensional GHL algebra of rank 7. Now, if L be a
12-dimensional GHL algebra of rank 8, then L/(e;,) is a 11-dimensional GHL
algebra of rank 7. Similarly, this is a contradiction. The correctness of theorem is
proven by continuing this process.

Therefore, we have:

Theorem 8: Let L be a n-dimensional GHL algebra of rank (n — 4), then L is
isomorphic to H(2), Le,,(€), 37A, 37B, 37C, 37D, N18'4, N28‘4, N38‘4, N19'5,
N, or N;%°.

Proof: From Theorems 1, 2, 3, 5, 6 and 7, these results are obtained easily.

The obtained n-Lie algebras in this article have been listed in Table 1. Note
that the obtained algebras are non-isomorphic.

Let L be an n-dimensional GHL algebra of rank r. Since dimL/Z(L) =
n — r, by using Lemma 14 of [21] we have:

r<sm-r@m-r-1) (1)
Therefore, we can have the following theorem.

Theorem 9: For an n-dimensional 2-step nilpotent Lie algebra L with a derived
1—/8n+1
2
hold, if and only if dimL = %t(t + 1) and diml? = %t(t — 1) for some t = 2

and L = (el, ...,et,yij:yi]- = [ei, e]'], 1 < i <] < t)

subalgebra of dimension r, it follows that r < n + [ |, and the equality is

Proof: By using Lemma 4.5 of [22], there exist a generalized Heisenberg Lie
algebra H and abelian Lie algebra A such that L =H @ A. As dimH? =

dimL? = r, by using relation (1), r < %(h —7)(h—r—1) when dimH = h.
Thus r < é(n—r)(n—r—l), and then r> —(2n+ )r +n*—n>0. By

solving this inequality, we get n + [1_ 2““]. The equality is hold, if and only if
r= ml;&. Expression 8n + 1 is a perfect square if and only if n = %t(t +

1) for some integer t > 2. Thus, equality is hold, if and only if r = %t(t -1).
Finally, the structure of this Lie algebras is L = (ey, ..., €., yij: ¥i; = [ei, €], 1 <
i<j<t).
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List of all algebras obtained for n—(’{;?nbellfsilonal GHL algebra of rank (n — 4).
Name Non-zero multiplication

Lg22(€) [e1, e2] = [e3, eq] = e5, [e1, e3] = eq, [ea, e4] = €eg

37A le1, e2] = es5, [e2,e3] = es, [e2, 4] = e7

37B [e1, 0] = [e3, €4] = e5, [ea, €3] = g, [e3. €4] = €7

37C [e1, 2] = [e3, eq] = e5, [ea, €3] = g, [ea, €4] = €7

37D [e1, €a] = [es, e4] = e5, [e1. €3] = €5, [e2, €4] = €7

NIB‘4 [e1, e2] = es, [e2, ea] = ep, [e3, 4] = €7, [e1,e4] = €3
1\-'2’3‘4 [e1,e2] = es, [e1,e3] = eq, [ea, e3] = ex, [e1,e4] = ex
N§'4 [e1, e2] = es, [e2, ea] = es, [e3, e4] = €7, [e1, €3] = [e2, e4] = €3
Nf's [e1, e2] = es, [e1,es] = es, [e2,e3] = er, [e1,e4] = es, [e2,e4] = €9

NS‘S [e1,e2] = es, [e1, €3] = €2, eq] = €5, [ea, €3] = e, [e1, e4] = €8, [€,€4] = €9
HR [e1, ea] = €5, [e1,e3] = e6, [e2, €3] = er, [e1,e4] = €3, [e2,€4] = €9, [e3,e4] = €19

Declarations

Ethical Approval: Not applicable.

Funding Information: The authors do not have any funding to this study.

Data Availability: No data were used.

Conflict of interest: The authors confirm that they have no conflicts of
interest.

References

[1] E. Cartan, Sur la Reduction a sa Forme Canonique de la Structure
dun Groupe de Transformations Finiet Continu, Amer. |. Math., vol.
18, no. 1, pp. 1-61 (1896).

[2] F. Gantmacher, On the classification of real simple Lie groups, Rec.
Math. [Mat. Sbornik] N.S., vol. 5, no. 47, pp. 217-250 (1939).

[3] G. M. Mubarakzyanov, Classification of real structures of lie algebras
of fifth order, Izv. Vysshikh Uchebn. Zavedeneii Mat., vol. 3, no. 34,
pp. 99-106 (1963).

[4] G. M. Mubarakzyanov, Classification of solvable lie algebras of sixth
order with a non-nilpotent basis element, Izv. Vysshikh Uchebn. Za-
vedeneii Mat., vol. 4, no. 35, pp. 104-116 (1963).



8 H. DARABI AND M. IMANPARAST

[5] K. A. Umlauf, Ueber den Zusammenhang der endlichen continu-
irlichen Transformation-sgruppen, insbesondere der Gruppen vom
Range Null. Ph.D. Thesis, University of Leipzig, (In German) (1891).

[6] V. V. Morozov, Classification of nilpotent Lie algebras of sixth order,
Izv. Vyssh. Uchebn. Zaved. Mat., vol. 4, pp. 161-171 (1958).

[7] S.Cicalo, W. A. de Graaf and C. Schneider, Six-dimensional nilpotent
Lie algebras, Linear Algebra Appl., vol. 436 , no. 1, pp. 163-189 (2012).

[8] C. Seeley, 7-dimensional nilpotent Lie algebras, Trans. Amer. Math.
Soc., vol. 335, no. 2, pp. 479-496 (1993).

[9] B. Ren and D. J. Meng, Some 2-step nilpotent Lie algebras I, Linear
Algebra Appl., vol. 338, pp. 77-98 (2001).

[10] B.Ren and L. S. Zhu, Classification of 2-step nilpotent Lie algebras of
dimension 9 with 2-dimensional center, Czechoslovak Math. |., vol. 67,
no. 3, pp. 953-965 (2017).

[11] B.Renand L. S. Zhu, Classification of 2-step nilpotent Lie algebras of
dimension 8 with 2-dimensional center, Comm. Algebra, vol. 39, no. 6,
pp- 2068-2081 (2011).

[12] H. Darabi and M. Imanparast, On classification of 9-dimensional nil-
potent 3-ary algebras of class two, Bull. [ranian Math. Soc., vol. 47, pp.
929-937 (2021).

[13] M. A. Alvarez, Degenerations of 8-dimensional 2-step nilpotent Lie
algebras, Algebr. Represent. Theory, vol. 24, no. 5, pp. 1231-1243 (2021).

[14] D. Bensikaddour and L. Belarbi, Minimal translation surfaces in Lo-
rentz Heisenberg space (H3, g2). J. Interdiscip. Math., vol. 24, no. 4, pp.
881-896 (2021).

[15] B. Senoussi, Helicoidal surfaces of finite type in the 3-dimensional
Heisenberg group. J. Interdiscip. Math., vol. 25, no. 4, pp. 1143-1152
(2022).

[16] S. O. Bedaiwi, A computational Technique for Studying the Heisen-
berg Group, J. Interdiscip. Math., vol. 27, no. 3, pp. 457-466 (2023).

[17] W. A. de Graaf, Classification of 6-dimensional nilpotent Lie algebras
over fields of characteristic not 2. J. Algebra, vol. 309, no. 2, pp. 640-653
(2007).

[18] M. P. Gong, Classification of Nilpotent Lie Algebras of Dimension 7
(Over Algebraically Closed Fields and R), Ph.D. Thesis, University of
Waterloo, Waterloo, (1998).



N-DIMENSIONAL GENERALIZED HEISENBERG LIE ALGEBRAS 9

[19] Z. Yan and S. Deng, The classification of two step nilpotent complex
Lie algebras of dimension 8, Czechoslovak Math. |. vol. 63, no. 3, pp.
847-863 (2013).

[20] M. Eshrati, F. Saeedi and H. Darabi, On the multiplier of nilpotent
n-Lie algebras, J. Algebra, vol. 450, pp. 162-172 (2016).

[21] K. Moneyhun, Isoclinisms in Lie algebras, Algebras, Groups, Geom-
etries, vol.11, pp. 9-22 (1994).

[22] Z. Hoseini, F. Saeedi and H. Darabi, Characterization of capable nil-
potent n-Lie algebras of class two by their Schur multipliers, Rend.
Circ. Mat. Palermo. (2), vol. 68, pp. 541-555 (2019).

Received May 2025



