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Abstract

In this study, our aim is to investigate a new special number family, which is called
the 3-parameter generalized quaternions with generalized Tetranacci numbers components
with both non-negative and negative subscripts. According to this aim, we bring together
the 3-parameter generalized quaternions (shortly 3PGQs), which are a general form of the
quaternion algebra according to 3-parameters, and generalized Tetranacci numbers, which
are also the most general form of all of the fourth-order recurrence sequences. Also, we
examine some special cases of them and construct both new and fundamental properties
such as recurrence relations, Binet formulas, generating functions, exponential generating
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functions, Poisson generating functions, summation formulas, matrix formulas, and special
determinant equations. Furthermore, we give determinants, characteristic polynomials,
characteristic equations, eigenvalues, and eigenvectors concerning the matrix representation
of 3PGQs with generalized Tetranacci numbers components. Then, we examine a special case
with respect to the given arguments and present an example.

Subject Classification (2020): 11B37, 11K31, 11R52, 11Y55.

Keywords: Generalized Tetranacci number, 3-parameter generalized quaternions.

1. Introduction

Numbers and number systems are becoming more attractive and important
due to their several applications in lots of workframes such as geometry,
combinatorics, architecture, computer sciences, etc. One of the most important
concepts of the number system is quaternions. Quaternions, as an extension of the
complex numbers were investigated by Hamilton in 1843 [20-22]. Quaternion
algebra is non-commutative, associative, and 4-dimensional Clifford algebra.
The set of quaternions (real/Hamilton quaternion) is represented by the notation
H and determined as:

H:={qlqg = qo + q1€1 + 426> + q3€3,40, 41,92, 43 E R},
where ey, e,, e; are quaternionic units and satisfy the following rules: e? =

2 _ 2 _ - — — — — —
_1, 62 - _1, 63 - _1, 6162 - —6261 - 83, 6263 - _8382 - 61, 6361 - —6163 -

e, [8]. After investigating Hamilton's quaternions, Cockle determined the split
quaternions with the rules of quaternionic units: e? = —1,e7 = e2 = 1,e,e,e; =

1 [12, 14]. Additionally, the generalized quaternions (or 2-parameter generalized
quaternions, shortly 2PGQs ([68, 69])) have been studied by several researchers
(15, 19, 31-33, 42, 44-46, 71]). For all A,,1, € R, the set of the generalized
quaternions is denoted by H ;, and determined as follows:

Hy 2,0 = {qa = qo + q1e1 + q262 + q3€3,G0, 91, G2, 43, 41, 12 E R},

where e? = —1;,e2 = —1,,e2 = —1;1,,e1e, = —eye; = €3,e,83 = —eze, =
Areq,ese, = —eze; = Aje,. For Ay =1,4, =1; q is a real quaternion, for
AM=1A,=—-1; q is a split quaternion, for 4, =1,1,=0; q is a
semi-quaternion, for A, = —1,4, =0; q is a split semi-quaternion, for

A =0,4, =0; q isa 1/4 quaternion [12, 15, 19, 22, 31-33, 42-46, 71].
Recently, Sentiirk and Unal [68, 69] defined a new type of quite
comprehensive quaternion type named 3-parameter generalized quaternions
(shortly, 3PGQ). The authors established a new and general aspect for the
quaternion algebra depending on the 3-parameters to get a generalization of real,
split, and 2PGQs. The set of 3PGQs is denoted by K and determined as follows:
K:={q = qo + q161 + 4262 + q3€3,90, 91,92, 3, A1, A2, A3 E R},
where quaternionic units hold the rules written in Table 1.
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Table 1
Multiplication Rules of 3PGQs [68, 69]
1 ey e e3
1 1 e, e, es
e, e, -, Ae3 —Aze,
€2 €2 —Aes —Ms Aze;
€3 €3 Az€; —Asze; —Aa4s

According to the values A4, 1,, A5, some special cases of 3PGQs are written
in the following Table 2, and one can see that the other special types with respect
to the A;eq;23) can be examined [68, 69].

Table 2

Classification of 3PGQs [68, 69]
For Type of 3PGQs
M=1L=42=pu 2PGQs [15, 19, 31-33, 42, 44-46, 71]
ML=1L1=11=-1 Split quaternions [12]
=11 =11=1 Hamilton quaternions [20-22]
4=12=11;=0 Semi-quaternions [43, 45]
ML=1L1=-1,13=0 Split semi-quaternions [45]
4=1,2,=01;=0 1/4-quaternions [22, 45]

On the other hand, special recurrence sequences (with different orders such
as second, third, fourth, and higher than four-order) are also examined in the
existing literature in numerous studies by several researchers. Fibonacci numbers
(or sequences) come to mind first. Fibonacci sequence is a second-order linear
recursively sequence. We can also say that the Jacobsthal, Pell, and Horadam
numbers are also second-order linear recursively sequences [23, 24, 35-38, 51].
Then, in literature, the higher-order linear recursive sequences have been studied,
such as third-order [53, 73], fourth-order [34, 39, 48, 49, 52, 57, 59-62, 66, 72, 74,
75] (see Table 4), and the others (e.g. [63, 64]). In this study, we care about the
fourth-order special sequence is called the generalized Tetranacci sequence (or
numbers), which is the most general form of the fourth-order special recurrence
sequences. Some special cases of generalized Tetranacci numbers can be
examined in Table 3 and Table 4 in Section 2.

The generalized Tetranacci numbers satisfy the following recurrence
relation:

Vo=1Vy 1 +sV,_,+tV, 3 +ul,_4 foralln = 4, (L.1)

with the initial conditions Vy = a,V; = b,V, =¢,V, =d where a,b,c,d € R
[49, 52, 59-62]. Additionally, the generalized Tetranacci numbers with negative
subscripts have the following recurrence relation [61]:

1 t
Vo ==V_noay = =Voinon) = EV_(n_z) — %V_(H) foralln > 1,u#0. (1.2)
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One can see that the recurrence relation (1.1) is valid for all integers [61].

In the existing literature, Tetranacci numbers, quaternions, and also bringing
together quaternion types and special recurrence sequences are studied
intensively. Tasc1 and Acar [67] examined the Gaussian Tetranacci numbers, and
then Soykan [55] determined the Gaussian generalized Tetranacci numbers.
Furthermore, the generalized Tetranacci hybrid numbers were introduced by
Soykan and Tagdemir [56]. Soykan defined the bicomplex Tetranacci and
Tetranacci-Lucas quaternions [54], and Soykan and Tasdemir scrutinized the
bicomplex generalized Tetranacci quaternions [58]. Additionally, in [65],
Tetranacci and Tetranacci-Lucas quaternions were obtained by Soykan. Then,
Soykan et al. introduced the quaternions with generalized Tetranacci numbers
components [50].

Recently, Bilgici investigated the Fibonacci and Lucas 3PGQs [2] and
3PGQs with Jacobsthal and Jacobsthal-Lucas numbers components [3].
Moreover, Horadam 3PGQs were defined by Isbilir and Giirses in [29]. Then,
3PGQs with generalized Tribonacci numbers components were introduced by
Isbilir, Giirses, and Tosun [30]. Also, Chaker and Boua studied the generalized
quaternions algebra with generalized Fibonacci quaternions [1]. Then, Kizilates
and Kibar determined the 3PGQs with higher-order generalized Fibonacci
numbers components [41]. Moreover, Saglt defined the 3-parameter generalized
quaternions with the Leonardo p-sequence [47]. Bilgici determined the 3PGQs
with Gibonacci numbers components [4], with certain generalized Fibonacci
numbers components [5], with k-Fibonacci and k-Lucas numbers components
[6], and Pell and Pell-Lucas numbers components [7].

Before the concept 3PGQs, which has just begun to be studied intensively in
the literature, many studies have been carried out on 2PGQs and other quaternion
types, which are its special cases. Cerda-Morales studied quaternions (especially
real and generalized) with third-order recurrence sequences in the studies [8-11].
Diskaya and Menken [13, 14] defined the (s,t)-Padovan and (s, t)-Perrin real
and split quaternions, respectively. Giinay [16] and Giinay and Taskara [17]
introduced the real quaternions with some generalized third-order recurrence
sequences and Padovan quaternions, respectively. Giirses and Isbilir investigated
the generalized quaternions with generalized Jacobsthal-Padovan numbers
components [18]. Then, generalized quaternions with Padovan and Perrin
numbers components [26], Pell-Padovan numbers components [27], and
generalized 3-primes numbers components [28] were defined by isbilir and
Gilirses.

Our motivation in doing this paper is to combine the 3PGQs, which are a
general form of the quaternion algebra according to 3-parameters, and
generalized Tetranacci numbers, which are quite a big special number family for
fourth-order special recurrence sequences. This paper is divided into three
sections, as follows. In Section 2, we remind the general notions and notations
about both 3PGQs and generalized Tetranacci numbers components. In Section 3,
we determine and scrutinize the 3PGQs with generalized Tetranacci numbers
components. Further, we obtain recurrence relation, Binet formula, generating
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functions, exponential generating functions, Poisson generating functions,
summing formulas, matrix formulas, and determinant equalities, which are the
beneficial way for finding nth and —(n + 1)th element of this number system,
and some other special equalities. Moreover, we define determinants,
characteristic polynomials, characteristic equations, eigenvalues, and
eigenvectors concerning the matrix representation of 3PGQs with generalized
Tetranacci numbers components. Also, we examine a special case with respect to
the finding materials.

2. Preliminaries

In this section of this paper, we write the required terminology with respect
to the 3PGQs and generalized Tetranacci numbers needed from the beginning to
the end of this paper.

2.1 3-parameter generalized quaternions
Let g = qo + q1€1 + Q22 + qze3,p = po + p1€1 + pae; + pze3 €K,

some basic algebraic properties are provided as follows [68, 69]:

* Equality: ¢ =p © qo = po, 41 = P1,q2 = P2, 43 = P3-

. Addition/Subtraction:

qEp=qotpo+ (g1 £pe + (g2 £ p2)e; + (3 £ p3)es.

. Multiplication by a scalar: éq = éqy + €qie, + €qye, + €qzes, € € R.

. Scalar and vector parts: The scalar part of g is represented as S, and
Sq = qo- The vector part of g is denoted by 17; and 17; =q.e, + que, +
qses. Also, g =S, + I_/‘;. Then, we get the following equations: Sg., =
Qo £Po = Sq xS, and Vgup =V, £ 1},

*  Multiplication:  gp = S5;S, — f(l_/) , I_/;,) + Sql_/; + Spl_/;, + I_/; A l_/;,, where
f(‘_/' V;) = 4, q1p1 + A1 A3q2p; + A, A3q3p5 and

Aze;  Ae, Age;
Vg AV, = |1 qz qs
P1 D2 %]

= A3(q2p3 — qsP2)er + A2(q3p1 — qips)ez + 41(q1p2 — g2p1)es.
. Conjugation: q = qy — q1€1 — 4263 — qz€3.
* Inner product: (q,p) = qopPo + 4142q1P1 + 434202 + A243G3P5.
¢ Norm: N, =qq =qq = Q5 + 1122qf + 123G + 224505, If Nyg=1,
then q is a 3-parameter generalized unit quaternion.
. Inverse:

- q do—q1€1—92€2—93€
11 = 3 0 121 22233 > WhereNq;#O.
Ng  q5+A122q97+2143q5+2A2A3q3

Further, for Ny >0 and A;2,q7 + A143q5 + 2,435 # 0, q can be
written in a polar form as follows:

q
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q = y/Nq(cos 6 + gsin 6),
where
A~ 1

= —————(01,92,93),
\/11/12 q1+A143q5+24223q3

and

cosh =2 <ing = \//11/1211%+/11/13q%+/12113q§
NP Ng ’

and § is called 3-parameter generalized unit vector. Moreover, the following

fundamental matrix Mq1 is obtained for q:

Qo —MA2q1 —A3q; —A323q5

M = q1 qo =343 139,
a q2 1293 qo =244
i A AMaq qo

According to the values of A;eqq 733, the matrix M, can be classified. For
A =1, 13,23 ER, M, for 2PGQ is constructed. For 4, =1, = 1,4; = —1,
then M, for split quaternions is obtained. In addition to these, for 1, = 1, =
A3 =1, then M, for Hamilton quaternions is given.

Then, one can write some algebraic calculations for the matrix Mg:
*  The determinant of M,: det(M,) = N2.
. The characteristic polynomial of M,:

Py, () = (0 = 2uqo + qf + 14,0 + L2305 + A,4303)%
. The characteristic equation of M:
det(M, —ul,) =0 & Py, (1)
= (u? = 2uqo + q§ + 4A2qf + A143q3 + 2,23q3)* = 0.

. The characteristic equation enables to calculate the eigenvalues as follows:

Ti2= qot \/_Alllzfﬁ — MA3q5 — 2593,

T3a= qo— \/_1112‘15 — M35 — 22593
*  The following equation holds:

L1834 = a5 + MA2q7 + L2305 + A, 0395 = Ny.

. The eigenvectors corresponding to the eigenvalue I;, are given as
follows:

In this study, this representation, which is actually the left matrix representation, will
be used due to the non-commutativity of 3PGQs. With the same manner, the right
matrix representation can also be considered.
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(911‘12\/—/11/12 a7 -214303-224303-21220143 q3\j—/11/12<ﬁ—/11/13%2 -A23q3+21 0142 1 0)
Ma3+2,0% Mad+A,q5
and

t
<Az %J‘hhﬁ‘h%qg ~A22343+21424192 qZJ_Al;{Z a2-212395-2223q% 224143 0 1)
Ma5+2,03 Ma5+2203

. The eigenvectors corresponding to the eigenvalue I3, are given as

follows:
t
( Mt MGGl @b 05|~k -hisd kG -ha )
B M1a3+2,43 - Ma5+2243 0
and

t

< 1243\/—11324%—11131122—1213qe%—hlzlhlh fI2\/—11120%—1113022—3233Q§+12111113 0 1)

— )
Mad+2243 Mad+2243

where the notation t represents the transpose of a matrix.

To get more detailed information concerning the 3PGQs, we refer to the
studies [68, 69].

2.2 Generalized Tetranacci numbers

The generalized Tetranacci numbers are the largest family for the
fourth-order recurrence numbers. Since the received values depend on the
Vo, Vi, Vo, V3 and 1, s, t, u, this family includes several special cases.

In the following Table 3 and Table 4, some special cases of generalized
Tetranacci numbers are given. In the Table 3, special cases are grouped according
to the r,s,t,u values, and in the Table 4, some special cases with respect to the
r,s,t,u and initial values are written. For more detailed information about the
generalized Tetranacci numbers and their special cases, we refer to the studies
[34, 39, 48, 49, 52, 57, 59-62, 66, 72, 74, 75].

Table 3
A Brief Classification of Generalized Tetranacci Numbers
Name {Va.} Recurrence Relation
= {Vn(VO' Vlr VZ' V3; rst u)}
G. Tetranacci {A} =V (a,b,c,d;1,1,1,1)} | Ay =Apq +Apz+An_s
(usual) tAn-4
G. F. Pell {€.} = {Vu(a,b,c,d;2,1,1,1)} Ch=2C,_1+Cp_p+Cp_3
+Cn-y
G.F. {F} ={V(a,b,c,d;1,1,1,2)} Fo=Fn1+Fpn+Fns
Jacobsthal +2F,_4
G. 4-Primes {£n} = {V(a,b,c,d;2,3,5,7)} L,=2L, 1+3L, ,+5L, 3
+7Ly 4

*@.: Generalized, F.: Fourth-Order
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Table 4
Some Special Cases of Generalized Tetranacci Numbers
Name (Vo) = (Va(Vo,V4,V,,V3;1,5,t,u)} |[Recurrence Relation
Tetranacci {4} ={,(0,1,1,2;1,1,1,1)} A=A, +A A, 3 A,

Tetranacci-Lucas

{Bx} = {,(4.137;,1,1,1,1)}

By =By 1+ By o+ By 3+B, 4

Jacobsthal-Lucas

F. Pell (C,} = {V,(0,1,2,5;2,1,1,1)} Cp=2Cp 1+ Cpp + Cps + Co_s
F. Pell-Lucas (D} = (V,(4,2,617;2,1,1,1)} Dy = 2Dy + Dy_y + Dy_s + Dy_y
M. F. Pell (E,} = {,(0,1,1,3;2,1,1,1)} En = 2En1 +Epy + Eps + Ep_s
F. Jacobsthal (B} = {h,(1,1,1,2;1,1,12)} Fy=Fyoq + Fpy+ Fyg +2F,_,
F. {Gy} = ,(2,1,5,10;1,1,1,2)} Gn = Gyoy + Gy + Gpz + 2Gp_y

M. F. Jacobsthal

{H,} = {/,(31,3,10;1,1,1,2)}

Hy =Hyy + Hoy + Hy3 + 2Hy 4

F.
Jacobsthal-Perrin

{I.} ={,(3,0,2,8,1,1,1,2)}

Ly=ha+hho+his+2h,

A. F. Jacobsthal

Un} = 4.(01,1,2;1,1,1,2)}

Jn =Jh1tn2t st 2y

M. F.
Jacobsthal-Lucas

{Ka} = (4 (413,7;1,1,1,2)}

Kn = Kn-1+Kn-2 + K3 + 2Ky_4

4-Primes

{L,} = {V,(0,0,1,2;2,3,57)}

LTL = 2LTL—1 + 3LTL—2 + 5Ln_3 + 7LTL—4

Lucas 4-Primes

{M,} = {V,(4,2,10,41;2,3,5,7)}

My = 2My_q + 3My_y + 5Mys
+TMy_y

M. 4-Primes

{Na} = (,(0,0,1,1;2,3,5,7)}

Ny = 2Ny_q + 3Ny_y + 5Ny_s
+TN,y

*F.: Fourth-Order, M.: Modified, A.: Adjusted

For all n € Z2, the Binet formula of the generalized Tetranacci numbers is

given [61]:

where

|
\

~ U o o
Il

Px}

Rx}

(1 —x2)(x1—x3)(x1—x4)
$x¥

(x2—x1)(x2—x3) (X2 —x4)

2.1)

Tx}

(x3—x1)(x3—x2)(x3—x4)

(x4=x1) (x4 —%2) (Xa—x3)

d— (X3 +x3 +x4)C+ (XpX3 + XX, + X3X4)b + XyX3%40,
d— (x; +x3+x,)c+ (x5 + x1x4 + x3x,)b + x1x3x,0,
d— (x; +x, +x4)c+ (yx, + x7x4 + X,x,)b + x1%,x,0,
d— (X1 + x5 + x3)C + (X125 + X1X3 + X3%3)b + X1X,X30,

(2.2)

and x;,x,,x3,%, are the roots of the equation x* —rx3 —sx? —tx—u =20
which is called the characteristic equation of generalized Tetranacci numbers, and

where

2 Binet formula of recurrence sequences is valid for all integers, see [25, 61].



3PGQS WITH GENERALIZED TETRANACCI NUMBERS COMPONENTS 9

X1+ x, +x3+x,= 71,
X1Xg + X X3 + XXy + XpX3 + XXy + X3Xy = —S,
X1XpX5 + XXXy + X1 X3X, + XpX3Xy =
X1XpX3X, = —U.

For all n € Z*, by using the Kalman's matrix formulation in [40], Soykan
[61] give the following matrix formulation of generalized Tetranacci numbers:

r s t u\" /Vhs Vs
10 0 0 Vnsz £
010 0/ \V,l" W (23)
00 1 0o/ \I v

3. 3-Parameter Generalized Quaternions with Generalized Tetranacci
Numbers Components

The main purpose of this section is to introduce and examine the
3-parameter generalized quaternions with generalized Tetranacci numbers
components (3PGQs with generalized Tetranacci numbers components) with
non-negative and negative subscripts, and some special cases of them. We
construct some fundamental and new equations and properties with respect to this
special new number system.

Definition 3.1: Let 1}, and V_, denote the nth generalized Tetranacci number
with non-negative and negative subscripts, respectively. The nth 3PGQ with
generalized Tetranacci numbers components is defined as follows:

Vo=V, + V160 +Vysse, +Vyizes forall n > 0. 3.1

Also, the —nth 3PGQ with generalized Tetranacci numbers components
with negative subscript is defined as follows:

Vo=V, +V_pie1+V_ e, +V_i3e; foralln = 1. (3.2)

Here, e, e,, e3 satisfy the rules in the Table 1.

It also should be noted that the equation (3.1) is valid for all integers.

Throughout this article, for the sake of brevity while some equations and
properties are expressed separately for 3PGQs with generalized Tetranacci
numbers components with both non-negative subscripted and negative
subscripted, some of them are written for all integers.

The classification of the 3PGQs with generalized Tetranacci numbers
components can be examined in the following Table 5.

Table 5
Classification of 3PGQs with Generalized Tetranacci Numbers Components
For Type of 3PGQs with Generalized Tetranacci N.C.
=12, €ER 2PGQs with generalized Tetranacci N.C. [50, 65]

M=A=11=-1 Split quaternion with generalized Tetranacci N.C.
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M=A=24=1 Hamilton quaternions with generalized Tetranacci N.C. [50
65]

A=2=1,2;3=0 Semi-quaternions with generalized Tetranacci N.C.

A1 =1,1, = —=1,A;3 = 0 |Split semi-quaternions with generalized Tetranacci N.C.

AM=12,=2;=0 1/4-quaternions with generalized Tetranacci N.C.

*N.C.: Numbers Components

Now, let us write some values of 3PGQs with generalized Tetranacci
numbers components.

Vs =d+ (rd + sc + th + ua)e; + (r*d + rsc + rth + rua + sd + tc + ub)e,
+((r* +s)(rd + sc + th + ua) + r(sd + tc + ub) + td + uc)e;

V, =c+de + (rd +sc +th +ua)e, + (r’d + rsc + rth + rua + sd + tc + ub)e,
Vi =b4ce +de, + (rd + sc + th 4+ ua)es
Vo = a+ be, + ce;, + de;

V_1:i(d—rc—sb—ta)+ae1+bez+ce3
V_2:i(c—rb—sa)—uiz(d—rc—sb—ta)+i(d—rc—sb—ta)e1+aez+be3

2
V_3=i—g(d—rc—sb—ta)—uiz(c—rb—sa)—:—z(d—rc—sb—ta)+%(b—ra)

+ i(c—rb—sa)—u%(d—rc—sb—ta) el+i(d—rc—sb—ta)ez+ae3

Algebraic Properties
We shall give the following algebraic properties of 3PGQ with generalized

Tetranacci number components:

Let for all nnme€Z, V, and V, be the nth and mth 3PGQ with
generalized Tetranacci numbers components, respectively. We begin with
equality, addition/subtraction, multiplication by a scalar, scalar and vector parts,
multiplication, conjugation, inner product, norm, and inverse.
¢ Equality: Vn = 1]m < I/TL = erVn+1 = Vn+1rVn+2 = Vn+2’Vn+3 = Vn+3'

. Addition/Subtraction:

Vn i vm = (Vn i Vm) + (Vn+1 i_ Vm+1)el + (Vn+2 i Vm+2)ez

+(Vasz £ Vinisdes.
. Multiplication by a scalar:
5Vn = Vn + ¢ Vn+1€1 + ¢ Vn+262 + ¢ Vn+3€3,C~ ER.

. Scalar and vector parts: The scalar part of V,, is represented as Sy, and
Sy, = Vu. The vector part of V, is denoted by an and an = V161 +
Vnizer + Vygses. Also, V,, =8y, + 171;”. Then, we have the properties:
S‘Vnivm = Vn i Vm = Svn i Svm and anivm = ‘_/)Vn i va.
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. Multiplication:
VnVm = SVnSVm - f(VVn; va) + Svn‘_/)vn + SVm[_/Vm + an A va,
where f(r/)vnrvvm) = M AVni1Viner + MAsVinaVis + 2243V 13Vis
and
Azey  Ae;  Ayes

VVnAVVm = (Varr Vaez  Vaus

Vine1 Vinsz Vinss
= /13 (Vn+2Vm+3 - Vn+3Vm+2)el + /12 (Vn+3Vm+1 - Vn+1Vm+3)ez
4 Vns1Vinsz — VaszVins1)es.
According to the Table 1, the multiplication can be expressed as follows:
VnVim = VaVin — 11 25Vn11Viner — MAsVia2Vinez — 4243Vi43Vimas
+(VVmar + ViVisr + 23 (Via2Vings = VaasVine)) @1
+(Van+2 + VmVn+2 + /12 (Vn+3Vm+1 - Vn+1Vm+3))eZ
+(V1'1Vm+3 + VnVnis + A (Vag1Vingz — Vn+2Vm+1))eS-
. Conjugation: V, =V, —Vy1; —Vyrses — Vyyzes in which 7V,
represents the conjugation of V,,.
. Inner product:
Vno Vi) = VoVin + 115V 4Vings + MAaVis2Vinsz + 4243V 3Vinas.
. Norm:

Ny, = Vi Vy =V Wy = V2 + 04, Vi2 + L A5Vt + A5V,

n

_ v Vn—Vns1€1—Vntzez—Vnizes
Vn 1 — n — o n n; n+ ~ n+ o , N’V ¢ O.
Ny,  VE+A V2 +A1A3V2, 5 +A243V2, 5 n

Theorem 3.1: Let V,, be the nth 3PGQ with generalized Tetranacci number
components with non-negative subscripts. The following recurrence relation

holds:
Vy=1Vp 1+ Vo +tVy_5 +uV,_, foralln > 4. 3.3)

Also, V_, be the —nth 3PGQ with generalized Tetranacci number
components with negative subscripts. The below recurrence relation holds for it:

1 t
Vo=V~ Voinon) ~ iv_(n_z) - %v_(n_@ foralln > 1. (3.4)

Proof: By the equations (1.1) and (3.1), we get the equation (3.3). Also, the
equation (3.4) can be shown with the help of the equations (1.2) and (3.2).
Indeed, one can see that the recurrence relation (3.3) is valid for all integers.
Now, we give some special classifications in Table 6 and Table 7 for 3PGQs
with generalized Tetranacci numbers components in the light of Table 3 and
Table 4. The following properties are valid for all n € Z, because we have said
the (3.1) and (3.3) are valid for all n € Z.
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Theorem 3.2: For all n € Z, Binet formula of the 3PGQs with generalized
Tetranacci number components is as:

PxTxq RxZx;
V., = = + =
(e1—x2)(x1—-x3)(x1—x4)  (X2—x1)(x2—x3)(Xx2—X4) (3.5)
SxBxs Txlxy :

+ )
(x3—x1)(x3—x2)(x3—%x4)  (Xa—X1)(Xa—x2)(X4—X3)
where P,R,S,T are given in the equation (2.2) and
X, =1+ xe; +x2e, + x3es,x, =1+ x5e; + x2e, + x3e,,

X3 =1+ x3e; + x2e, + x3e3,x, = 1+ x4e; + xZe, + x3es.

Proof: With the help of the equatios (2.1) and (3.1), we have:
Vn =V + Vi€ + Vpypes + Viyses

_ PxT n Rx%}
(x1=x2)(x1—x3)(x1—%x4)  (x2—x1)(x2—x3)(X2—X4)
Sx} i Txy
(x3—x1)(x3—x2)(x3—x4)  (Xga—%1)(Xg—x2)(Xs—X3)
pxpH N RxJH
+ (x1=x2)(x1—x3)(x1—Xa)  (x2—x1)(x2—x3)(X2—X4)
S-x;‘L+1 T"xi”’l €1
(x3=x1)(x3—x2)(Xx3—x4)  (Xa—X1)(X4—x2)(Xs4—X3)
Pxpt? RxJt?
+ (x1—x2)(x1—x3)(x1—x4)  (x2—x1)(X2—x3)(x2—X4)
Sx'é”'z ’fxff"'z €2
+
(x3—x1)(x3—x2)(x3—x4)  (Xa—x1)(xg—2x2)(X4—X3)
a3 Rxht3
+ (x1—x2)(x1—x3)(x1—%x4)  (x2—x1)(X2—x3)(x2—X4)
S-xgl+3 T‘xf” €3
(x3—x1)(x3—x2)(x3—x4)  (Xa—=x1)(x4—2x2)(X4—X3)
Pxfxy Rx3x,

= +
(x1—x2)(x1—x3)(x1—x4)  (x2—x1)(X2—x3)(X2—X4)

SxFxs Txgxy

(x3—x1)(x3—x2)(x3—X4) + (x4=x1) (X4=%2) (Xg=%x3)

This finishes the proof.

Theorem 3.3: The generating functions are written for 3PGQs with generalized
Tetranacci numbers components with non-negative and negative subscripts,
respectively.

Vo+ (V1 =1Vo)x+ (Vo —1V; —sVg)x %+ (V3 =1V —sV; —t V)3
Z?f:o PV, x" = 0+ (W1 —1Vo)x+ (V2 —1V1 —sVp)x "+ (V3 -1V —sV; —t W) (3.6)
1-rx—sx2—tx3-ux*
t t S 2 L s r 3
© Vot (Voq + Vo)X + (Vg 4V 1 +5V0)x %+ (Vg +V_p +2V_1 +V0)x 37
Zn:o -nX = - )

[ r 1
1+—x+=x2+—x3—=x*
u u u u
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Proof: Assume that Yo o Vox" =V, +Vix + Vox? 4+ -+ V,x" + - be
generating function of 7V, . Multiply both sides of the equality by
rx,sx?, tx3, ux*, and then some required calculations are done, and by using the
equation (3.3), we get:

(1—rx —sx?—tx3 —ux®) X2 Vx™

= ’Vo + (Vl - T’Vo)x + (VZ - rvl - SVO)XZ + (V3 - TVZ - Svl - tvO)xg.

Consequently, we have the equation (3.6). By using the equation (3.4), then

we get the equation (3.7).

Theorem 3.4: The exponential generating functions are obtained for 3PGQs with
generalized Tetranacci numbers components with non-negative and negative
subscripts, respectively.

Px,eX1Y Rx,e*2Y

n
© P y_= +
X0 Vn n! (x1—x2)(x1—x3)(x1—%x4)  (X2—x1)(x2—x3)(x2—x4) 38
Sx3e¥3Y TxseXsy (3.8)
X3 + Xa
(x3—x1)(x3—x2)(x3—x4)  (Xg—x1)(xq—x2)(xs—x3)
Y Y
n Pxie*1 Rxpe*2
© 1 Yoo _ 21 + =2
L0 Von n! (x1—x2)(x1—x3)(x1-x4)  (X2—x1)(x2—x3)(x2—x4)
y y (3.9
Sxze*3 Txge¥4

+
(x3=x1)(x3—x2)(x3—x4)  (Xa—x1)(xa—x2)(X4—x3)

Proof: With the help of the equation (3.5), we obtain:

Pxlxy RxBx,e*2Y

+
Yo P ﬂzzoo (e1=x2)(x1=x3)(¥1—%4) ~ (X2=X1)(¥2—X3)(X2—X4) y*
n=0 "n n=0 SxFxs + Txyxa n!
(x3=x1)(X3—x2)(X3—%4) = (Xa=%1)(Xa—%2)(X4—%X3)
Px,e*1Y Rxpe*2Y

= +
(x1—x2)(x1—x3)(x1—%x4)  (x2—x1)(x2—x3)(X2—X4)
Sx_36x3y Tx_4ex4y

(x3—x1)(¥3—x2)(x3-%x4) + (Xa=x1)(Xa=%2) (X4=X3)
The equation (3.8) is proved, and the equation (3.9) can be demonstrated by
the equation (3.5) substituting n - —n in (3.5) since it is valid for all n € Z.

Theorem 3.5: The Poisson generating functions are satisfied for 3PGQs with
generalized Tetranacci numbers components with non-negative and negative
subscripts, respectively.

Px,e*1Y Rx,e*2Y

n
— y
eV Yo Vn== +
=0 ™l eY(x1—x2)(x1—x3)(x1—X4) Y (xz—x1)(x2—x3)(x2—x4)
Sx3e¥3Y Tx,e*4Y

+
eY(x3—x1)(x3—x2)(x3—x1)  eY(xg4—x1)(Xa—x2)(Xs4—x3)
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2 2
e Xn=o Vo i Pruen + Rxge™
n! eY(x1—x2)(x1—x3)(x1—X4) €Y (xz2—x1)(x2—x3)(X2—x4)
2 v
Sxze*3 Tx_43x4

+
eY(x3—x1)(x3—x2)(x3—x4) €Y (xq—x1)(Xs—x2)(Xs4—x3)

Proof: With the help of the equations (3.8) and (3.9), we get the desired results,
since Poisson generating function is obtained as multiplying the exponential
generating function by e™ (see [70]).

By utilizing the [62], we get the following summation formulas in the
following Theorem 3.6 and Theorem 3.7, because of the fact that all of them can
be shown by using the mathematical induction, we omit the proofs.

Theorem 3.6: The following summation formulas hold for 3PGQs with
generalized Tetranacci numbers components with non-negative subscripts:
Vm+4+(1-1)Vm43+(1-1=5)Vm42+(1-7-5-t)Vm41-V3
_ -V +(r+s-1)V1+(r+s+t-1)V

m
: n=0 Vn = r+s+t+u—1 !
(A== Vo2 +(E+Ts+TU) Vo1 +(E2—uZ +rt—su+u) Vo,
+(UHtU) Vo1 —(r+O) Vs +(s+u+rt+r2-1)V,
. ym oy :+(st—ru—t)V1+(rz—sz+t2+25+u+2rt—su—1)V0
n=0 Y2n )

(r+s+t+u—-1)(r-s+t—u+1)
T+ Vomaz+ (=52 +t2—u2 +rt—25u+s+u) Va1
+(t+ru—st)Vom—u(s+u—1)Vom—1+(s+u—-1)Vs
_ —(t+rs+rw) Vo +(r?—s?+rt—su+2s+u—-1)V;—u(r+t)Vy

L] m v p—t
Ln=o Vans1 (r+s+t+u—-1)(r—s+t—u+1) !

where denominators are not equal to zero.

Particular Cases 3.10: If s + u = 1, we get the following summation formulas:
_ Vam+1+tVom+uVom—1=V3+rV—uVi +(r+t) Vg

L] m v p—t
Zn:o 2n r+t !

. Zm v _ Vam+2+tVomi1+uVom—Vo+1V1—uly
n=0 Y2n+1 — )

r+t
where r +t # 0.

Theorem 3.7: The following summation formulas hold for 3PGQs with
generalized Tetranacci numbers components with negative subscripts:
Vo3t =DV +(r+s—1)V_pyp1+(r+s+t-1)V_y
_ A+ (A-1)Vo+(1-1=5)V1+(1-s—-1-t)Vy
- r+s+t+u-—-1
(stu—1)V_ymy2—(t+rs+ru)V_oms1
+(r2=s2+rt—su+2s+u—1)V_ym—(ru+tu)V_om—1
+(T+t)V3+(1-12—1t—s—u)Vy +(t+ru—st)V;
. oy, = +(1-12+s2-t2-2rt+su-2s—-u)V,
(r=s+t—u+1)(r+s+t+u-1)
—(r+t)V_omaa+ (T2 +rt+s+u—1)V_ome1
+(st—t—TU)V_ym+ WU +su—u)V_ym_1
+(1-s—uw)V3+(t+ru+rs)V,
+(1-12 452 —rt+su—2s—u)V; +u(r+t)V,
(r=s+t—-u+1)(r+s+t+u—1)

m
* n=1 v—n

m —
* Zn=1 V_oons =
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where denominators are not equal to zero.

Particular Cases 3.11: If s+u =1, we can get the following summation
formulas:

m “V_om+1+"V-2m—uV-om-1+V3—-1Vo+uV; —(r+t)Vy
‘ Yn=1 Voon = )
r+t
“Voom+2+"V-om+1—UV—2m+V2 -1V +ul)y

L] m v =
Zn:l —-2n+1 4+t ’

where denominators are not equal to zero.

Theorem 3.8: For all n € Z*, the following matrix formulations are satisfied.

Vs ros t u"/Vs

. (V) _[1 0 0 0) [V
V...l \lo0 1 0 0] |1
V, 00 1 0/ \1
V_, 01 0 0\",py,

. Voot | 0 0 1 0 V.,
v—n—z - (1) (—)r (—)s }t V_z
Von-s v v ow /) Ve

Proof: The proofs are straightforward by using mathematical induction.

By inspired the studies [54, 58], we get the following theorem which
includes a different method for finding the nth and —(n + 1)th 3PGQs with
generalized Tetranacci numbers components, respectively.

Theorem 3.9: For all n > 0, the following determinant equations’ are satisfied.

Vo -1 0 0 0 0 0 -0 0 O 0
v, 0 -1 0 0 0 0 0 0 O 0
v, 0 0 -1 0 0 0 0 0 O 0
V; 0 0 0 -1 0 0 0 0 O 0
V. = 0 u t S r -1 0 0 0 O 0
"o 0 u t s r -1 0 00 O
0 O 0 0 0 0 0 s r -1 0
0 0 0 0 0 0 0 ~ t s r -1
0 0 0 0 0 0 0 . u t s 7 Ym+D)x(m+1)

(3.12)

3 The Laplace expansion along the last column is used to calculate the determinant, bearing in mind
the non-commutativity of 3PGQs, namely, for all [%ij],xpn, det([ij]l xn) = Dieq Dinin, With
by, = (—D)""detC;, where detCy, is the i,n minor of [ij],xn.
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vV, -1 0 0 0 0 0 0 0 0 0
vV, 0 -1 0 0 0 0 0 0 0 0
Vo, 0 0 -10 0 0 0 0 0 0
vV, 0 0 0 -1 0 0 0 0 0 0
o + I 2 _Iq0 0 0 0 0
u u u u
Vwn=[0 0 % -L -l 0 0 0 0
0 0 0 0 0 0 0 S )
u u
0 0 0 0 0 0 0 |
u u u
0 0 0 0 0 0 0 I
u u u W (n+1)x(n+1)

(3.13)

Proof: With the help of Theorem 3.1 on page 173 in the study [58] (or Theorem
10 on page 107 in the study [54]), the proof can be completed for both parts.

Definition 3.2: For Ny, > 0 and A,2,V,2,1 + A1 A3V, + A,43V/2,3 # 0, polar
representation of 3PGQs with generalized Tetranacci numbers components is
expressed as follows:

YV, = JNVn(cosB + 17nsin9),

where
-~ 1
Vn (Vn+1' Vn+2' Vn+3)

\/1122V,§+1+/11/13V,§+2+AZA3V,§+3

and

cosf =

’

VN, Ny,
where VU, is named generalized unit vector of 3PGQs with generalized
Tetranacci numbers components.

v, . AV 2 1+ A1 A3V2, o +An A3V )2
n ,Sln9=\[12n+1 173Vn+2 2/3Vn+3

Theorem 3.10: The matrix representation of V,, can be expressed as follows:
Vo _/11/12 Vis1 _Alﬂﬁ Vi+2 _AZA3 Vn+s

M, = Vn+1 Vn _/13Vn+3 /13Vn+2
Vn Visz A2Vnys Vo —A2Vne1 |
Vn+3 _/11Vn+2 /11Vn+1 Vn

where the matrix My, is called fundamental matrix for 3PGQs with generalized
Tetranacci numbers components.

Prooﬁ Multlplylng Vn = [/Tl + Vn+1el + Vn+262 + Vn+3e3 with 1, €1,€5,€3
from the left side and with the help of the Table 1, we have:
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Vnl =V 4+ Vypaer + Vigoey + Ve,

Vner = =MV +Vhes + Vi 36 — A Vnooes,
Vner = —MAsVigy — A3Vigzes +Voes + 41V 63,
Vnes = —A3A3Vhes + A3Viize1 — LVipa65 + Vyes.

Then, writing the coefficients of {1, ey, e,, e3} of the above equations as
columns establishes the matrix My, .

Then, according to the values of A;eqy 23y, My, can be classified. For
A =1, A,,43 € R, the fundamental matrix for 2PGQs with generalized
Tetranacci numbers components is obtained. For A; = 4, = 1,1; = —1, then the
fundamental matrix for split quaternions with generalized Tetranacci numbers
components is obtained. Additionally, for A, =1, =A; =1, then the
fundamental matrix for Hamilton quaternions with generalized Tetranacci
numbers components is obtained.

Remark 3.11: For all m,n € Z, let V,, and V,, be nth and mth 3PGQ with
generalized Tetranacci numbers components. Then, the following matrix
computation is written:

My, (Vi)' = My, (VD' = (W V),

*

where the superscript * represents column matrix forms. Therefore, here
Vy = M Varr Vas Vn+3)t: Vi = W Vier Vg Vm+3)t;

and

Van - AllZVn+1Vm+1 - 11/13Vn+2Vm+2 - AZASVn+3Vm+3
ViVimsr + Vg Vi + A3Vn+2Vm+3 - A3Vn+3Vm+2
ViVimsz + Vi2Vin — 22V 1 Vinas + 42Vi3Vinas
ViVimes + VaisVin + MVis1Vineo — 4Vis2Vinaa

We obtain the following Definition 3.3, according to the study [69].

Vi)' =

Definition 3.3: Let V,, be the nth 3PGQ with generalized Tetranacci numbers
components for all n € Z. Then, the following mathematical expressions hold:

*  The determinant of My, : det(My, ) = Ni .
. The characteristic polynomial of My, :
Pagy, (W) = (W2 = 2uly + V2 + 4 V50 + LAsVides + A, 25Vi05)
. The characteristic equation of My, :
det(My, —ul,) =06 Py, (1)
= (u? = 2ul, + V2 + A V8 + 1AV
+2,A3V,23)2 = 0.
. The eigenvalues of My, :
T2 =h+ \/_Allzvrfﬂ - 1113V,f+2 - AZASVr%+3'
Ta =W — \/_Allzvrfﬂ - 1113V,f+2 - AZASVr%+3'
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. Multiplication of the eigenvalues of My, :
T12T30 = V& + A Vi + AV, + A3V = Ny,

. The eigenvectors corresponding to the eigenvalue T, , of My, :

A1Vn+z\/—l1ﬂz Vi 1= 213V 5 —A2 23V 3~ A1 A2 Vit 1 Vg3

Vo +2A2ViE s

| Vn+3J—1112V7%+1—1113Vﬁ+2—12/13V-,%+3+A1Vn+1Vn+2 |
MViro+A2Vii4s
0

len+3\/—11/12V112+1—1113Vrf+2—1213Vrf+3 +A142Vn+1Vn42

MVitsa+a2Viies

and

Vn+z\/—1112V1%+1-/11/13Vaf+2—/1213qu+3—12Vn+1Vn+3
MVisa+A2Vies
0
1
. The eigenvectors corresponding to the eigenvalue T3, of My, :

/11Vn+2\/—11/12 VZ 1~ A3V~ A2 A3V 3+ A1 A2 Vn+1Vn+3\

AViEia+ A2V,

L Vn+3\/—11le1%+1—11/13V1$+2—1213V1%+3_11Vn+1Vn+2
and

MV +A2Viys
1
0

/1an+3\/—11/12V1%+1—/11/13Vrf+2—1213Vrf+3—1132Vn+1Vn+2

Vit A2V,

Vn+2\/—/11/12V7$+1—/1113Vrf+2 —A22A3Vig 3+ A2Vt 1Vn+s | .

MV +22VE s
1

In light of the above theorems and properties, we give the following
Corollary 3.1. We scrutinize a member of this special number family; 3PGQ with
fourth-order Pell-Lucas numbers components. The other special cases of this
number family which are given in the Table 7 can be seen similarly.

Corollary 3.1: Let us consider the nth 3PGQ with fourth-order Pell-Lucas
numbers components denoted by D,, and defined as follows:
D,= D,+D,,.e;+ D, 065+ D, 3e5foralln >0,
D,= D_,+D_,,1e4+D_pire;+D_p zezforalln > 1.
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Moreover, some values are written as follows:

Do = 4+ 2e +6e,+ 1763, D_y= —1+4e +2e, + 663,
Dy = 2+ 6e + 17, + 46e;, D_,= —-1-e +4e,+ 2e;
D,= 6417, +46e, + 117e5, 4\D = —4—e, —e, + 4,
Dy = 17 + 46e; + 1176, + 303e;, Dy= 11—4e; —e, —es.

Then, the followings are satisfied:
. The recurrence relations hold:
Dy, =2Dy_q +Dyy +Dy_z +D,_, foralln > 4} (3.14)

D—n = D—(n—4) - D—(n—l) - D—(n—z) - ZD_(n_3) foralln > 1.

. For all n € Z, the Binet formula is as follows:
Dp = xx1 +x3x, + xFx3 + x7 x4,
where (see [52] for xi, k = 1,2,3,4)
x; = 2.592052792,
x, = —0.6631378984,

X3 0.03554255298 — 0.7619107877i,
X4 0.03554255298 + 0.7619107877i.

. The generating functions are as follows:

Yin=0 Dpx™

® n _ Do+(D_1+Dg)x+(D_+D_1+Do)x2+(D_3+D_p+D_1+2D)x>
Yn=o D_px" = 24223 _x4
1+x+x44+2x°—x

. The exponential generating functions are as follows:

_ Do+(D1-2Dg)x+(D2—2D1—Dg)x?+(D3—2D, D1 —Dg)x3
1-2x—x2-x3-x*

)

yn
Z?Lozo Dnm = x_lexly =+ x_zexzy =+ x_3€x3y =+ x_4€x4y’

y y y Yy

n
=) Yy _ X1 Xa
Yoo Dy T X187+ xpe¥2 + xze¥s + xsers.
. The Poisson generating functions are written as follows:
- y" - - - -
erye Dnm = xle(xl Dy + xze(xz Dy + xge("3 Dy 4+ x4e("4 Dy,

e Ln= D—"%l = ﬁey(%_l) + &ey(%_l) + x_aey(%‘l) + x_4ey(z‘ ),

*  The summation formulae are satisfied:
- m,D, = 3(Dm""l' —Dmy3 — 2Dy = 3Dy — D3 + Dz)
n=0 ~n 2 +2D1 + 31)0)’

- ym ., Dy, = l(_D2m+2 + 5Dym41 + 2Dg + 3Dopn1 — 3D3)
n=0 =2n = g\ +7D, — 2D, + 9D, :
i m g _ 1(3D2m+2 + Doms1 + 2D2m — Da—1 + D3 — 5D,
n=0 2n+1 8 +6D1 _ 3.D0 )
_ m D — l(_D_m+3 + D_m+2 + ZD_m+1 + 3D_m>
n=1 -n 4 +D3 _ DZ _ ZDl _ 3D0 )]

*(3.14) is valid for all n € Z.
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3 mop 1<D—Zm+z —5D_om+s1 + 6Dz — 3D_zpm-1 + 3D3>
n=1 —2n 7D2 + 22)1 - 92)0 !
_ Z D_ ( SD 2m+2 +7D_ 2m+1 ZD 2m +D_ 2m-— 1)
n=1 2TL+1 D3 + SDZ - 6D1 + 3D0
. The following matrix properties are maintained:

Dnys 2 1 1 1\" /Ds
~ [Dne2|_[1 0 0 0) (D2
Dn+1 01 00 D, f
n 0010 Dy
0 0 Dy
_ —n1 1 0 Dl
—TI.Z 0 0 1 DZ
—n3 -1 -1 D3

* Forall n €N, the followmg equalities hold.

D, -1 0 0 0 0 0 000 0
D, 0 -1 0 0 0 0 000 0
D, 0 0 -10 0 0 000 0
D, 0 0 0 -1 0 0 000 0
_op o011 12 1o 000 O0
"o 0o 1 1 1 2 -1 00 0 0
0 0 0 0 0 0 0 12 -10
0 0 0 0 0 0 0 112 -1
0 0 0 0 0 0 0 111 2 e
D, -1 0 0 0 0 0 0 0 0 0
D, 0 -1 0 0 0 0 0 0 0 0
Dy 0 0 -1 0 0 0 0 0 0 0
D, 0 0 0 -1 0 0 0 0 0 0
T (R R A e e 0 0 0 0
T 0 1 -2 -1 -1 -1 0 0 0 0
0 0 0 0 0 0 0 - -1 -1 -1 0
0 0 0 0 0 0 0 . -2 -1 -1 -1
0 0 0 0 0 0 0 + 1 -2 -1 -1 o

. Under the following conditions Np, > 0 and MAD2 . + A, A3D2,, +
AyA3D2, 5 # 0, polar representation of D,, is expressed as follows:

D, = /Np, (cos + D,sinb), (3.15)

where D,, is called generalized unit vector of 3PGQs with fourth-order
Pell-Lucas numbers components and determined as follows:

D, = .

(Dn+1' Dn+2' Dn+3)

\/AIAZD,ZH1+/11/13D%+2+/12)L3D72H_3
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and also
D . A1A3D2 . +A1A3D2 L, +A5A3D2
cosf = —L=,sing = |FEl A8 nda TR i3
/NDp, Np,

The matrix representation of D,, is expressed as follows:
D, —MA;Dni1 —MAsDyny;  —A43Dp 43

M, = Dn+1 Dn _/13Dn+3 /13Dn+2
Dn Dpyz A2Dny3 Dy —A;Dpyy |
Dyyis _/11Dn+2 Aan+1 Dy,

where the matrix Mp, named the fundamental matrix for 3PGQs with

fourth-order Pell-Lucas numbers components.

For all n € Z, the following properties hold:

- The determinant of My, : det(Mp, ) = N3, .

- The characteristic polynomial of My, :

Pygy, (W) = (u? — 2uDy, + Df + A4, 4,071 + 143D 15 + 224307 45)%.
The characteristic equation of My, :
da@%n—uQ=0¢:a%4@
= (u? — 2uD, + D2 + 2,2, D21 + M A3D2 ., + A,A3D2,3)? = 0.

- The eigenvalues of My, :

Ti2= Dpt \/_/11/12D121+1 - /11/13D1%+2 - /12/13D721+3,
T34a= Dyp-— \/_/11/12D121+1 - /11/13D1%+2 - /12/13D121+3-

- Multiplication of the eigenvalues of My, :

Ty ,T34 = Df + LA, D7 + L A3DE; + AA3D5 5 = Np,,.

- The eigenvectors corresponding to the eigenvalue I, of My, :

MDnsz |~A1A2DE 1 ~A12sDE 2 ~A2AsDhsa—1A2Dns 1 Dnss

21Df45+242DF 5

Dn+3\/—1112 D341-2143D345=A223D7 1 3+A1Dnv1Dnt2

21Df 45 +2A2DF 45 |
! /
0
|
)I

and
/lan+3\/—1112Dﬁ+1‘1113Dﬁ+2 ~22A3DF 3421 22D +1Dn+2

21Df 45 +2A2DF 45

Dn+z\/—l1lzDﬁ+1‘l1l3 DA y2~2243D% 3=22Dn+1Dn+3
21Df 45 +2A2DF 5

0

1
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- The eigenvectors corresponding to the eigenvalue T3, of My, :

/11Dn+2\j—1112D121+1—1113 D} 42=2223DF 1 3+4142Dp g1 Dnsa

21D} 45+22DF 5

Dn+3J—1112D-r21+1—1113 DF42~22A3D% 4321 Dn+1Dn+2

B 21D} 45+22DF 5
1
0
[

}Lan+3J—)~112D-,21+1—2133D121+z—1213D121+3—1112Dn+1Dn+2

MDfy2+22DF 43

Dn+2J—1112D-,21+1—1113D121+z—1213l)%+3 +22Dn+1Dn+3

and K
(_

MDfyp+22DF 45
1

Example 3.12: Let D_, be the —7th 3PGQ with fourth-order Pell-Lucas
numbers components.

. With the help of the equation (3.15), polar representation of D_, is as
follows:

D_, = \[484 + 44,1, + 364,43 + 1212,25(cos8 + D_;sinh),

where

P = (2,-6,11)
=7 7 [aA1A;+36A1A3+121A525

is 3-parameter generalized unit vector of D_, and

-22 . 471 A2+3641A3+1212,4
Sln@ — 142 143 2713
J484+42,A,+3641A3+1212,43 4844411 A5+361A3+1210,13

cosf =

. The following matrix can be constructed as follows:
_22 _2/11/12 6/‘11&3 _111213

2 | 2 -22 —11A; —61,
P77\ -6 114, -22 —22,
11 64 224 -22

. The determinant of My,_,, is expressed as:
det(Mp_ ) = (484 + 44,4, + 362,45 + 1212,45) = (Np_ )",
. The characteristic polynomial of Mp,_ is expressed:
Pp_ () = (u® + 44u + 484 + 42,1, + 361, A3 + 1212,43)°.
. The eigenvalues of Myp_ are written:
o = —22+/—44 4, — 364445 — 1212,15,
{itm = —22 — /-4, — 364,25 — 1212,1,.
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The multiplication of the eigenvalues of My,_ is as follows:

T12%34 = 484 + 40,4, + 36443 + 1211,45.

The eigenvectors corresponding to the eigenvalue T,, of Mp_, are
written as follows:

(/11(—22/12—6\/—4/'11/'12—36/’11)13—121/12113) —12A1 +11,/-4412,-3611A3—1212, 3 1 O)t

361 +1214, 361,+1214,
and
t
(,12(—1211+11J—41112—36,11/13—121,12,13) —2245-6/—4A1 2, -3641 13— 121123 0 1)
3611 +1211, 361;+1211, '

The eigenvectors corresponding to the eigenvalue T3, of Mp_, are
written as follows:

t

3611+1212, 3611+1212,

and
t

(/12(—1211—11\/—4/11/12—361113—1211213) 22M5-6,/—4211;—361143—121A,23 0 1)

3611+12124, 361,+12124,
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